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LE ROLE DE I'ANALYSE ECONOMETRIQUE
DANS LA FORMULATION DE PLANS DE
DEVELOPPEMENT



Les économies modernes sont extrémement complexes et la
théorie et l'expérience démontrent que le libre jeuw des choix
individuels n’assure pas, comme on lc croyait par le passé, des
résultats favorables pour la collectivité.

Ceci posé ’ensuit la nécessité de préétablir des instruments
appropriés de connaissance et de conirdle, et de fixer les objec-
tifs vers lesquels I'activité économique doit étre orienide,

De ces exigences a pris son départ I'Econométrie, qul em-
ploie la méthode statistico-mathématique tant dans 1'étude théo-
rique des phénomeénes économiques gue pour formuler des
directives de politique économique et des plans de développe-
ment.

L’Economéirie est une discipline relativement récente et,
au sujet de sa structure, de ses méthodes et de ses finaliiés,
s’est engagée une discussion animée entre les savants spécia-
listes du monde entier.

IVintérét de cette discussion est accru du fait que Uon wvoit
se répandre le recours & des plans de développement et & des

politiques de contrdle de la conjoncture.



La méthode économétrigue représente un progrés considé-
rable sur les systtmes non mathématiques d'étude des phéno-
meénes qui se rattachent & I'activité économique.

Elle a permis de créer les structures d'une nouvelle disci-
pline ayant toutes les caractéristiques des sciences naturelles
traditionnelles, parce que, bien gu’elle traite une matiere
substantiellement diverse de celle des disciplines physiques et
biologiques, elle suit des procédés logiques et techniques qui la

Y

rendent strictement analogue 4 celles-ci.

La Semaince d’Etvnde que I’Académie Pontificale des Scien-
ces a tenu en son siége dans les Jardins Ju Vatican et qui a
réuni quelques-uns parmi les plus illustres spécialistes du
monde en Econométrie, & cherché i étudier la contribution que
I'analyse économétrique a apportée ou peut apporter & la con-
naissance des problemes du développement et des fluctuations

économiques.

PieTro Sarvivcct
Chancelier de 1"Académie



LA SEMAINE D’ETUDE
SUR
LE ROLE DE I’ANALYSE ECONOMETRIQUE
DANS LA FORMULATION DE PLANS DE
DEVELOPPEMENT



Le but des « Semaines d'fitude » de I’Académic Pontificale des
Sciences a ét¢ ainsi défini par son premier Président, 5.12, le Rév.me
Pere Acosrtivo GraeErrr O.F.M.:

« Tandis gu'on fixait, aprés sa fondation, les travaux de I'Aca-
démie, un probléme se présenta bien vite avec évidence: les sciences
posent chague jour des problémes nouveatnx qui donnent lieu d’ordi-
naire & divers cssais de solution, souvent contradictoires. Il arrive
ainsi constamment que parmi les représentants les plus aulorisés
d’une science ef, en particulier, entre cenx qui se sont consacrés 4
Iétude ¢d'une méme question, on rencontre des opinions opposées.
De pareilles divergences se maintiennent parfois pendant de longuaes
périodes et constituent 4 la fols une grave difficulté pour I'enseigne-
ment des sciences et f{réquemment aussi un obstacle considérable 4
leur développement, D’ailleurs, Uexpérience montre que les mé
thodes actuellement pratiquées dans la discussion des problémes
scientifigues n'ont qu'une efficacité limitée aun point de vue de
I'établissement d'une unité de doctrine. Il serait hantement souhai-
table de promouvoir tout ce qui pourrait favoriser une entente sur
les points en discussion.

« Un tel procédé semble devoir éire particulidérenient utile sous
ce rapport: savoir établiv des contacts personnels prolongés entre
quelgues représentants d’opinions différentes au sujet d’'une ques-
tion déterminée »,
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Dans ce but, I'Académie Pontificale des Sciences a réalisé une
nouvelle « Semaine d'Iitude » ayant pour titre: « Le réle de 'ana-
lyse économétrique dans la formulation de plans de développe-

ment » (1},

Bien que ces derniers temps un travail intense ait été fourni sur
les divers aspects de ce probleme, il restait cependant quelques ques-
tions de détail & résoudre, et de nouvelles questions s’étaient de plus
posées pendant ces dernidres années.

Etant donné qu’on n’avait pas encore provoqué un débat appro-
fondi & ce sujel et gue le moment semblait propice pour le faire,
I’ Académic Pontificale des Sciences s’est proposée de réunir un nomnt-
bre restreint de savants, spécialistes de la question, Son but était
de recueillir, an cours d’une discussion approfondic, les synthéses des
nombreuses recherches effectuées dans ce domaine; de formuler clai-

rement I'état des différents problemes qui ¢’y rapporient; ef par 1

() Cette « Semaine d'Iitude » sur « Le rdle de Panalyse économélrique
dang la formulation de plans de développement » est la septieme de la aérie.

La premiére « Semaine d’Etude » a eu liew da 6 au r3 juin 1949; elle
a ¢ét¢ dédice an « Probléme Dbiologique du Cancer », et a été présidée
par 1'Académicien Pontifical S. X, Piosrro Rowpowr, Professenr de Patho-
logic générale et expérimentale & 'Université de Milan, y ont participé
personnellemient 15 savants tandis gue 3 autres ont envoyé des mémoires,
Les comptesrendus de la « Semaine d'litude » ont &¢ publiés dans le
7tme volume des « Scripta Varia » de 1'Académie; ils représenient un vo-
lume de 3064 pages.

La deuxitme « Semaine d’Etude » a eu lisw du 19 au 26 novembre 1951;
elle o &téd dédide an « Probléme des Microséismes », ot a été présidée par
I’Académicien Pontifical S, B, Francesco Vercsrry, Directenr de V'Institut
Thalassographique et de I'Observatoire Géophysique de Trieste; y ont par-
ticipé pessonnellement 15 savants tandis que 4 aulres ont envoyé des mé-
moires. Les comptes-rendus de la « Semaine d'Etude » ont &té publids
dans le T28me volume des « Scripta Varia » de IAcaddmie; ils forment wn
volumne de 466 pages,

La troisitme « Semaine ¢'Etude » a en Hew du zq avril au 2z mai 1955;
elle a été dédide an « Probléme des OQligodtéments dans la vie végétale et
animale », el a éé présidée par I'Académicien Pontifical S, 15, Jost Mawra
ALsaripa Herrera, Directeur de UInstitut de Pédologie et ds Physiologie
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de pouvoir fixer les direclives de recherche les plus logiques, les
plus persnasives et les plus prometieuses, étant donmé Véiat actuel
de ia science,

A cet effet ont &i¢ invités par 1'Académie des cxperts qualifiés
en économétrie, en écononie, en économie politique et en statistique,
qui, grce A leurs ¢tudes spéeifiques, ont contribué & eclaireir le
réle fondamental de l'analyse statistico-mathématique dans la for-
mulation de plans de developpement,

La présidence de cette « Semaine d’Etude » sur « Le réle de
I'analyse économétrique dans la formulation de plans de dévelop-
pement » a été confiée par le Président de I'Académie Pontificale
des Sciences, S.E. le Rév.me Monseignenr GEORGES LEMAITRE, 4
I’ Académicien Pontifical S.E. Marcerro Borprivi, Professeur de
Statistique & 'Université de Rome, et organisation générale au
Chancelier de I"Académie Pontificale des Sciences Prof. PirTr0 SAL-
¥IUCCL.

vigétale de T'Université de Madrid, Secrétaire Général du Conseil Supérieur
des Recherches Scientifiques d'Espagne; y ont participé personnellement
19 savants tandis qu'un autre a envoyé un mémoire. Les comptes-rendus
de la « Semaine d'Ltude » ont été publiés dans le 1qéme volume des
« Scripta Varia » de !'Académie; ils forment un volume de 630 pages.

La quatritme « Semaine ¢'Etede » a en lfeu de zo au 28 mai 1957;
elle a 6t¢ dédide au « Probléme des Populations stellaires » et a &6 présidée
par 1I'Acadéniicien Pontifical Surnumdéraire le Révome Pére Damzn ], IK
O'ConneLL, Directeur de la « Specola Vaticana » de Castelgandolfo; y ont
participé persennellement 21 savants. Les comptes-rendus de la « Semaine
d'litude » ont ¢té publiés dans le r6tme volume des « Scripta Varia » de
I'Académie; ils forment un volume de Grs pages.

La cinquitme « Semaine d'Etude » a eu llew du 23 au 31 octebre 19671;
clle a éT¢ dédide au « Probléme des macromeléeules d'intérét biologique avec
référence spéciale aux nucléoprotéides », et a 6t¢ présidée par 1'Académicien
Pontifical S.T0. Awrve Tisprius, Professeur de Biochimie A& 1'Université de
Uppsala; y ont participé personnellement 28 savants. Les comptes-rendus de
la « Semaine d’LEtude » ont été¢ publiés dans le 2zz2éme volume des « Scripta
Varia » de 1'Acaddémie; ils forment un volume de 544 pages.

La sixitme « Semaine d’Etude » a cu licu du 1 an 6 oclobre 1962; elle
a &6 dediée au « Probléme du rayonnement cosmique dans l'espace inter-
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Ont 6té invilés a Ja réunion les savants suivants:

Prof. Dr. Maurice Annais, Professenr d'Econcmie générale 3
{'Ecole Nationale Supérieure des Mines et d'Economie théorique &
I"Institut de Statistique & 'Université de Paris - Paris {France).

S.E. Prof. Marcurro Borprini, Académicien Ponfifical, Profes-
seur de Statistique A 'Université de Rome - Rome (Italic).

Prof. Dr. Rosrrr DorrmaN, Professeur d'Economie politique 2
la Harvard University - Cambridge, Mass, (U.S.A)

Prof. Dr. Franxriw M. Iisumg, Professeur associé ¢'Economic
politique au Massachusetts Institute of Technology - Cambridge,
Mass. (U.S.A).

Prof. Dr. RacNar Frisch, Professenr d’Economie & 1'Université
de Oslo et Directeur de 1'Institut des Recherches économiques 4 la
méme Université - Osio (Norvége),

Prof. Dr. Tryeve HaaveLmo, Professenr d’Feonomie politique 4
I'Université de Oslo - Osle (Norvége).

Prof, Dr. Warter Isarn, Professeur d'Economic politique a
I'Université de Pennsylvanic et Président honoraire de I’ Association
de Science Régionale - Philadelphia, Penn. (U.S.AL).

Prof. Dr. D. Gare Jounson, Professeur d'Economie politique
et Doyen de la Division des Sciences sociales & I'Université de
Chicago - Chicago, Ill. (U.5.A).

plandtaire », et devait étre présidée par I'Académicien Pontifical S.1. VIcror
I'rancis Huss, Professeur émdrite de Physigue a UUniversité Fordham de
New Yorlk: malheureusement I'Académicien Vicror Irancis Hess n'a pas
pu, en raison de son état de santé, &tre présent et la Semaine d'Etude a
4té présidée par 5.3, YAcadémicien Grorons Leamafrme, Professeur de Mé-
canique ¢t de Méthodologie mathématique 2 VUniversité de Louvain et
Président de 'Académie, Y ont parlicipé personnellement 24 savants, Les
comptes-rendus de la « Semaine A’Etuds » ont été publits dans le zs8me
volume des « Scripta Varia » de YAcadémie; ils forment wn volume de

574 pages.
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Prof, Dr. Tyarting Crarrirs Kooraans, Professeur d'Economic
politique & la Yale University et Directeur de }a Cowles Foundation
for Rescarch in Economics - New Haven, Conn. (U.S.A).

TProf. Dr, Wassiy W. Leontisr, Professeur d’Economie polifi-
que 4 fa Harvard University et Directenr du Harvard Fconomic
Research Project - Cambridge, Mass, (U.S.AL).

Prof. Dr. Prasanra Coanpra Manananosis, Directeur honoraire
de U'Institut Indien de Statistique, Conseiller honoraire pour la Sta-
tistique du Gouvernment Indien, Membre de la Commission de Sta-
tistique des Nations Unies - New Delli (Inde).

Prof. Dr. Epmornn Marinvaun, Directeur de I'Iecole Nationale
de la Statistique et de I’Administration IZconomique - Paris {France).

Prof. Dr. Micuio MorisziMa, Professeur dEconomie politique
a I'Université d'Osaka - Kobe (Japon).

Prof. Dr. Luict Pasmverrr, Professeur d’Iconomie politique,
Membre et chargé de cours d’Economie politique au King’s College -
Cainbridge (Grande-Bretagne).

Prof, Dr, EricH ScuNEIDER, Professeur d'Iconomie politique et
Directeur de I'Institut filr Weltwirtschaft a I'Université de Kiel -
Kiel (Allemagne).

Prof. D, Joun Ricwarp Nicmorson Stows, Professeur de Fi-
nance ¢f de Comptabilité & I'Université de Cambridge, Membre du
King’s College - Cambridge (Grande-Bretagne).

Prof, Dr. Henry TariL, Professenr ' Econométrie et Direcleur
de I'Institut d'Econométric & I'Icole néerlandaise d'Economie -
Rotterdam (Pays-Bas).

Prof. Dr. jan TimnBerGER, Professeur d'Economie 4 1'Ecole néer-
landaise d'Economie de Rotierdam - Retferdam (Pays-Bas).

Prof. Dr. Hiermax O. A, Worp, Professeur de Statistique & I'Uni-
versité d"Uppsala, Membre de I’Académie des Sciences de Suéde -
Uppsala (Suede).
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Tous les invités, 4 V'exception du Prof. Janw TINBERGEN, qui n’a

pas pu intervenir, ont participé a la Réunion.

Le Président de la « Semaine d'Etude » S.E, 1’ Académicien Pon-
tifical MarcELLO Borprini 4 appelé a faire partie du Secrétariat
scientifique le Prof, AnTONING GIANNONE, le Prof. GIiancarLo Maz-
zocenur, le Dr. Prero Grarpa, le Dr, Pigrcarzo Nicora, le Dr. Gia-

COMO VACIAGO,

Le « Réglement des Semaines d’Etude » prescrivant que le
nombre des Parficipants doit étre rigoureusement limité, a maiheu-
reusement empéché d’inviter d’auvtres illustres savants.

s

Ont aussi participé 4 la réunion: en qualité d’interpréte et
chef de Secréiariat Mme VALENTINE PRECBRAJENSKI; en qualité de
sténographes polyglottes de séance Miles Maura Bavocco et
Pamiera SurronN; en qualité de sténo-dactylographes polyglottes
chargées des Procés-verbaux: Mlle VarLrria Craja, Mlle Jostruine
Lucas et Mme Paurerte RossaLpi; en qualité de technicien pour
I'enregistrement et la projection, Mr Mauro LRCOLE, assisté par des
opérateurs de Radio-Vatican. Le Burcan de Presse élait confié
au Dr. Francesco Sarvivccr, Coadjuteur du Chancelier de ["Aca-

démie.

Le Comité de Réception pour les Dames dirigé par Mme HELENE
Lorri, é&tait composé de la Comibesse Karina CarLvi p1 COENZO,
la Comtesse IsaBeLra Canvi pr Coinzo ot Mlle Maria Lussa LoTrTL

Le dimanche 13 octobre tous les Participants onl été re¢us en
Audience Solennclic par le Souverain Pontife qui leur adressa un
discours et aprés I"Audience a eu lien, av Sidge de I’Académie Pon-
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tificale des Sciences, une séance extraordinaire de I'’Académie, 2
laquelle ont été invités également les Participants & la « Semaine
d'Etude »,

Tous les participants 4 Ia Semaine d'Etude ont recu toutes les
communications & l'avance. Durant la Semaine d'TBtude chaque
communication a ét¢ discutée tant par un groupe de spécialistes {1)
qu’en une session plénidre, exception faite pour deux communica-
tions (Stonn et FriscH) qui onté tét directement discutées en session
pléniére. Les communications ont ét¢ mises ici dans une succession
aussi rapprochée que possible & leur ordre de présentation et de
discussion.

Les séances se tenaient deux fois par jour, le matin de g h, 30
& 12 h. 30 et I'aprés-midi de 16 h. & 19 h.

La réussite de la « Semaine d’Etude » a pleinement satisfait les
illustres Participants qui, a4 la fin de leurs travaux, ont tenu &
exprimer au Saint Pére leur profonde gratitude et leur trés sincére
admiration pour cette manifestation scientifique si réussie, en en-
voyant & I'Avguste Pontife, animateur et mécene de I'Académic,
le télégramme suivant:

« Sa Sainteté le Souverain Pondife Paul VI, Cité du Vatican, —
Les participanis de la Semaine d’dtude sur le véle de Uanalyse deo-
nometrique dans la formulation des plans de developpement et I'étude
des fluctuations économiques prient Sa Saintelé de daigner accepler
Pexpression de leur respect et de lewr gratitude. Grdce au milien
idéal offert par son Académie des Sciences, ils onl eu la possibilitd

(") v groupe: Stowk (Président), Donrman, Jonwsow, Koormaws, MaHaA-
LANOBIS, MALINVAUD, MORISHIMA, PASINETTI, SCHNEIDER. 2° groupe: LEON-
rEr (Président), Arrars, Fisumw, Friscn, HaaveLmo, Isawrp, Tiein, Worp.
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de discuter dans une almosphére de sévémitd el d'indépendance
indellectuelle des problémes de grande actualild. [ls espérent que
lewrs travausx ajouleront, serait-ce dans une mesure modeste, au pro-
grés de la Science el o I'amélioration de la condition huwmaine. — AL~
1.a1s, Borprini, DorrMan, Fisupr, Frisch, Haavirmo, Isarn,
JounsoN, Keopmans, LEONTIEF, Mamaranopls, MALmNvaup, Mori-
SHIMA, PASINETTI, SCHNEMER, Stowg, THEIL, Worp ».

A ce télégramme d’hommage ct de remerciement, le Saint-Pére
a daigné répondre par le message suivant, signé par Son Eminence
le Cardinal Secrétaire d’fitat:

« Professewr Salviucei, Chancelier Académie Pontificale des Scien-
ces - Casina di Pio 1V - Citta del Vaticano. —- Sa Satuteté trés touchée
délicat Message participants Semaine étude sur 1ble analyse écono-
mélrique dans formudations plans développements se réjouil contri-
bution illustres savants progrés de la Science el amélioration comn-
dition humaine rvenowvelle sentiments paternelle bienveillance dans
récent discours invogue swr conbinualion vecherches distingués Aca-
ddmiciens abondantes faveurs divines, — Card. CICOGNANI ».

Dans les pages qui suivent, aprds le comple-rendu de I"Audience
du Saint-Pére ot le « Réglement des Semaines d'Ftude », sont impri-
més les rapports originaux présentés & la Réunion, et les discussions
qui les ont suivis, mis en ordre et publiés par les soins du Dr. Piero
Giarna et du Dr. GIACOMO VACIAGO.

Tes « Conclusions » de la « Semaine d'Etude » se {rouvent i
la fin du présent volume.
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Pendant la Semaine, les Participants ont wvisité Jes Musées Plo-
Clementinoe, Chiaramonti, Iftrusque, Igyptien; le Braccio Nuovo;
les Galeries des tapisseries, des cartes géographiques; fes Chambires
et les Loggia de Raphatl, la Chapelle de Ira Angelico, la Chapelle
Sixtine, VAppartement Borgia et la Pinacothéque Vaticane avec
I'assistance du Prof. Comm. Fiuipro Maci et do Dr, Drocrucie
Repie ve Camros de la Direction Générale des Monuments de la
Cité du Vatican,

Les Participants ont aussi visité la Bibliothéque Apostolique Va-
ticane et les Archives Sccréles Vatlicancs sous la conduite des
Rév.mes Préfets Mons. Martino Grustr et Pére Avrnonsey Raes, S.1.
et la Station de Radio-Vatican qui leur fut présentée par ie Dircctenr,
le Rév.me Pére Anronto Stepanizzr 5.1,

Lndin, le scir du méme samedi 32 octobre, un diner d’adieu a été
offert par I’ Académie, sclon la coutume, aux savants parlicipant
Ia « Semaine d'Etudes ».



L’AUDIENCE
ET

LE DISCOURS DU SAINT-PERE



Le matin de dimanche 13 octobre, le Saint-Pére a accordé dans
la Salle du Consistoire du Palais Apostelique Vatican, une Audience
Sclennelle 4 I’Académie Pontificale des Sciences a 'occasion de la
« Semaine d'Etude » sur « Le role de Ianalyse économétrique dans
la formulation de plans de développement » tenue par ¥Académic
méme. Ont participé anssi & 1'Audience de nombreux hauts per-
S0NNAZES,

Etaient présents Leurs Fminences les Cardinaux: Euckne Tisse-
RANT, DPrésident honeraire de 1"Académie; Amueto Grovann: Cico-
GNANT, Secrétaire d'Tlal, Gruseprr PizzaRDo cf ANSELMO ALBAREDA,
Académiciens honoraires; Gracomo Luicr CorerLe, JoseErn FRINGS,
Paur Esire LiGER, IFranzisxus Konic, Joskrn 1LEFEBRE, BERNARD
JAN ALFRINK, EFREM FORNI

De nombreux Académiciens Pontificaux sont intervenus, et spé-
cialement Leurs Exceilences: le Rév.me Monseigneur Grorcis Lu-
MAITRE Président, Jos#t Marra ALBAREDA-HERRERA, MARCELLO Boi-
DRINI, GIOVAMBATTISTA BoNING, HERMANN ALRXANDER DBRUCK, Car-
Los Cracas Fiuuo, Gusravo COLONNETTI, EDWARD Joskry CONWAY,
Envarno Cruz-Core, GrorGr Cuarlis pi Hevesy, Joun Carew
IEcerrs, Josk GARCIA-SINERIZ, ALESSANDRO GHIGI, GIORDANO GIACO-
MELLO, Wartar Rupory Huss, CornpirLr Hevamans, CyriL NorMAN
Hmwserwoon, Brrrarno ALsrrre Houssay, Arssrro IHuURTADO,
Louls LiprincE-RINGUET, Domrnico Marorra, San-Icmiro Patio
Mizusiisma, ANTONIO PENSA, EnrIico PrsToLusl, MANUEL SANDOVAL-
VALLARTA, GRORGE SPERI-SPERTI, ITIDEXY YUXAWA; les Académi-
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clens Ponfificaux Surnuméraires: Rév. P, Dantun Josern Koy
O’ConneEry 5.1, et Mgr. Martino Grustr; le Chancelier de 1'Aca-
démie Pref. Dr. Pierre Sarvivccl ef le Coadjuteur du Chancelier
Dr. FRANCESCO SALVIUCCL

Parmi le groupe des Académiciens assistaient les savants spécia-
listes « Participants » 4 la Semaine d’Etude sur « Le 1éle de 'ana-
tyse économétrique dans la formuiation de plans de développement »
MM, les Professcurs: MAURICE ALrals, ROBERT DORFMANN,
FravkrLin M. Fisuer, RaGNar Friscrr, Trygve Haavenymo, WALTER
Isarp, D, Galr Jouwson, TraLninGg Cuarres Koormans, WAsSILY
W. LreonTiir, Prasanta CHANDRA MaHaLanoprs, EpMonp Mavin-
vauD, Miciio MorisiiMa, LUIGr PasiNeTT], ERICH SCHNEIDER, JOUN
Ricaarp NichHoLsoN Stone, Hengy TueiL, HirMman O.A. WoLp et
les Secrétaires Scientifiques: Prof. Dr. Antonmno Granwone, Prof.
Dr. Grancazrro Mazzoccyi, Dr. Pizgo Giakpa, Dr. Giacomo VACIAGO.

Iitaient également présents: Son Exccllence Rév.me Monscigneur
ANTONIo SaMORE Secrétaire de la Sacré Congrégation des Affaires
Ecclésiastiques Extraordinaires, Son Excellence Rév.me Monscigneur
Ancrro DErL’Acqua Substitut de la Secréfairerie d'Etat; Son Ex-
cellence Rév.me Monseignear Carro Grano Nonce Apostolique en
Italie; un groupe d'Assesseurs et de Secrétaires des Sacrées Congré-
gations, ainsi qu’un groupe d’Arvchevéques of d'Evéques, parnmi les-
quels LL.EE. Rév.mes Nosseigneurs DigGo VenNi, Pritro CANISIO
Van LIerpE, PreTtro Sicismonpi, Primo Principi, ef autres person-
nalités de la Cwile et de 'Etat de la Cité du Vatican,

Au complet le Corps Diplomatique accrédité prés le Saint-Sigge,
dont les Membres furent recus par le Gr. U, Dr. Mario Brrarpo.
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Le Saint-Pére a fait son entrée dans la Salle du Consistoire a
10 heures, accompagné par sa Noble Antichambre avec LL.IEE. Nos-
seigneurs FEDERICO CALLORI pI VIGNALE Majordome et Mario Na-
saLLI Rocca p1 CorNELIANO Maltre de Chambre, par son Secrétaire
Particulier Monseigneur Pasgualr MaccHr, ses Camériers Secrets
Participants et sa Garde Noble.

Une déiérente manifestation d’hommage a accueilli arrivée du
Saint-Pére.

Aprés avoir gagné le trone, le Saint-Pére donna son assentiment
au Président Lemaftri qui ¢’adressa alors an Souverain Pontife en
ces termes:

« Trés Saint-Pére, il y a2 un an, Sa Sainteté le Pape Juaw XXIIT
daignait recevoir les Membres de I’ Académic Pontificale des Sciences
wéunis en Séance Plénitre, ainsi que les participants 4 Ja Semaine
d'Efnde sur ""Les Rayons Cosmiques dans Iespace interplanétaive’.

« Nousg ne nous doutions pas que c’était la dernitre fois que nous
pouvions recevoir ses paternels encouragements pour nos travaux et
lui exprimer notre profonde vénération.

« Je ne pouvais pas ne pas évoquer avec émotion ce souvenir an
moment ol son vénéré Successeur nous accueille 4 son four avec la
méme paternelle bonté a la cléture de nos travaux de la Session
Plénitre et de la Semaine d'Etude sur “Le 18le de Yanalyse éco-
nométrique dans la formulation des plans de développement®.

« Il nous est impossible d'exprimer adéguatement tout ce que
nous devons déji 4 Sa Sainteté le Pape Paur VI,

« Nous savons qu'd cdté de ses illustres prédécesseurs, il a eu
une part des plus actives dans l'érection et lo développement de
i'Académic Pontificale des Sciences et nous connaissons la profonde
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et affectueuse amitié qu'if témoignait pour son regretté Président, le
Pére AGoSTING GEMELLL

« Nous ne pouvons nous empécher de penser que notre Académie,
par sa large ouverture 4 toutes les formes de la Science et & toutes
fes personnalités du monde scientifique sans égard pour leur appar-
tenance philosophique ou religicuse, a pu faire présager et inaugurer
dans un domaine particulier ce large soufflc de liberté et de respect
de toutes Jes valeurs humaines qui anime en ce moment I'liglisc et
qui, sous la direction éclairée de ses vénérés Pontifes, Jui fait aborder
un des plus grands fournants de son histoire,

« Je pric Sa Sainteté de daigner agréer le respectueux hommage

de son Académie des Sciences »,

Le Saint-Pere daigne répondre par le discours que nous repro-

duisons plus loin,

A la fin de PAudience le Souverain Pontife daigna remettre
au Prof. Dr. Aace Bour, Professeur de Physique theorique & 1'Uni-
versité de Copenlague, la grande médaille d’or qui porfe le nom
auguste de Pie X1, Fondateur de I’ Académie Pontificale, et adressait
au Prof. Bowr, qoi étaif accompagné du Président et du Chancelier
de VAcadémie des paroles de satisfaction ct des [licitations.

Le Saini-Pére s’entretint ensuite, aprés avoir regn 'hommage des
Cardinaux, avec le Président LunmaiTre, les Académiciens Pontifi-
caux, le Chancelier SALviucer et les savanis « Participants » a la
« Semaine d'Efude », trouvant pour chacun d’aimables paroles de
félicitations et de souhaits, pour enx, leurs familles et leur activité
scientifique,
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L’assistance exprima enfin ses remercicments au Saint-Pére, sa
reconnaissance émue el sa profonde gratitude, et le plus chalenreux
hommage se manifesta de nouvean an moment of, V Audience ter-
minée, le Seuverain Poniife guitta la Salle du Consistoire,



Messieurs,

Nous w’avons pas Uintention de vous faire un discours. Ce n'est
pas que Nous n’aqurions bien des choses & vous dire: cetle vencontre
avec I Académie pontificale des Sciences dveille en effel dans Noire
dme loutes sovles de thémes, de gquestions, de sentiments, qui mé-
riteraient que Nowus lewr donnions expression. Mais ce n'est pas le
moment. Ln ces jours, absorbds par le Concile et par les problémes
gu’il souldve, le temps Nowus manque. Ce ne sera donc qu'une bréve
saluiation que Nowus vous adressons, salwlation pleine de cordialiié

pour les personnes que Nous avons le grand honneur de rencontrer,

Gentlemen,

We do not propose to deliver a discourse. Not that we should
not have plenty to say to you; this meeting with the Pontifical Aca-
demy of Sciences in fact calls to mind all sorls of topics, questions,
feelings, which it would be worth while to express, but this is not
the mement. In these days, absorbed as they are hy the Council
and the problems to which it gives rise, We have no time to spare.
This will be merely a brief greeting that we address to you, a greet-
ing full of cordiality for the persons that We have the great honour
of meeting, full of respect for this institntion that We arc happy
to see here once again.

As you have just said, Mr. President, an esteem of long standing
and a sincere friendship bind Us to your Academy. We are glad



NEXII PONTIFICIAL ACADEMTIAR SCIENTIARVAM SCRIPTA VARTA - 28

pleine de déférence pour Uinstitution que Nous avons I'hewrense oc-
casion de revotr.

Comme vous venez de le dive, Monsieur le Président, une estime
datant de loin et une sincéve amilié Nous lent & wvolre Académie.
Il Nous est agréable de refaive aujourd ki connaissance avec clle
el de saluer d’abord en votre personne, Monsieur le Président, le
digne successeur diu regrelid ef inoubliable Pére Gemelll.

C’est une foie powr Nows de relrouver I'Académie, dans la plé-
nitude de ses effectifs, appliquée & powrsuivre fidélement ses activitéds
traditionnelles.

Et & ce propos, Nous Nous faisons un devoir de confirmer aux
anciens acaddmiciens Nos senliments dévouds, ef de souhailer une
joyeuse bienvenue 4 ceux des nowveaux que Nous n'avons pas ey
encore le plaisiv de salucr comme membres de cetie illusire socidtd,

Nowus voulons aussi exprimer Nolve yecomnaissance aux person-
nalilds gui onl accueilli U'invitation de Notre Académie et sont venues

prendre part & cetle semaine d éludes, y apportant la précieuse con-

to be abie to-day to renew acquainstance with it and to greet, first
of all, in you, Mr. President, the worthy successor of the lamented
and unforgettable Padre Gemelli.

It is for Us a joy to find the Academy, and all ils members,
dedicated to the faithiul carrying out of its traditional activities.
We take this opporlunity to express o the veteran Academicians
our devoted esteem and to bid a happy weicome to those whon We
have not previously had the pleasure of greeting as members of this
illustrious society.

We wish also to express Our graiitude to those scientists who
have accepted the invitalion of OQur Academy and who have come
to take part in this semaine d’études, brnging {o it the valuable
contribution of their learned research and honcuring it with their
presence.
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tribution de lewrs savanis travaux el la flatteuse adhésion de leur
présence.

Nows voulons ainsi confirmer & ceux qui gppartiennent ¢ I'Aca-
démie pontificale des Sciencse et 4 ceux qui participent & ses travaux
ouw I'honorent de leur sympathie Nolre haule estime powr cetle insti-
tutton el, en conséquence, la résolution gui Nows anime de lui accor-
der Uappur el I"honnewr capables d’ assurer sa stabilité el de favoviser
son développement.

Elle est solennelle, 4 Nos yeux, la responsabilité qui Nous vient
du Pape fondateur de votre Académic; profonde, Uestime que Nowus
HOUTPISSONS Pour ceux gui en sont les membres et les promoteurs;
aigué est en Nous la conscience de Uimportance et des besoins de
la haute culture scientifique de notre femps, vivant et agissani dans
notre dme, le sentiment du devoir, de U'intérét, et, dans un cerlain
sens, de la ndcessitd, pouwr I'Lglise catholigue, d entreteniv les rap-
ports les plus sincéres avec le monde scientifigue conlemporain, IDi-

sons enfin que Nous Nous sentons stimulé pav la certitude que notre

To those who belong to the Pontifical Academy of Sciences, and
to these who participate in its work or honour it with their friendly
interest, we wish fo reaffirm our high esteem for this institution, and
the resclution we have taken to grant it the support and honour
which will ensure its stability and favour its development.

We have inherited a sclemn responsibility from the Pope who
founded your Academy, for whose members and promoters We
cherish a profound esteern, We have a keen appreciation of the
impertance and the needs of modern science and a lively sense of
the duty, the interest, and in a way the necessity, for the Cathalic
Churcl to maintain the most sincere relations with the contemporary
scientific world, TFinally We may say that We feel ourselves stinul
ated by the cerfainty thai our religion not only does not oppose
any real objection fo the study of natural truths, but that, without

ik
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religion, mon seulement uw'oppose aucune objection réelle & I'élude
des vérités natwrelles, mais gielle peut, sans sortiv des Hmiles de
sa propre sphére, ni franchiv celles du domaine de la science propre-
ment dite, aider la vechevche scientifique, honorer ses résultats, favo-
viser leuy meillewre utilisation pour le bien de [ humanilé.

La religion que nous aquons le bonkeur de professer est, en effet,
la science supréme de la vier elle est donc la plus haute et la Plus
bienfaisanle maitresse dans tous les domaines o la vie se manifeste.
Elle pourra sembley absenie quand non seulement elle permet, mais
ordonne aw savant de w obdiy qu’aux lois de la viritd; mais & y ve-
garder de prés, elle sera encove Prés de i pouwr Uencowrager dans
sa difficile exploration, en lui assurvant que la vérild existe, qu'elle
est intelligible, qu'elle est wmagnifique, gu'elle est divine; et pour
lui rappeler, 4 chaque pas, que la pensée est un instrument apte &
la conquéle de la vérilé ef qu'il faul Iuiiliser avec un fel respect
pour ses propres lois que Uon senfe continuellement la véférence 4

une rvesponsabilitd qui engage et ln transcende.

crossing the hounds of its proper sphere or transgressing those of
the domain of science properly so-called, it can promete scientific
research, honour ifs results and help them to be better used for the
gocd of humanity.

The religion which we have the happmess to profess is, in fact,
the supreme science of life. It is thus the bighest and most beneficent
mentor in ali those demains where life is manifested. Tt might seem
to be absent when it not merely permits, but directs, the scientist
to obey only the laws of truth. When, however, it is looked at more
closely, it will be seen to be still beside him, to encourage him in
his difficnlt task of exploration, assuring bim that truth exists, that
it is infelligible, splendid, divine; and also to remind him at every
step that thought is an instrument for the conquest of truth and that
it shonld he used with such respect for its own laws that one feels
continually the transcendent responsibility that it imposes.
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Clest vous dire, Messieurs, avec quel sériews el avec quelle fa-
venr Nous considérons cetle institulion dans laguelle Nous Nowus
plaisons 4 voir wne représenlation du monde scientifigue, auquel
Nous envayons, & cetle occasion, el par le moyen des interprétes
autorisés que vous dles, Nolre salul respecteux el Nos ENCOUrage-
ments.

Ce salul peut élve symbolisé par la médaille d’or « Pie XI »,
que Nous auvons le plaisiv de remelire au professeur Aage Bohr.
fils d'une nation dont Nous apprécions les insignes mévites, le Da-
nemark —., savant célébre pour ses dtudes sur la strucluve nucléaive
et sur Uanalyse théorique des mowvements des noyaux atomiques.
Que la remise de celle récompense soit une marque & admiration el
d’encouragement, tant powr la digne personne de ce jeune profes-
seur, que pour la noble phalange, devemne aujorud hui wne vévi-
table armde, des savants engagés dans la moderne ot merveilleuse
explovation du microcosme physique.

Que, venant de Nos mains sacerdotales, ce prix soit une cha-

This will show yon, Genflemen, how seriously and with what
favour We regard this insifution, which We like to consider as
representative of the scientific world, to which We send through you,
its authoritative interpreters, Our respectiful greelings and encou-
ragement.

A symbol of this greeting is the Pius XI Gold Medal which We
have the pleasure of presenting to Professor Aage Bobr, son of Den-
mark, a nation whose signal merits are appreciated by Us, a scientist
celebrated for these studies of nuclear structure and for the theoretical
analysis of the motions of atomic nuclel. May the granting of this
award be a token of respect and encouragement, both for the worthy
person of this young professor as well as for the noble company,
nowadays become a whole anny, of scientists devoted to the explora-
tion of the marvels of the physical microcosm,

Coming from Our priestly hands may this award constitufe a
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lewreuse wwnlation, un appel dvangéligue & lowus les responsables:
gw'ils ne fassent jamais de la science, ow pluldl de ses muliiples
applications pratigues — en parliculier de la sclence nucléaire el
de ses formidables emplois possibles -, un péril, wun canchemar, un
instruaneni de destruction powr la vie humaine. Déjd un autre de
Nos sages prédécesseurs, Pie XII, dés rog3, et encore en 1948,
mettalt en garde, devant cetie méme Académie, contre la terrible el
menaganie possbilité gue Uénergic atomique pil devewiy fatale pour
P humanité, Eif vécemment encore, le Pape Jean XXIII, d'heureuse
mémaorre, dans son Encycligue « Pacem in terris », désormais cé-
lebre, formait le voeu de la prokibition des armes alomigques.

Nous voulons faire Nolre lewr cri paternel ef, avec fous les hom-
mes pleins de bonid el de sagesse qui sont dans le monde, souhaiter
gue soil conjurée une telle menace aw salul ef & la paix de I huma-
nité,

Dans wotre pacifique assemblée, grdce & Dien, wvous éles loin

de ces perspectives st ténébreuses. Vous v parier du « role de Uana-

walm invilation, an evangelical appeal, o all those in authority —
that they may never make science, or rather its multiple practical
applications, in particular those of nuclear science and its terrible
possibilities — that they may never make il a peril, a nightmare, an
instrument of destruction for human life. Another of Our wise pre-
decessors, Pius XII, already in 1943 and again in 1948, addressing
this same Academy, wamed against the terrible and menacing pos-
sibility that atomic energy might hecome latz] for humanity, And,
still more recently, Pope John XX111, of happy memory, in his now
famots KEncyclical « Pacem in Terris », expressed the wish that
atomic weapons be banned.

We wish to make Qur own their fatherly appeal and to hope,
with &ll good and wise men everywhere in the world, that this threat
to the safety and peace of humanity may be averted.



SEMAINE D ETUDE SUR LE ROLE Dit L ANALYSE LECONCOMEIRIQUE ETC. XXXVII

lyse écomomélviqgue dans la formulation des plans de développe-
ment », C'est I le théme de volre semaine d'études, wn théme
qui tend & rassembler les résultats modernes d'wie branche scien-
tifique nowuvelle, dconométrie, el & les prisenier & la politique éco-
nowique, pour I'aider & formuler ces plans de séouritd mieux assurde
et de plus grand développement qui peuvent lant apporter pour le
bien-étre ¢t la paix des peuples,

Nous ne vowlons pas aborder ce théme ni y ajouter de commen-
taires, Mais Nous sommes hewreux gque des personnes si dminentes
soieni venues Uexposer devant cefte Académie, e Nowus les remer-
cions de ceite haute contribution gu’ds apporient ainsi aw progrés
de la science et & la bowne renommée de cotle méme Académie. Nous
tenons & vous exprimer Nos félicitations powr le choix, la maniére
de {raiter et les buls d'un théme aussi viche pour la vecherche scien-
tfique que fécond en applications pratiques. Nous sonvmes sty qussi

gue ces dtudes d'dconoméivie, intégries aux auires connaissarnces

In your peaceful asscmbly yon are, thank God, far removed
from these sombre prospects. You will he speaking of « The
econometric Approach to Development Planning », This is the theme
of your study week, a theme which sceks te gather together the
latest results of a new brancl of science, econometry, and to present
them to political cconomists in order to aid them in formulating
those plans for a more stable security and for greater development
which can contribute so much to the well-being and peace of na-
tions.

We do not intend to enter upon this theme or {o comment on
it, but We are happy that such eminent men have come to treat of
it before this Academy, and We thank them for this iImportant con-
tribution which they are making to the advance of science and to
the reputation of this Academy. We are happy to congratulate you
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des phénoménes hwmains, y compris dans le domaine économique,
seront vraument de grande wilité aw progrés ordonnd de la civili-
sation humaiie.

L, en vous saluant paterncllement, Nows implovons sur vos per-
sonnes et sur vos {ravaux la profection de Dieu, en vous donnani

& tous Notre Bénddiction Apostolique.

on the choice, the method of treatment and the aim of a theme as
fruitful for scientific rescarch as it is rich m practical applications,
We are sure also that these econometric studics, integrated with
fhe rest of our knowledge of human phenomena, including those
in the field of economics, will truly prove of great utility in the
ordered progress of human civilisation.

We give you a fatherly greeling and beg the divine protection
for you and for your labours, hestowing on yon all Our Apostolic
Blessing.



LES «SEMAINES D’IKFUDE »
ET

LEUR REGLEMENT



Lorsque I'Académic Pontificale des Sciences fut fondée par le
Souverain Pontife Pie XI, de vénérée mémoire, par son « Motu
Proprio » du 28 octebre 1936 « In multis solaciis », cefte initiative
suscita dans les milieux scientifiques un monvement général de
sympathie et d’admiration. Cette institution unique au nonde, qui
groupait en une méme assemblée des représentants de toutes les
nations civilistes éfait appelée, en effet, & de hautes destinées dang
le développement de la pensée scientifique.

Drautre part, cette ceuvre de coopération fut accueillie avec un
véritable soulagement par tous ceux que plongeait dans le désarroi
le plus profond la période qui suivit la guerrc 1g14-18. On voyai,
en effef, s’altérer profondément les caractires d’objectivité of de
désintéressement propres au travail scientifique, et s’affirmer méme
une tendance 4 asservir la science 4 des fins pragmatiques.

Tout au contraire, dans 'immortel « Motu Proprio » du 28 octo-
bre 1936, le Pape Pie XI proclamait solennellement la dignité de

A general movement of sympathy and adiniration was aroused in
scientific circles when, in 1936, the Pontifical Academy of Science was
founded by IHis IHoliness Pope Pius XI, of venerable memory, by means
of his « Motu Proprio » of October 28, « In Muliis solaciis ». This insti-
tution, the cnly one of its kind in the world, which brought the represen-
tatives of ail civilized nations into touch with each other, was, in fact
called upon to play a leading role in the develepment of scientific thought.

This work of cooperation was, moreover, welcomed with a sense of
real relief by all those who were plunged in a deep state of confusion in
the period following the 1914-18 war,

Signs of drastic changes were, in fact, discernible in the objective and
disinterested nature of seientific work and even a {endency to make science
subject to pragmatic aims,
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la recherche de la wérité pour clle-méme (%), et, élevant sa pensée
an-dessus de tonte préoccupation ufilitaire, affirmait qu'il ne deman-
dait rien d’avfre aux nouaveaux « Académiciens Pontificanx » que de
se consacrer, avec une ferveur toujours plus grande, an progrés de
la science et, par la, au culie de la vérité: « C’est Nofre souhait
ardent et Notre ferme espérance que par cet Tnstitut, & la fois
Nétre ot leur, les “Académiciens Pontificanx™ contribuent toujours
plus et micux au progrés des sciences, Nous ne leur demandons pas
autre chose; car en ce desscin généreux et ce noble labeur consiste
le service, qu’en faveur de la vérité, Nous attendons de leur part »,

La consécration pratique de cefte idée, par la nomination d’'un
certain nombre de non-catholiques parmi les nouveaux Académiciens
Pontificaux, a fait une profonde impression sur heaucoup d’esprits,
comme l'ont moniré les réactions de la presse internationale de
I'époque et de nombrenx témoignages individuels d’hommes de
science et des plus grands savants dua monde,

(*) « Nobis antem in volis expectationeque est, fore ut “Pontificii Aca-
demici” vel per hoc Nostram suumque studioram Institutum, ad scientiarum
progressienem fovendam amplius excelsiusque procedant; ae nihil practerca
aliud petimus, quandequidem hoe eximio pracclaroque labore famulatus ille
nititur servientinm veritati, quem ab iisdem postulamus »,

In his immertal « Motu Preprio » of October 28, 1936, Pope Pius XI,
v the contrary, sclemnly proclaimed the dignity of the scarch for truth
for its own sake ({*) and, raising his thoughts above all preoccupations of
an ufilization nature, asserted that all he asked of the new « Pontifical
Academy » and its members was that they should dedicate themselves,
with increasing {fervour, to the furthering of the progress of science and,
consequently, to the cult of truth: « It is Our ardent wish and firm hope
that, by means of this Institute, which is both Ours and theirs, the
“"Pontifical Academicians” will contribute to an increasingly great extent
to the progress of science. We ask nothing more than that from them
because the service in favour of fruth that We expect from them consists
in this generous infention and ncble work »,

By incloding a certain number of non-Catholics amongst the new
Pontifical Academicians, the practical application of this idea made a deep
impression on many persons, as is proved by the reaction of the interna-
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Beaucoup de préjugés A 'égard de U'LEglise ont été fortement
éhranlés par cc geste du Souverain PPontife qui a obligé 4 reconnaitre
la place éminente réservée aux valeurs purement inteilectuelles dans
I'Eglise Catholique.

Pour toutes ces raisons, la fondation de 1’ Académie Pontificale des
Sciences a 6té hautement appréciée dans le monde scientifique et y
a fait najtre de grands espoirs quant aux possibilités d’action d’une
institution si opportune.

Le Saint-Pere Pie XII, qui avait collaboré avee son Prédécesseny
au projot et & la fondation de I’Académie et qui Pavait représenté
comme Légat personne} lors de Pinauguration solennclle, ne s’est
pas borné & maintenir & son égard ses sentiments de haufe estime
par sa présence 4 de sclennelles séances académiques, ol il daigna
prononcer ses discours d'une haute portée scientifique; il a tenu, en
ontre, 4 lui donner un nouvean témoignage de son auguste satisfaction
en accardant & ses membres le titre d'Excellence par le Bref Aposto-
lique du 25 novembre 1940.

Les sciences posent chaque jour des problémes nouveaux qui
donnent e d’ordinaire & divers essais de sclution, souvent contra-

tional press of the time and by the innumerable individual tributes paid
by scientists and by the greatest scholars of the world.

Many prejudices against the Church were very deeply shaken by this
gesture on the part of the Soversign Pontifi, since it called attention to
the lofty place rescrved for purely inteliectual values in the Catholic Church.

For all these reasomns, the foundation of the DPontifical Academy of
Science was greatly appreciated by the scientific worid and aroused high
hopes as to the prospects open {o such a timely institufion.

Iis Toliness Pope Pius XIT, who had helped his predecessor to draw
up the plan and to feund the Academy, and who had represented Ilim as
Iis personal Legate at the time of its solemn inauguration, did not confine
himseld to the expression of lefty sentiments when attending selemn academic
gatherings, where he deigned to make speeches of great scientific importance,
but he also afforded proof of his august satisfaction by granting the title
of Exccllency to the members of the Academy, by an Apostolic Brief of
Novenber 25, 1940,
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dictoires. Il arrive ainsi constamment que parmi les représentants les
plus auvtorisés d’une science, ef, en particulier, parmi ceux qui se sont
consacrés & P'étude d’une méme question, on rencontre des opinions
opposées, Pareilles divergences sc maintiennent parfois durant de
longues périodes et constituent a la fois une grave difficulté pour
I'enscignement des sciences et fréquemment aussi un ohstacle consi-
dérable 4 leur développement,

Par ailleurs, 'expérience montre que les méthodes actuellement
pratiquées dans la discussion des problémes scientifiques n'ont qu’une
efficacité limitée au point de vue de l'établissement d’une unité de
doctrine,

Il serait dés lors hantement souhaitable de promouvoir tout ce
gui pourrait favoriser un accord sur les points en discussion,

Un procédé semble devoir &re particuliérement utile sous ce
rapport: 4 savoir, I'établissement de contacts personnels prolongés
entre quelques représenfants d’opinions différentes an sujet d’une
question déterminée,

En effet, o contact personnel entre hommes de science constitue,
sans aucun doute, le moyen le plus efficace de résoudre les contro-
verses scientifiques.

Dans ce but, I'Académie Pontificale des Sciences a décidé d’orga-
niser de pareiiles rencentres scientifiques. I.’crganisation de ces ren-

LI

LEvery day science raises new problems, which usually give rise to
various, and often contradictory, solutions. Consequently it often happens
that amongst the most authoritative representatives of a given branch of
science, and particularly amongst those who arc cngaged in studying the
same question, one meets with contrasting opinions.  Divergences of this
kind often exist over long pericds of time and are a scrious obstacle not only
to the teaching of science but alse to its development.

Experience shows, moreover, that the methods at present in use in
the discussion of scientific problems have only a limited efficacy in so far
as concerns doctrinal unity,

It would, therefore, be highly desirable i everything that cculd favour
agreement on controversial points were {o be promoted,
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conires qu’on a appelées « Semaines d'Etude » a été établic de la
maniére suivante:

REGLEMENT DES SEMAINES IYETUDE

1. - I.’Académie invite quelques illustres savanis, parmi ceux
qui, ayant éiudié spéeialement une question déterminée, sont arrivés
& des conclusions différenies, 4 se rencontrer a Rome, 4 son siége, la
« Casina di Pio IV », 4 l'intéricur de I'Etaf de la Cité du Vatican,
afin d’y procéder en comunun, cn dehors de toute autre préoccupa-
tion, & un examen général de toutes les données du probléme.

2, - Le but essentiel de ces discussions est de chercher & formaler
de fagon précise les raisons qui sont & la base de la divergence des
cpinions. Les savants conviés aux réunions s'engageraient d’avance
a concentrer leurs efforts dans cette direction.

3. - Un examen critique de ces raisons aboutira soit 4 un accord
sur une solution déterminée, soit i la constatation qu’a ¥état actuel
des connaissance il est impossible d’établiv une unité de doctrine
au sujet du probléme envisagé.

One process that would scem to be particularly useful from this point
of view would be the establishment of prolonged personal contacts helween
some of the representatives of different trends of thought on a given subject,

Personal contacts amongst scientists are, in fact, the most efficacious
means of solving sclentific controversies,

With this aim in mind, the Pontifical Academy of Science decided to
organize scientific meetings of this description. These meetings, known as
« Study Weeks », were planned on the following lines:

STANDING RULES FOR « STUDY WEEKS »

1. - The Academy invites a number of illustrious scholars — comprising
those who have especially studied a given question and have arrived at
different conclusions — to meet in Rome at its headguarters, the « Casina
di Pio IV », situated in the Vatican City, so as to make a joint examination,
free from all other preoccupations, of all data concerning the problem.

2. ~ The chief aim of these discussions is to endeavour 1o formulate
precisely the reasons which arve at the root of the differences of opinion.
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Dans ce dernier cas, les savants invités auront pour tiche:
a) de préciser les motifs pour lesquels un accord s'avire pré-
sentement irréalisable;
&) de définir le geore de recherches qu’il serait souhaifable
d'entreprendre en vue de résoudre la question,

4. - L'invitation nc sera adressée par PAcadémie qu'a un trdg
petit nombre de représentants de chaque science: ceux-ci seront
choisis parmi les personnalités élrangtres 4 I"Académie, auxquels sc
joindrent, dans la discnssion, les Académiciens versés dans la méme
discipline. Celte invitation, de plus, ne se rapportera qu'a U'étude
d'une question déterminée, pour chague science.

5. - Les discussions auront un caractére strictement privé; elles
prendront la forme de conversations parliculitres, sans autre assis-
tance que celle de quelques membres de 1 Académie Pontificale des
Sclences particolitrement compétents dans la matidre,

Des interprites polyglottes, des sténographes, des rapporteurs,
ete., seront mis 4 la disposition des savants réunis,

6. - Les « Conclusions » des discussions seront publiées sons la

The scholars invited to these meetings nndertake in advance to concentrate
their efforls on this.

3. A critical examination of these reasons sheould lead, cither to
agrecment on a given sclution or else {o the conclusion that, on the basis
of the information actually available, it is impossible to establish doctrinal
unity on the problem envisaged.

In the latter event the scholars concerned will be called upon:

&) 1o define the reasons why agreement appears to be impossible
for the present;

b) to specily the kind of research work it wounld be desirable to
undertake with a view to solving the problem,

4. - The invitation will be addressed by the Academy to only a small
number of representatives of cach branch of science: these will be selected
from amongst those who are not comnected with the Academy. They will
be jeined during the discussions by Academicians versed in the same
discipline. This invitation, moreover, will apply only to the study of one
precise probiem in each branch of science.
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forme d'une « Neote Collective Finale » (4 laguelle pourront éventuel-
lement étre jointes des annotations individuelles), mentionnant:
a) les poinis sur lesquels un accord aurait été réalisé;
b) les points sur lesquels un accord n’auraif pas paru réalisable;
¢} les raisons pour lesquelles 1'accord n’aurait pu étre réalisé:
d) des suggestions relatives aux recherches paraissant les plus
aptes & réscudre les difficultés.

7. - Les « Conclusions » seront aussitot imprimées et communi-
gquées, par les soins de IAcadémie Pontificale des Sciences, 4 tous
les cenlres scientifiques qu'elles seraient de naturc & intéresser,

8. - Tous les frais de voyage et de séjour & Rome des person-
nalités invitées seront & la charge de I'Académic Pontificale des
Sciences. I hospitalité sera assurée dans I'un des principaux hotels
de Rome.

E’Académic se fera un plaisir d’offrir la méme hospitalité aux
épouses des savants Invités, & Texclusion touiefois des frais de

voyage.

5. ~ The debates will be strictly private and wili lake the form of
personal talks, in the presence only of a few members of the Pontifical
Academy of Science with special knowledge of the subject under discussion.

Polyglot interpreters, stenographers, reporters, etc, will be placed at
the disposal of the participants.

6. - The « Conclusions » arrived at will be published in the form of
a « Collective Note » (to which may eventually be added individual notes)
menticning ;

@) the poinls on which agreement was reached;

b) the points on which it was Impossible to reach agreerent;

€) the reasons why it was not possible to reach agreement;

d) suggestions regarding the vesearch worlk which appears most
snitable for arriving at a solution of the difficultics.

7. = The « Conclusions » reached will Dbe immediately printed and
transmitted, by the Pontifical Academy of Science, to all the scientific
centres which might be interested therein.

8. - All travelling expenses, and accommodation in one of the best hotels
in Rome of the persons invited to the meelings will be borne by the Pon-
tifical Academy of Science.

The Academy will be pleased to offer similar accommmodation to the
wives of the scholars who are invited, but not their travelling oxpenses.
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All participants to the Study-Week hove received
all the papers in aduvance. At the Study-Week cach
paper has beem discussed both in a group of spe-
cialists (*) and in a plenary session, excepl for two
papers (STONE and FRISCH) which have been dis-
cussed divectly in plenary session. The papers have
been put heve in a succession which is as close as
possible to the chronological order of presentation
and discussion.
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Koormans, MananaNoesrs, Manmnvaup, MoORISHIMA,
PASINETTI, SCHNEIDER,

and  group: LEONTIEN (Chairman), ArLAXs, IFISHER,
Frisc, aavenmo, Tsarp, T, Worn,



THE ANALYSIS OF ECONOMIC SYSTEMS

RICHARD STONE

Cambridge Universily - Cambridge - Great Britain

I

MODELLING ECONOMIC SYSTEMS

1. THE BACKGRGUND

It has long been a commonplace that an economy is a
system, an exceedingly complex probabilistic system. Accord-
ing to the classical theory, the information flowing in this
system consists of price signals. Constrained principally by
the law and public opinion on the one hand and by the state
of technology on the other, individuals and groups respond
to these signals mainly in terms of self-interest. First, the pro-
ductive part of the system produces as efficiently as possible
what the consuming part wants to consume., Second, in every
part of the system strong tendencies exist to check any depar-
ture from equilibrium. Third, not only is every firm efficiently
operated but new ideas and inventions are adopted as soon
as they become profitable and so the standard of living grows
as fast as human ingenuity can make it. In other words, the
system is efficient, stable and progressive. It gives the maximum

[1] Stome - pag. 1
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scope to individual desires and initiatives and, like physical
or biological systems, is regulated by means of viable governors
sct in motion by the system itself and not by any outside organ
of control. To its other virtues, therefore, a final one is added:
compatibility in the highest degree with human freedom.

There was a time, not so long ago, when the rulers of the
world wished to believe this story and, generally speaking, suc-
ceeded in doing so. But the imperfections of laisses faive as
a mode of economic organisation are so glaring that it has
been either thrown out altogether, as in the socialist countries,
or modified out of ail recognition by state intervention even
in countrics devoted to the principle of frec enterprise. S0
angry have men been at the abuses, injustices and waste of
resources around them, so strong has been their desire for
change, that they have shown very little appreciation of the
good points of the system they were destroying and so have
made very little effort to incorporate them in the system that
was fo take its place.

The purpose of this paper is to discuss how economic mo-
dels might help us to reconcile the advantages of central plan-
ning with those of individual initiative. The basic ideas are
simple: first, whether we consider a private firm or a govern-
ment agency, sensible decisions cannot be reached unless there
is an adequate amount of information flowing within the system
and available in the right place at the right time; and second,
since some kinds of information are expensive, if not impos-
sible, to transfer from one decision centre to another, it makes
a great deal of difference which decisions are taken at which
centre.

As to the first point, private firms and government agencies
psually try to enrich the flow of information in their neigh-
bourhood by making special surveys, projections and so on.
But just because the economy is a system, because, that is, its
different parts are interdependent, the task is very difficult for
any institution acting in isolation. Without a centralised ser-

[¥] Stone - pag. 2
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vice of consistent projections which concerns itself both with
social objectives and with practical possibilities, individual
forecasts are likely to be unduly conservative. For example, a
realisable plan might require the output of a particular industry
to double in a decade, but if no such plan exists the industry
in question can hardly be expected to try to double its output
in the next decade if in the past its market has been expand-
ing at a slower rate.

As to the second point, in operating a system that is not
deterministic, adjustments of one kind or another are constantly
nceded at all stages. There are costs, not to say dangers, in
requiring all decisions to be referred to a central anthority.
Accordingly, we should examine carefully the sources of in-
formation in the system, the costs of transferring information,
and the rules needed to ensure that centralised and decentralised
decisions will not conflict,

2. MODELS AND THEIR IENVIRONMENT

The main discussion of this paper will centre round a com-
putable model of the economic system. Before we come to the
general features of such models and to the particular example
that I shall give, which is a revised version of that described
in [7], it may be useful if I try to sct an economic model in
its environment, that is, relate it to the objectives it is intended
to serve, the administrative arrangements needed to make it
work and the general experience of economic life which it mo-
difies and by which in turn it is modified.

Following the treatment in [37], the essence of the situation
as I see it can be represented graphically as in diagram 1 below.

The combination of theories with facts gives rise to a model.
Since economics is largely concerned with quantities, the model
must be quantitative; and since we need to know not only how

[1} Stone - pag. 3
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DIAGRAM T

A Model in its Environment

Theories

facls

Policy

{ Conlrofs

fyvents

the system would behave if left to itself but also what would be
the problems and results of trying to change it in various res-
pects, the model must be readily computable. Model-building
is a scientific activity but I do not think that a usable model
of an economic system can be huilt by a group of scientists
working in isolation, for the simple reason that, however well-
endowed the group may be, it cannot possibly know as much
as it needs to know about all aspects of the economy without
the cooperation of many people engaged in a variety of practical
tasks. The model-builders can of course build a prototype, but
they will be very unwise if they do not seek a great deal of
practical advice before they go fully into production.

The combination of a model with a set of objectives gives
rise to a policy. This is where the politician comes in: he for-
mulates the objectives. He may specify objectives in detail or
he may delegate his responsibility, as when, with whatever safe-

[r] Stone - pag. 4
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guards he thinks desirable, he accepts the principle of consu-
mers' sovereignty: this means that consumers may spend their
money as they please, and the economic system must try to
provide the goods they want and not some other goods. Thus,
just as the inifiative in model-building lies with the scientist,
so the initiative in formulating the objectives lies with the poli-
tician. DBut neither works on his own; each is dependent on
social acceptance and the cooperation of others,

The combination of a policy with a sel of administrative
procedures, or what 1 have called controls, gives rise to a plan.
This is where the administrator, both public and private, co-
mes in.  But he too may delegate his authority and indeed in
many cases must do so if the cost of basing all decisions on
sufficient information is to be minimised. The relationship
between centralised and decentralised decisions has been the
subject of recent papers by MavLinvaubp [23} and by Kornar
and Liprdx [20], [21].

When the plan is put into practice it comes up against
events and this gives rise to our experience of the part of life
with which the plan deals. As a result every element that
led to the plan may to some extent be modified. Tt is inconceiv-
able that initially we should have succeeded in building a
perfect model, specifying a perfect set of objectives or designing
a perfect set of controls. The possibility of these modifications
is indicated in diagram 1 by the feedbacks from experience to
theories, facts, objectives and contrels, from which the coffects
of experience spread to the model, the policy and the plan.

Of course this is a very simplified presentation of a very
complicated process. In fact, each stage in the process throws
light on the preceding stages as well as on the succeeding ones,
and cach part of the system interacts to a greater or less degree
with most of the other parts, so that actually there is much
more feedback between the boxes than is shown in the diagram.
For example, the model is to some extent determined by the

{1] Stone - pag. 5
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objectives it is designed to serve, and the objectives are likely
to be modifted in the light of calculations made with the model.
Again, the policy is bound te be affected by the structure of
the existing control mechanism, while this is likely to be mo-
difie¢ in the interests of the policy. And so on. In the next
chapter we shall examine these connections in greater detail.

[1] Stone - pag. 0
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1T

MODELS, POLICIES AND PLANS

. MODELS

The purpose of building a model of anything is to under-
stand how the thing works and, if possible, to make it work
better. As BavLl has argued [2] in reviewing the moedel of
economic growth that I and my colleagues are working on in
Cambridge, the great thing is to make a start and to follow
this up by intensive work on the less satisfactory components
of the initial version. It is a mistake to try to perfect all the
components at the outset. Such an attempt may easily result
in no model at all, for one never achieves initially a degree of
perfection in the components that makes one entirely happy
about leaving them alone. Furthermore, as he says, the ade-
quacy of particular types of relationship can never be properly
judged in isolation but should be evaluated in terms of their
role in the complete model. Our motto, therefore, is solvitur
ambulando.

The decisions to be taken in building a model can be
grouped under four main beadings: a} the variables with which
the model is concerned; b) the relationships by means of which
the variables are connected and the precise form that these
relationships are to take; ¢) the statistical and other methods
by which the parameters in the relationships are to be estim-
ated; and d) the methods of numerical analysis to be used in
calenlating the parameters and the unknown elements in the
system. Let us now look at each heading in turn.

4} Variables. The basic concepts of economics are pro-
duction, consumption and accumulation, to which may be

[1] Stone - pag. 7
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added, since national economic systems arc never isolated,
foreign trade. The variables relevant to these concepts can,
as everyone knows, be set out in a system of national accounts.
These accounts have the merit of all accounts: their entries
satisfy certain arithmetic and accounting identities.

The entries in accounts are values: sums of money. If an
entry relates to a product, whether final or intermediate, or to
a primary input, it can be decomposed into a guantity and a
price. Thus values, quantities and prices have their places in
an accounting system. Consistency requires, therefore, that we
set up at least the main variables in our model within an
accounting framework.

The technique of doing this is called social accounting and
consists essentially in subdividing the national accounts. For
example, in input-output analysis we subdivide the national
production account so as to provide a scparate account for each
group of commodities that the cconomy produces. When we
start doing this we find that different parts of the economy
habitually use different systems of classification. Our system
of social accounts should accommodate these different classi-
fications and show how they are reconciled. In this way we
can establish behavioural or technical relationships for different
parts of the cconomy which reflect the categories habitually
used by each part. For example, private consumers’ expen-
diture is usually expressed in terms ot a classification of goods
and services which follows the lines of a consumer’s shopping
list; and public consumers’ expenditure is usually expressed
in terms of various purposes, such as education, health and
defence. Neither of these classifications has a one-to-one cor-
respondence with the industrial classification of products, and
these products, in turn, are not in one-to-one correspondence
with the industries in which they are produced. Conseqnently,
it we wish to be able to establish relationships for the compo-
nents of cach of these categories we must make sure that each

{1) Stone - pag. 8



SEMAINE D'ETUDE SUR LE ROLE DE L'ANALYSE ECONOMETRIQUE ETC. 11

of them is properly represented in our accounting system. Some
thoughts on this subject are given in {8], [36].

b) Relationships. The general nature of the relationships
connecting production, consumption, accumulation and foreign
trade was defined long ago by the great economists of the
second half of the nineteenth century, such as JEvons, WALRAS,
MaRsHALL and Parero. Their contribution was, precisely, to
formulate an economy as a system. These general 1dcas were
set out fully and explicitly by BowLey [4], who remarked in
his introduction that « there secms to be no book in existence,
at least in English, that presents in a coherent form the mathem-
atical treatment of the theory of political economy which has
been developed during the past eighty years or more. » This
was said in 1924.

But these gencral ideas provide no more than a guide. In
trying to formulate the economy as a system, the great writers
of the past naturally made many simplifying assumptions. For
example, in the theory of consumers’ behaviour, they assumed
that an individual tries to maximise the utility of his con-
sumption subject to a fixed set of prices and a budget constraint,
In this theory individual preferences are assumed to be fixed.
If, like these writers, we are concerned with formulating eco-
nomic relationships in a general way, this is a legitimate as-
sumption which leaves us free to concentrate on the constrained-
maximum problem whose solution is the outcome of the theory.
But if we are interested in empirical demand analysis we
cannot make such an assumption since we know that individual
preferences change, partly because the circumstances of the
individual change with age and partly because, with time,
new commodities appear and social attitudes and fashions
change. Thus is studying the pattern of consumers’ expen-
diture over time, it may be more important to find a way of
allowing for changes in preferences than to have a very sophi-
sticated means of allowing for responses to income and prices.

[x] Stone - pag. 9
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The carlier writers were aware of such complications, but
their first concern was to realise their vision of the economy
as a system, not to work out its operating characteristics.
MarsmaLL said in 18g6: « the nineteenth century has in great
measure achieved qualifative analysis in economics; but it has
not gone farther. It has felt the necessity for quantitative ana-
lysis, and has made some rough prefliminary surveys of the
way in which it is to be achieved: but the achicvement ifsclf
stands over for you. »

During the last fifty years or so, the development hoped
for by MarsSHALL has slowly gathered momentum and has been
accompanied by a great deal of useful theorising.  Our first
task now is to perfect, in the light of the vast mass of quan-
titative information available, the relationships sketched out
by our predecessors: production functions, consumption func-
tions and so on. But just as the simplifying assumptions of the
carlier theorists restrict particular relationships to the point
where they cannot be applied, so also do they sometimes
restrict the field of phenomena that should be considered in an
cconomic model, Thus our second task is to formulate new
relationships wherever experience shows them to be needed,

An example of this is the distribution of skills which ac-
companies any technique of production. TLabour is a factor
of production, and everybody recognises that there are many
different kinds of labour, which require different kinds of edu-
cation and training. Nevertheless, in production functions la-
bour is usually treated as homogeneous, This is acceptable as
a first approximation provided one it confident that in some
unspecified way the right kinds of skill will be produced and
flow to thaf part of the system where they are needed. But
will they? Granted that demand tends to create its own supply,
may we not find, in a period of rapid technical change, a
serious lag between the skills needed for the new techniques
and the skills in fact provided by the system of education and
training? The answer seems to be « ves », in which case edu-

[1] Stone - pag. 10
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cation and fraining become a necessary part of an economic
model, not something which can be left on one side as a social
process Irrelevant to economics,

Another important point to keep in mind about the rela-
tionships in an economic model is whether they are to be used
to answer questions or to ask them. For example, if the model-
builder knew enough about the alternative techniques of pro-
duction that will become available in the near future in dif-
ferent industries, he could say what changes in labour pro-
ductivity could and should be brought about in order to reach
certain objectives. In practice, however, the model-builder
is most unlikely, at first, to know as much as this. But he can
work out on reasonable assumptions a set of changes in labour
productivity in different industries which would enable a given
vector of output to be produced with a given quantity of labour.
Then, instead of answering the question ‘what increase in
labour productivity is needed in each industry’ he could ask
the question ‘could the increase in labour productivity I have
worked out be achieved and, if not, what are the obstacles to
achieving it’. By bringing such questions out into the open and
showing what is needed if certain results are to be obtained,
a great deal can be learnt and the people responsible for action
can be provided with useful information. It may be that an
industry simply cannot do what a model initially suggests; but
it may equally happen that it could do as much or more if it
believed in other results of the model, for example the estim-
ated future demand for its products. In this case the model-
builder is simply providing agenda for industry discussions.
This may often be more useful than trying fo anticipate the
outcome of these discussions, since the discussions themselves
may provide information to the model-builder more reliable
than he could possibly have reached on his own, and may thus
enable him to produce statements about the possible future of
the economy which are realistic as well as consistent.

The final point I want to make about relationships con-

(¥] Stone - pag. 11
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cerns time-horizons. Any discussion of how best to operate
the economy so as to achieve certain ends involves comparisons
over time and leads to a variational problem. In theory there
Is no reason to stop at any particular point in the future and
so we are led to a consideration of an infinite time-horizon.
Valuable insights can be gained by this method, as in Ramsey’s
theory of saving [34], but the weakness of the method from a
practical point of view is that it calls for knowledge that we
cannot possibly possess. This suggests that we should refor-
mulate the problem with a finite, indeed fairly short time-
horizon, a practice that is in fact adopted in all centrally plan-~
ned economies,

¢) Estimation. Having decided on the variables that are
to enter into the model and on the forms of the relationships
by which they are connected, the next thing to do is to estimate
the parameters in these relationships. This may be a matter
of simple arithmetic, as when an input-output coefficient is
estimated by dividing the input of product § into product %
by the output of product k. So simple a method, however, is
only resorted to when there is an extreme shortage of informa-
tion; more generally statistical methods, and in particular re-
gression analysis, are involved. In any case the estimation
procedure that must inevitably be followed at the outset can
be described as the econometric analysis of past observations.

The methods of estimation available to econometricians have
improved very considerably over the last generation. In par-
ticular it has come to be realised from HaaveLMO’s original
paper on the subject [16] that the fact that an economy is a
system in which different influences may operate simultaneously
has a bearing on the appropriate method of estimating economic
relationships, This is called the problem of identification: in
relating the price of a commodity to the quantity of it sold, how
can we identify the parameter as a demand parameter, a sup-
ply paramecter or some mixture of the two; alternatively, how
can we arrange our estimation procedure so that the estimate

{1] Stene - pag. 12
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we obtain is, let us say, a demand parameter? This problem
has been the subject of intensive study at the Cowles Commis-
sion [11] [12] and more recently has been giveu an clegant
form by presentation by Hurwicz [18] and, in terms of sta-
tistical estimation, by DURBIN [13].

Timportant as these developments are, they certainly do not
solve all the problems that the model-builder has to face. One
of the main problems arises from the fact that relationships
arc constantly changing. 1 have already given consumers’
preferences as an example of this. Another example is of-
fered by the techniques of production: a past input-output table
will not be a good description of present intermediate techmno-
logy; a fortiori it will not be a good description of the inter-
mediate technology of the future. How then are we to proceed?
The best thing to do is undoubtedly to consult outside experts
about the way in which inputs have been changing, and to
get from them an estimate of future input structures in different
industries. But such information can only be expected from a
limited number of highly articulate industries. In other cases
one can sometimes find time-series of input-output coefficients
and project these into the future. Often, however, this approach
is closed too, and there is nothing to be done but to project
input-output coefficients by a general method of extrapolation.
A means of doing this is given in [36] and, in greater detail,
in [9].

Another practical problem arises from the fact that, in
formulating relationships, we usually begin by considering only
the more general influences which we believe to be at work.
For example, in formulating demand relationships we usually
begin by allowing for the effects of income, prices and chang-
ing tastes on the demand for different commodities. We know
of course that other, more specific, influences are at work: an
abnormally cold winter or hot summer, the temporary rationing
of some commodity, a particular advertising cammpaign. Sucb
specific influences are numerous and difficult to take into ac-
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count, and their effect on the broad pattern of consumption is
not very noticeable; but in accounting for the detailed pattern
they may well be important. In such cases it may be useful
to follow a hierarchical principle. Thus we might start by
estimating how, in given circumstances, total consumption
would be divided among ifs main constituents, namely food,
clothing, household expenses etc. We might then try to
estimate how the expenditure on each of these gronps would
be divided among the group’s components and what specific
influences, if any, might affect each component. And so on.
As we got into greater and greater detail, however, we should
expect any manageable system of demand relationships to
break down. At this point we should have reached a position
where our demand model was no longer specific enough and
where, accordingly, we needed outside help, as in the case
of the input-output relationships discussed above.

What I have just said brings out the fact that with the
information at our disposal there is a limit to the amount of
detail we can handle. It is sometimes argued that if only we
could increase the size of our models we should get correspond-
ingly better results. I do not think this is true. If, for example,
we were to multiply the number of industries we distinguish,
and were to represent each industry in the detail necessary to
operate it, we should have to inake the relationships of our
model altogether more sophisticated. In practice we could not
do this. I suggest therefore that the proper way to infroduce
great detail info a model of the economy is not to expand that
model beyond a certain point, but to set up separate sub-
models for different industries, related to the general model
but established and operated by the industries themselves with
all the expert knowledge that this would make possible. The
final outcome would result from an iteration between the general
model and the industry models, somewhat on the following
lines. The general model would indicate the output levels re-
quired and the distribution of these outputs over uses. The
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industry models would then convert these demands into specific
products and decide how these products could best be pro-
duced. The general model would then check the total primary-
input requirements of the productive system and indicate
whether any primary inputs were in short supply and, if so,
to what extent they should be economised on. It would also
change its initial cost structures and indicate revised output
requirements. Such a treatment would allow for a manageable
expansion of the initial model and at the same time would
ensure that the information available was put to the best use.

By the various methods I have suggested we may hope to
increase the amount of information that the model can absorb.
But cases may still arise where we are unable to formulate
some of the relationships we need: some processes of real life
cannot be represented in the model. All we can do is to observe
certain influences and certain eoffects: we cannot relate the two.
We must then turn to the ‘black box’ technique as adapted
to cconomic and industrial problems by Beer [3].

Reduced to its simplest terms this idea can be formalised
as follows, In the real world there is some system, the eco-
nomy in our case, which produces a certain outcome: in a
circuit diagram we could represent this process by an arrow
leading from a box marked & to a box marked Q. By studying
this system we make a model of it and use this model to for-
mulate a plan: this conceptual activity could be represented
by an arrow leading from a box marked M to a box marked P.
The two sides of life are connected: the model is based on the
real world, and so an arrow loads from E to M; and the plan
influences the outcome, and so an arrow leads from P to O.

Now, the model consists of certain relationships and these
control the plan. If some of these relationships change in
the real world but not in the model, then the plan determined
by the model will always be wrong and the situation will get
out of control. We could avoid this happening if between the
model and the plan we could insert a device, the ‘black box’,
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which, being controlled by the economy and by the plan,
would correct the instructions given by the model, as illustrated
in diagram 2 below.

DragraM 2

A Corrective Device for Economic Models

A familiar, if somewhat formal, example can be given to
illustrate this scheme. Suppose that the purpose of the model is
to tell us how much to produce of a certain commodity and,
under free market conditions, what price to charge. Suppose,
further, that market conditions are not always free but that at
certain times the government imposes price control. If we
set up the model in terms of a demand relationship and a supply
relationship, we may assume for purposes of argument that:
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the quantity demanded, y;, is a homogeneous linear stochastic
function of the price, ¥,, and of an exogenous demand variable,
#%y; the quantity supplied, y,, is a homogencous linear stochastic
function of the price, y,, and of an exogenous supply variable,
%,; under free market conditions the quantity supplied is equal
to the quantity demanded; and under price control the actual
price is equal to the price fixed by the government, %5, In
its reduced form this system can be written as

I 0 - 7 —&“ o o X, &
(IT. 1) 0 I -ay Yo |==j 0 by o xy [T ey
LR N ) Iy 0o o 1-i Xy o

In (IL.1), the a’s and b’s are demand and supply parameters,
the ¢’s are disturbances and 2 is a number which takes the
value 1 under free market conditions and o under conditions
of price confrol.

In terms of the diagram, the model consists of the first two
equations in (IT.1) and the purpose of the black box is to
ensure the appropriate value of X at any time. If the model
was established under free market conditions, it will operate
initially with 2 =1, But if market conditions change to a state
of price control, the black box must find this out and switch
over to A=o0. As indicated in the diagram, it does this by
continuously comparing the price calculated by the model with
the price actually charged in the real world. If they differ,
it changes the value of A. For under free market conditions
the actual price and the model price will be the same, but if
price control is infroduced, the two prices will, in general,
diverge unless A =1 is changed to A==0. With this change, the
actual price and the model price will be the same as long as
price control persists. If, however, price control is abolished,
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the two prices will, in general, again diverge unless A=0 is
changed back to A=1.

Thus the purpose of the black box is to ensure that the
model stays in touch with reality. As I have said, the example
is a formal one, but there is no necessity in practice to restrict
the device marked B to a single, instantaneous decision.

d) Computability. With a large model, computability pre-
sents a problem at every stage: in the prelininary processing
of data, in estimating the parameters and in reaching solutions
for the system of equations. I have alrcady emphasised the
importance of making a start and later modifying and extend-
ing the initial model; if to this is added the need to reach solu-
tions for a wide range of initial assumptions, it is clear that
some special steps will have to be taken if the computing
problems are to be kept under control. As explained in greafer
detail in [7] [44]), a number of straightforward technigues are
useful for this purpose.

First, the extensive use of matrix algebra, in addition to
its notational convenience, has the advantage that in the nu-
merical manipulation of matrices a tundamentally simple set
of operations is repeated a fixed number of times. This number
depends on the order of the matrices and can be regarded as
a parameter of the programme. Accordingly, if the number of
categories in some classification has to be increased, it is only
necessary to change a parameter and continue with the oid
programume.

Second, great convenience lies in the computer’s facility
for handling iterative or relaxation processes. By requiring a
sequence of operations to be repeated until some numerical
condition is satisfied, the same master programme can be retain-
ed when linear relationships, which would themselves admit of
direct analytical solution, are replaced by more complex rela-
tionships which would not. To do this, a general method of
solution must be adopted at the outset.
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Third, the programme can be subdivided into independent
parts each of which can be confained, data and programme,
in the high-speed memory of the computer. This allows cach
stage to be developed and tested independently so that, as
research progresses, it can be replaced by more complicated
versions without necessarily upsetting the remaining stages.

Fourth, the programme can be used to compile ‘ready
reckoners’ which make it possible to trace the effect of changes
in the initial conditions without the need for further runs. For
example, the matrix multiplier (I-A)~! is a ready reckoner
whose clements show the additional output of 7 which will
follow directly or indirectly from a unit increase in the final
demand for k. Analogous matrices can be compiled to show
the effect of unit changes in the elements of final demand on
complementary or competitive imports, on investment require-
ments, and so on.

Finally, once an initial model has been set up, it is necessary
to establish an order of priorities in improving its various parts.
For this purpose, sensitivity analysis, that is the systematic
exploration of the model to find out what is sensitive to what,
would probably be very useful.

2. PoLicies

Policies express what we want from a system after we have
reconciled competing objectives in the light of a model; they
provide therefore a set of consistent aims. As I have said, the
formulation of objectives is primarily the responsibility of the
politician, just as the construction of models is primarily the
responsibility of the scientist. But the politician, like the
scientist, cannot perform his task unaided and simply hand
down a set of objectives to the model-builder without discussion.
Three reasons for this have been suggested by Hrrem in [14].
One is that there is seldom a clear-cut national abjective which
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can be ‘given’ in all its details by a central authority; an
obvious example of this is the composition of consumers’ expen-
diture.  Another reason is that objectives are muitiple and
conflicting: many of them can be satisfied in several ways
which have substantial, differential effects on others. Finally,
it is impossible to state the objectives that make up a policy
without knowing a great deal about feasibility and cost. In
cach case the necessary knowledge can only come from the kind
of analysis that a model is designed to provide.

An important question at this stage is the range of problems
that the politician would like to see integrated. For example, if
the model is a national model with no regional dimension, it
can say nothing about locative problems. If there is to be a
regional aspect to economic policy, then the model must be
capable of providing solutions for the different regions. A re-
gional dimension to an economic model is useful because it
makes people think why they want particular things to take
place in particular localities and enables them to compare the
costs of the alternatives.

Thus we see that the politician needs the help of the model-
builder in formulating a policy, just as the model-builder needs
the help of many other people in building his model. We also
see that the objectives from which the policy will be shaped get
into a model in various ways.

An objective may be built into the model. This is the case
where it is agreed that private consumers should be leff to decide
how they spend their money. In effect the policy maker says to
the model-builder: I shall tell you how much money to assume
available for private spending; your job is to find out how this
spending will be allocated given the shadow prices that emerge
from your model, and what indirect demands it will place on
the system. In the course of drawing up the policy, alternative
calculations are sure to be needed, but the maximisation of the
average consumer’s utility forms an integral part of the model.

Or, an objective may form a constraint on acceptable solo-
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tions of the model. For example, having fixed the terminal
conditions at the end of the transitional period, we may agree
to choose a path through that period by maximising consump-
tion subject 1o the terminal conditions and, of course, to the
operating conditions of the period itself. For any given set
of conditions we can use the model to work out a path. If the
path is unacceptable we must reconsider the conditions that de-
termined it,

Or again, the model-builder may require some numerical
data from the policy maker. For example, he will need to
know how much is to be spent on public health, education,
roads and other items of government consumption or invest-
ment in social capital. He will also need to know the input
structure of these expenditures. Since all demands on resources
compete with each other, it will be possible to settle priorities,
including the level of total private consumption, only when
the implications of these proposed demands have been work-
ed out.

It will be noticed at this point that there is a need for a
nutnber of government sub-models just like the industry sub-
models advocated carlier. The operation of a health service
or a defence system is a complicated matter which cannot be
built into a general model. What is required is a separate
sub-model for cach of these activities. Given an amount of
money to spend and a set of prices, each sub-model would be
used to decide how this money should be spent. TFrom this a
cost structure would emerge for use in the general inodel. The
general model might show that some revision in the sums to
be spent would be necessary. As in the case of industry, there
would have to be iteration between the model and the sub-
models. Social cost-benefit analysis should prove of great value
in this field of research [14] [15].

To sum up, the main features of policy-making for a system
are, in my opinion, as follows. TFirst, the different objectives
of policy should, as far as possible, be considered together.
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The fact that in my examples 1 did not mention the mainten-
ance of full employment, say, or the relief of poverty is of no
significance; I was not trying to list all the aims, either present
or future, of economic policy. In practice we shall certainly
have to begin with something narrower than we wish. Thus
even if we succeed in getting policies for education and training
or of regional development into the general picture, it will be
some ilime before we can do the same for urban renewal, to
say nothing of mental health or crime. Nevertheless 1 believe
that our aims should ultimately cover the whole socio-economic
system.

Second, cach objective must be expressed in sufficient detail
to enable alternative methods of meeting it to be considered,
and the demands which any of these methods places on the
system to be worked out. In this way we can begin to compare
objectives, and as a result make perhaps a better use of our
resources,

Third, the existence of conflicts of interest should be reco-
gnised and as far as possible faced. For example, two towns
may compete with one another to atiract, say, a new power
station or motorway. The choice between them can be greatly
improved by an analysis of its consequences.

Fourth, policy makers should see that they have adequate
information on which to base their decisions and should {ry
to assess costs and benefits wherever possible. Tor this pur-
pose, existing market prices are extremecly useful; but they
are insufficient, because many of the things we value are not
priced on any market. Examples of this are uncongested roads
and quiet surroundings: only recently has a partial attempt
been made to put a price on road space by means of parking
mefers; and the cost of noise to health and productivity has
so far received more attention from physiologists and psycho-
logists than from politiciang or economists,

Two conclusions emerge from this summing up: there must
be close cooperation between the policy maker and the model-
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builder; and there must he a conscious effort to supplement
the market mechanism by calculating costs and prices for acti-
vities which lie outside the market economy or which have
important aspects which the market does not value.

3. PLANS

A plan tells us how to set about achieving our policies given
the operating characteristics of the system. It can be identified
with administration or control. These words can in turn be
identified either with coercion, exemplified by the policeman,
or with a means of self-regulation, exemplified by the Watts
governor or the thermostat. The opposite of plan is no-plan,
or anarchy.

In theory laissez faire is not an example of no-plan; it is
a perfectly coherent plan for operating an economic system.
Its strength lies in the fact that it is self-regulating. This is
achieved by placing decisions in a large number of centres
cach of which is infent on maximising its advantage. An
examination of biological and ccological systems suggests that
they owe their robustness to similar forms of control: the pre-
dator-prey relationship cannot be understood by identifying
the predator with a policeman. The fundamental objective to
laissez faive as a form of planning is that it works with limited
values and limited information: the values of the market place
and the information provided by current prices and by the
prices on a small number of forward markets.

The reaction to laissez faire has taken two forms: centrat
planning and government intervention in specific aspects of
economic life.

The first reaction has the merit that it places the determi-
nation of policies squarely where this belongs, in the class of
political decisions. Its shortcomings which derive largely from
its political origins, lie in an exaggerated notion of the pos-
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sibility of concentrating all information al some central point
and in believing that all decisions can sensibly be taken at this
point.  The ditficulties that follow this approach arc increas-
ingly recognised in centrally planned economies and the na-
tural dialectical process may be expected to produce a better
balance between the cenfre and the periphery.

The second reaction has the merif of recognising the fact
that different decisions belong to different centres. Iis short-
comings, which derive largely from the partial abandonment
of one coherent political philosophy without the acceptance of
a new one, lie in an exaggerated notion of the usefulness of
modifying some part of a system while ignoring the others:
specific acts are justified in terms of the necessity to do so-
mething in the area concerned and of the immediate effects
intended. The bad consequences of this kind of sporadic plan-
ning are becoming every day more obvious, but it is not yet
realised that the more one tries to plan a system without stu-
dying it as a whole, the less one is likely to succeed.

Thus it is a mistake to associate planning with collectivism
and antiplanning with private ownership. We should make
better progress if we thought in terms of good planning and
bad planning, that is, of functional and unfunctional design.
In other words, having agreed on what the system is sup-
posed to do, we should make sure that the operating controls
are designed so as to get it done. If we look at planning from
this point of view, we are likely to discover that the key pro-
blems of economic organisation are the following.

First, the acininistrative machinery, public and private,
which has grown up historically will often exhibit cases where
a given function is duplicated and cases where a given function
is simply not performed or where the arrangements for per-
forming it are unsatisfactory. An example of this in Britain
is the large number of agencies, both public and private,
concerned in one way or another with the problems of redun-
dancy and retraining: obviously this part of the administrative
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machinery must be considerably modified and coordinated if
the labour force is to accept mobility and equip itself with
modern skills.

Second, even where the machinery exists, we may question
the criteria on which it operates, on which, that is, administra-
tive decisions are taken. It used to be generally believed that
optimal or near optimal decision-rules were inherent in the
modus opevandi of private enterprise. Experience has shown,
however, that this is not always so, even if we agree to con-
sider only private costs and benefits in determining efficiency.
Still less is it so if we consider social costs and benefits which
the market does not value. Many writers, such as LERNER [22],
have tried to formulate effective and mutually consistent rules
for economic decision-making. These ideas should be followed
up and as far as possible put into practice.

Third, the application of any set of administrative criteria
presupposes an adequate flow of information to enable the con-
trols to work properly. We must therefore examine the flow
of information in the system and cnsure that the necessary
information is available in the right place at the right time.
We must also keep in mind that if a system is to control itself
by virtue of the information that flows in it, this information
must not be distorted by interference; if it is, the system will
work badly, and if the interference is insistent enough, the
system will break down altogether. A good deal of the inform-
ation available in any cconomy comes from the movement of
relative prices and costs; without such information, derived
either from the working of the market or, in the form of
shadow-prices, from the working of a model, the decentrali-
sation of decisions is virtually impossible. So we should make
the most of price signals as a source of information and should
beware of fixing or changing them arbitrarily in the interest of
some specific policy, or they will defeat their own purpose. The
stop-and-go measures adopted by Britain in recent years for
the sake of balancing the balance of payments provide a good
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illustration of these dangers. The objection to these measures
is not that they are unduly authoritarian or unduly laissez faive,
but simply that they are inappropriate to a system. They do
indeed enable the country to muddle through, but at a con-
siderable cost in bad business planning af home and loss of
prestige abroad.

Fourth, if we want to do away with sporadic interference,
we must examine the robustness of the system in reacting to
unforeseen events and try to build stability into it wherever
we can.  An example of such an administrative arrangement
is MEADE'S proposal [25] to vary social security contributions
automatically with the level of unemployment so as to offset
short-term fluctuations in purchasing power. These devices,
as PurLLies has emphasised recently [28] [29] [30], must
be very knowledgeably designed, since a good control mechan-
ism should keep a variable at a chosen level and not allow
it to fluctuate.

These problems are encountered in any system and there-
fore In any economy, whatever its political complexion,
A wider recognition of this fact may be expected to bring the
operafting characteristics of castern and western economies
much closer together over the next generation.
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I

A DUAL MODEL OF ECONOMIC GROWTH

1. A NEW DEVELOPMENT

I shall now excmplify the ideas on model-building expres-
sed in the first section of the preceding chapter in terms of the
model of the British economy on which I and my colleagues
are working. Tour progress reports on this work have already
appeared in this series [7] [8] [9] [1o]. In the first of these
we began by setting up a single model for a future state of
steady growth and, in our conclusions, hinted at the need for
an extension of the model which would help us to plot out a
path from the present to the future state. This extension is
now beginning to take shape.

In this short chapter, I shall outline the two parts of the
model and explain how they interact. In chapter IV, 1 shall
review in greater detail the structure of the first part, our origi-
nal model, and discuss a number of modifications we arc bring-
ing to it. Finally, in chapter V, I shall describe the structure of
the second part, on which we have recently started work.

In my exposition I shall try to bring out: the organic cha-
racter of the model, that is, how its structure and relationships
tend to change as knowledge is accumulated; the receptiveness
of the model to observations from different sources, including
estimates from industrial experts and others, which can im-
prove ifs realism; and the degree of consistency which we try to
impose on the model [41].
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2. STEADY STATES AND TRANSIENT STATES

In planning for the future, we should recognise, first, that
what we do now affects to some extent what we can do in the
future and, second, that what we shall want to do in the
future, and what facilities we shall have to do it with, becomes
less and less clear as we try to imagine times which are more
and more remote. We cannot work forward into the future
without setting a target and we cannot derive this target from
the remote future because we have no information about it.
Accordingly, we have set up our model of growth in two parts,
and our solution comes from iterating between them. One part
is concerned with the rates at which the outputs of different
products might grow after a transitional period ending, say,
in rgyo0; this is the long-run or steady-state model. The other
part is concerned with the problem of adapting the cconomy
during the transitional period to meet the initial conditions
of the steady state of growth; this is the short-run or transient
model.

The structure of these two models and the relationship be-
tween them can best be seen by concentrating on essentials and
leaving all detail for subsequent treatment. The two structures
are shown in diagram 3 below.

Each structure involves a building block for each period,
containing five components: assets, labour, output, investment
and consumption. We can describe the relationships between
these five components in two ways. On the one hand we may
say that given amounts of assets and of labour enable us to
produce a certain amount of final output which will be absorb-
ed either by investment or by consumption: this is the order
that appears in the transient model. On the other hand we
may say that investment and consumption add up to final out-
put and that, given the labour available, the production of this
output will require certain quantities of assets: this is the order
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that appears in the steady-state model. In each case the build-
ing block is the same; what differs is the nature and direction
of the arrows which show the relationships between the com-
ponents.

In each model the building block is repeated for as many
years, or time-periods, as are necessary. In the transient model
these time periods stretch from a base year, in our case 1960,
to the end of the transitional period, in our case 1¢6g, and
culminate in a single component, the stock of assets, as a ter-
minal stock. This stock is shown in the right-hand top corner
of the upper half of the diagram, enclosed in a double square.
In the steady-state model, the time-periods stretch from the
first post-transitional year, in our case 1970, into the indefinite
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future. In terms of the highly simplified account T am now
giving, the purpose of the steady-state model is to determine
the minimum initial stock of assets required in the post-transi-
tional period. This initial stock is, of course, the same as the
terminal stock of assets of the transitional period and is shown
in the left-hand top cormer of the lower half of the diagram,
also enclosed in a double square to indicate that it is the link
between the two models.

Our first step is to use the steady-state model to determine
the stock of assets that must exist at the beginning of rg70.
This is done on the assumptions that consumption is to take
a certain value in 1g70 and to grow steadily at a given rate
from 1970 onwards. For this rate to be possible, there must
take place in 1970 a certain amount of investment which can
be thought of as determined by the stock of assets and work
in progress needed at the beginning of 1g71, which in turn is
determined by the assets and work in progress needed at the
beginning of 197z, and so on. In fact the whole future of the
structure of assets is involved although, if we do not try to
push the rate of growth of output up to the technological ceiling
of the system, we may expect subsequent requirements to have
a rapidly diminishing influence on the assets needed at the
beginning of 1970.

Once we have determined these initial assets which, given
the labour force and the technology expected to be available
in 1970, will depend partly on the level of consumiption in 1970
and partly on the rates at which its components are to grow,
we can pass fo the transient model. We have a known stock
of assets in the base year and a required stock at the end of
the transitional period. Given the labour force and technology
expected to be available throughout the transitional period, we
now try to maximise consumption over this period subject to
the base-year stock of, and ferminal requirements for, assets;
and subject also fo some restriction on consumption, for
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example that it should not fall below a certain level or that it
should not fall below fhe level of the preceding year.

The attempt to solve this problem will show whether or not
it is solvable. Tf if is not, we have cither put an insufficient
restriction on consumption during the transitional pericd or we
have set our sights too high for the post-transitional period.
In any case we can make a modification and try again until we
obtain a solution.

Once we have a solution we can examine the whole time-
path of consumption. Before the base period consumypion
moved in a krown way; we have just calculated its path
through the transitional period; and we have arranged that it
shall be able to grow at such and such a rate after the transi-
tional period. Taken as a whole this path may be unacceptable
because, let us say, it is too uneven: it may show a certain
rate of growth up to the transitional period, followed by a
slower one which increases enormously at the end of the trans-
itional period to meet the initial conditions of the steady state,
followed by the long-run growth rate. An acceptable path
should, one might suppose — though this is a polifical question
—- be reasonably smooth. One way of smoothing it would be
to reduce the level of consumption assumed for the beginning
of the steady state; in other words, to make the take-off into
steady growth start from a lower level. The purpose of iter-
ation between the two models is to reach an acceptable path.

In the following two chapters T shall show how the basic
simplifications adopted in the above account can be removed
both in theory and in practice. There is, however, one im-
portant point that must be mentioned here since it affects the
relationship between the two models. Briefly, it is this.
I have so far assumed fixed relationships between the assets
available to an industry and its capacity to produce, and be-
tween the assets installed in an industry and the investment
necessary to instal them. Consequently, the investment of the
transitional period could in principle take place at any con-
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venient {ime without affecting the composition of the stock of
assets at the beginning of the steady-state period. This has
enabled me to speak of the assets needed at the beginning of
1970 independently of the distribution of investment through
the 1g60’s, and thus to make a sharp distinction between the
two models. In fact we know that the rclationships I have
assumed to be fixed do change with time, and therefore that
we cannot calculate exactly the assets needed to provide a
given capacity at the beginning of the steady-state period until
we know the timing of investment through the transitional
period. Here again, as in the case of consumption, the problem
can only be solved by iterating between the two models.

3. WHY A DUAL MODEL?

Questions are sometimes raised about the method I have
just outlined. Why, it is asked, do we need two models?
Could we not work out a path which would carry consumption
into some preassigned rate of growth as soon as possible? My
answer is that at the present stage of the work it seems easier
to divide the problem into two. With a single model it would
be impossible to say in advance when the growth rate of the
path calculated by the model wonld approximate to the growth
rate preassigned for the steady state. In other words, it would
be impossible to say how long the transitional period would
last: the model would be a transitional model without any
time limit. Consequently, it would be necessary to take a
view on preferences, technology, and other variable factors,
for an indefinite time-span in the future.

Also, the desire for a single model is somectimes accom-
panied by a belief that it must always be possible to move
smoothly into a faster rate of growth without ever falling below
the initial growth rate of the system. We may hope that this
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1s true, but it does not seem sensible to found an analysis on
the assumption that it is. In any case, the dual model is
intended to explore several possible paths to the steady state
and to indicate the good and bad points of each alternative.

However, as illustrated by this series of papers, our ap-
proach to model-building is essentially organic. In time, the
dual aspect of the model may come to seem less important and
the two models may become more closely integrated and even
be merged into one. This is not a matter of principle but of
practice.
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v

THE STEADY-STATE MODEL

1. INTRODUCTION

The structure of this moedel as it stood eighteen months ago
was explained in detail in {7]. A further addition relating {o
labour skills and to the system of education and training on
which they depend, together with some preliminary results for
1970, were sct out in [5]. Thanks to the generosity of the
Bank of England and other institutions in the City of London
in response to our appeal for research funds, we are now start-
ing work on the financing side of the model, This means that
we shall study the flow of capital funds between different sec-
tors of the economy, the saving behaviour which adds fo these
funds and the preferences of diffexent sectors for holding pax-
ticular porifolios of assets and claims.

In this chapter T shall outline the model following the order
of section 1 of chapter 1I above. 1 shall not go over every
point described in [3] [7] but shall try to show how our ideas
have developed, why we have abandoned certain details that
appearcd in our original presentation and what our intentions
are for the future.

2. THE VARIABLES
The basic variables of the model are brought together in a
social accounting mafrix, SAM for short, which at present

contains 253 accounts grouped info fifteen classes. The comp-
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lete matrix for our base year, 1g6o, is given in detail in [8];
a summary version for 1962, showing the totals within each
class, is given in table I below.

For obvious statistical convenience we have keyed in our
main fotals to the official estimates of national income and
expenditure [48]. At certain points, however, we have de-
parted from the treatment followed in these estimates. The
most important difference lies in the fact that we define con-
sumers’ durables not as consumption goods but as fixed assets.
This means that in our treatment these goods are bought on
capitel account and their consumption is measured by depre-
ciation. Nevertheless, our estimates of total private consump-
tion plus net investment in consumers’ durables are equal to
the official estimates of consumers’ expenditure.

As can be seen from table 1, the accounts in SAM are
simply a Iogical development of the four national accounts [42],
and can easily be reduced back to them by appropriate con-
solidation, The use of fifteen classes of accounts instead of
four is largely dictated by the need to reconcile different clas-
sifications.  This can be illustrated by considering the four
classes which appear as the first four rows and columns in
table 1 and which, taken together, constitute the national ac-
count for production.

Class I relates to commodities, that is to say products or
groups of products which are characteristic of British industries.
‘Ihe entries in column 1 show the sources of these commodities:
£i44,272 million come from British production and 42,458
million, to which must be added £134 million of customs dutics,
come from abroad in the form of competitive imports, The
entries in row 1 show the uses to which these commodities are
put: £20,943 million go to industries as intermediate product;
£713,249 million go to private consumers; £1,761 million go
to public consumers; and so on until, as can be seen from the
entry in column 15, £5,128 million go to the rest of the world

{3] Stone - pag. 33
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Q

as British exports. In our complete matrix, class I contains
at present thirty-one commodities.

Class 2 relates to the productive activity of the thirty-one
industries which produce these commodities. It can be seen
from row 2 that the whole output of these industries, £44,272
million, flows into class 1. The cost of producing this output
is shown in column 2, thus: nearly half the total cost, £20,943
miliion, relates to the intermediate inputs, namely raw mat-
erials, semi-finished products and fuels, absorbed in produc-
tion; £638. million represent indirect taxes (less subsidies),
which we charge direct to industries; £18,855 million represent
factor incornes, namely wages, profits etc., paid out by the
industries; £1,786 million represent depreciation, of which
41,200 million correspond to the value of assets estimated to
have been scrapped during the year and the balance, £586
million, is available to finance extensions, that is additions to
the stock of assets; - £136 million is not a real entry, but cor-
responds to the residual error which appears in the official
accounts; finally, /2,186 million represent complementary im-
ports, that is to say imports of products which are either not
produced In Britain, like crude oil and raw cofton, or Dro-
duced there in relatively small quantities, Iike raw wool.

We have adopted this distinction between commeodities and
industries because there is not a one-to-one correspondence be-
tween the two concepts. Most of our basic data make use of
the distinction and so it is convenient to follow it in sctting out
these data, although for input-output analysis we get rid of
it and make use of a table which shows the commodities needed
to preduce commodities, as is explained in detail in [g].

Class 3 relates to consumers’ goods and services, or private
consumption. These goods and services are classified in SAM
under forty headings, corresponding broadly to a shopping
list. In this form they lend themselves better to demand analy-
sis, but they still have to be refated to products in the industrial
classification: again, there is no one-to-one correspondence.
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For example, in the consumer classification the category
‘clothing” includes the principal products of five industrics:
textiles, clothing, other manufacturing, transport and distri-
bution. For this reason we carry cut our analysis of consumers’
demand in two parts: first, an analysis of this demand in terms
of consumers’ categories; and second, a conversion {from these
categories into commiodity categories and hence into demands
on industries.

Class 4 relates to government purposes. Like private con-
sumers, governnient departments habitually classify their ex-
penditure in & manner different from that used for industrial
products.  But this time it is not a shopping list that is used
but a classification by purposes: health, education, defence
and so on, In order to form any view of future demands for
these purposes we must work with this classification, but in
order to relate these demands to demands on industries we
must convert them info a commodity classification.

Tt is for these reasons that we have four classes of produc-
tion accounts. As a consequence we have an elaborate account-
ing system which many people may regard as tedious and
technical. So, in principle, it is. Buf in principle does not
mean in practice, and a realistic representation of the actual
world inevitably requires such technicalities.

I shall not continue with a list of classes and the reasons
for adopting them; all such details can be found in [8].
Instead, I shall mention one part of the existing structure that
we hope to change and a number of directions in which we
hope to develop.

The change will come not in the structure itself but in the
numerical value of the entries. As I have mentioned, we divide
capital expenditures between replacements and extensions. In
SAM, replacements are calculated by reference fo past capital
expenditures and to the life-spans of different kinds of asset,
which are assumed to be fixed. We know perfectly well, how-
ever, that while there may be an average life-span for any
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asset, the actual life will depend on economic circumstances.
A more realistic approach, therefore, would be to assume that
assets are scrapped when they cease to earn a return. We
should like to substitute this assumption for the one we are
making at present, and our current work on production func-
tions points to a way in which this might be done.

The first development I shall mention relates to the distri-
bation of incomes. At present, households are a single sector
in SAM, and so have a singie income and expenditure account,
As a consequence, our model can say nothing about the distri-
bution of incomes by size; it can neither say what changes,
if any, in the present distribution might be expected in any
particular circumstances nor can it say what consequences
would follow if a particular change were to come about. In
order to study these problems we should have to subdivide
the income and expenditure account of households into separate
accounts for different income groups. This could certainly be
done; it is entirely a question of time and money. The first
problem would involve dividing the incoming side of the ac-
count by income group and classifying the incomings by in-
dustry of origin and type of income; this would be comparati-
vely difficult to do. The second problem would invelve dividing
the cutgoing side of the account by income group and detajling
the expenditure patterns of the different groups; this would not
present much difficulty. As a second step, however, it would
he necessary to work out how the average expenditure pattern
would change if the distribution of income changed; this could
be done by an extension of our present demand functions.

A second development on which, as I have said, we have
just started to work relates to problems of financing. In terms
of variables, this means in the first place a large extension of
our inslitutional capital accounts, class 14, so as to introduce
a flow-of-funds statement into the system. For this purpose
we intend to increase considerably the number of sectors in
this part of the accounting system so as to distinguish many
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different kinds of financial intermediary, and to add a new
class of accounts relating fo different kinds of financial claim.
In the second place it means a serious attempt to construct
sector balance sheets, an aspect of the social accounts which,
in Britain, has only recently been pioneered in the work of
Morcan [26] and in the as yet unpublished study of the na-
tional capital on which REVELL has been working at the De-
partment of Applied Economics.

A third-development which seems to me desirable is to add
a regional dimension to the model. - As our-model stands, at-
present it is a purely national model and therefore has nothing
to say on the regional aspect of any economic activity. But
regional problems are obviously important. Again, it is a
matter of time and money.

3. THE RELATIONSIIPS

The relationships of the steady-staie model, as they stand
at present, can be summarised conveniently in a flow diagram
which I have already made use of in [5] and which is repro-
duced here as diagram 4. This consists of four interacting
circuits which enable the model to be built up gradually and the
complexities of the real world to be introduced bit by bit.
In my description I shall mention two further circuits which
do not appear in the diagram.

a) The circutt of veal flows. If we begin at the beginning
of this circuit, we find two boxes labelled consumption demands
and rates of growth in demands. Consumption demands relate
to both private and public consumption and include, so as not
to complicate the diagramn unduly, investment in consumer’s
durables, housing and social capital such as schools, hospitals
and roads. IFor the moment let us assume that we have suc-
ceeded in calculating the level of these demands in 1970, have

[]i Stone - pag. 40
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converted them inte demands for industrial products and for
each product have calculated the growth rate which would
accompany a given growth rate in consumption as a whole.
The first relationship we have to consider connects this inform-
alion with the investment demands of industry, We can ignore
replacement demands since, until we improve our production
functions, these depend, as I have said, on past investment
and on the fixed life-spans assumed for different assets. We
need therefore a relationship connecting consumption demands
and their rates of growth with industrial extensions.

To obtain this relationship, we first write the basic flow
equation for products in the form

(IV. 1) g=Ag+v+e

where ¢, » and e denote respectively vectors of output, in-
dustrial investment and consumption, and where A denotes a
current input-output coefficient matrix. Equation (IV. 1) states
that output is divided between intermediate demands, Ag, and
final demands, (v+e); and that final demands are divided
between Investment demands v, and consumption demands, e.

Second, we write the relationship between investment de-
mands and the growth of cutput from one year to the next in
the form

V. 2) v KAg

where g denotes the excess of next year’s oulput over this
vear's oufput and K denotes a capital input-ontput coefficient
matrix,

Finally, we consider the case in which the components of
consumption are to grow exponentially. This can be expressed
in the form

V. 3) Fe = (I +7e
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where 12 denotes an operator which advances by one year the
variable to which it is applied, so that Ee denotes next year’s

consumption vector; 1 denotes the unit maltrix; and » denofes
a diagonal matrix of the growth rates of the components of
consumption.

It has been shown in [7] {43] that on these assumptions

av. 4 pee SIR(L- AYtoRte

This is the relationship we need. [t has been shown in [24]
fhat the infinife sum in (IV. 4) will converge provided that the
largest clement of # does not exceed the smallest latent root
of K(I-A)-'". This problem is also discussed in [17].

Tf the components of consumption are assumed to grow
linearly rather than exponentially, then (IV. 3) is repiaced by

av. s) Yo e= (14 e

and (IV. 4) is replaced by
(1v. ) v K- A Fe

which is simply the first term of {IV. 4).

It has been shown in [7] that (IV. 4) is capable of two
generalization. Tirst, if technology, as summarised in A and
K, is changing in a known way, the expression corresponding
to (IV. 4) can be derived. Second, if allowance is made for
different investment lags, then (IV. 2) must be rewritten. To
do this we need information about the work that must be done
on investment goods in the successive years of their construc-
tHon. If we have this information, then, again, we can rewrite
(IV. 4) in an appropriate way. The information is important
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if the growth of the components of the output vector deviates.
from linearity. The problem has therefore a particular bearing
on the transient model. So far however, we have not done any
work on the decomposition of K,

Having thus determined investment demands, the next thing
to do is to determine owtput levels. This follows immediately
from (IV. 4), since

P A 4 g
(IV. 7) = (= A)* S [K(1— Ay

0=

The clements of ¢ are gross outputs. Their units might
be physical, such as tons of steel or kilowatt-hours of electricity,
but in practice, because of the coarseness of our product clas-
sification, they are values.

Qur problem now is to pass from gross outputs to net
outputs, or values added, since these are the output measures
which influence most directly the industrial distyibution of la-
bowr and the industrial distribution of assets. To handle this.
problem we shall assume an initial vestor, p say, of product
prices. How this vector is determined and modified in suc-
cessive rounds of calculations we shall see when we come to
the price circuit. For the moment let us take it as given.

If we use f to denote a vector of primary inputs per unit
of output, then, corresponding to (IV. 1), we can write

(IV. 8) p=A'p+t
or
(IV. 9) f=-A%
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where A’ s the transpose of A. If we use y to denote the
vector of net outputs, then

(IV. 10) y=gf
=g (I-A)p

on premultiplying (IV. ¢) by ¢. The elements of y are now to
be related to the labour and capital inputs they require.

In our original exposition [7] (where, incidentally, we did
not distinguish between ¢ and y), we proposed to relate outputs.
to primary inputs by a modified form of the Cose-DoUGLAS.
function. This modification, proposed by PITCHFORD in [3I]
and by Arrow and others in [1], is designed to generalise
the CoBe-DoucLas function so that the elasticity of substitu-
tion between labour and capital, though still a constant, need
no longer be numerically equal to one. This type of function:
can be written in the form

-1
(IV. 11) Y, =, [(1 —b)I e + b e

where the suffix s denotes the s'th element of each wvector.
Thus v, denotes the net ontput of industry s, and /; and &,
denote respectively the inputs of labour and capital into in-
dustry s. The three parameters a,, b, and ¢, can be given an
economic connotation: a, is associated with the efficiency with
which labour and capital are used in industry s; b, is associated
with the shares of labour and capital in the net output of in-
dustry s; and c, is associated with the substitution of labour
and capital in industry s. The elasticity of substitution between
labour and capital in industry s is equal to {r+¢,)"", and so,
as co~>0 (IV.11), approaches the simple form of the CoBe-
DoucLas function.
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In order to use (IV. 11) or a similar relationship to deter-
mine the industrial distribution of the labour force and the
associated stocks of assels needed to produce a given veclor
of net outputs, we must know how large the fotal labour force
will be and on what criterion it should be distributed. For the
size of the labour force in 1970 we already have official estim-
afes. Ifor the criterion on which it should be distributed we
have the familiar condition that the marginal physical products
of labour and capital should bear a common ratio to ene another
in every iadustry; this is equivalent fo saying that we must
choose a distribution such that it could not be improved by
any redistribution.

On further reflection, however, we have decided not to use
relationships of the form of (IV. 11). Two reasons are perhaps
sufficient to explain this decision. [irst, {echnical progress
gets into (IV. 11) by allowing 4, fo increase with time. This
is not safisfactory because it implies that oufput will increase
over time for given inputs of labour and capital independently
of the amount of investment that is being carried out. But if
no investment is being carried out the quality of the capital
stock cannot improve, and it is hard to see, therefore, how any
substantial amount of fechnical progress conld take place.
Second, if ¢ 1 it is possible to substitute capital for labour
indefinitely and thus to produce any amount of output with
a given labour force simply by giving it more and more capital
to work with, But we know that this is not true. At any given
time new plant will emboedy about as much capital as can pro-
fitably be used and if seems doubtful whether much more capital
would be used even if capital were a free good. The reason
is that, typically, techniques do not exist for using much more
capital.  Accordingly, there is a limit to the substitution of
capital for labour and we could not, even if we wanted to,
increase oulput indefinitely with a given labour force.

Our latest ideas on this subject have been set out in [33]
and lead to a production function for industry s at time # which
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can be written, on the assumption that plants have a fixed life-
span, in the form

IV, 12 .U-\ﬁ:g'%;ij]af“l“ br‘ f"’w (14 a% ¥ )ds
In this equation, y,, and I,, denote respectively the net output
of, and labour employed by, industry s at time ¢; v*; is the
investment undertaken by industry s at time v expressed in
wage units, and #*; is the initia! rate of return on plant which
comes into operation in industry s in year 1; and a*, and b*,
are parameters. The integration spans a period of ® years
equal to the fixed life spans of the plants.

We have alrcady scen, when discussing SAM, that the
assumption of fixed life-spans is not satisfactory because actual
life-spans depend on economic conditions. We can allow for
this by integrating over an interval which is different from
year to year and which for each year is chosen so that a plant
is assumed to be scrapped only when the real wage becomes
such that the value added by the plant wounld be less than the
wage bill, even if it were operating at full capacity. This can
be expressed by writing (IV. 12) as the functional

where R{1) is the sct of values of © which satisfy the no-scrap-
ping requirement at time ¢ in industry s.

We are only now assembling the data necessary to estimate
a¥;, b*; and Ry(f). So in the preliminary estimates for 19%0
given in [5] we had to adopt a simpler approach based on [32].

Let us now drop the subscript s. Let Ay denote the increase
in capacity net output in a particular industry in a particular
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year; let x denote the capacity added in the year as a result
of new plant coming into operation; and let s denote the ca-
pacity subtracted through the scrapping of old plant. Then

(IV. 14) Ay=x-3

Correspondingly, let Al denote the increase in employment;
let % denote the labour added to man the new plants; and let »
denote the reduction in employment due fo plant retivements.
Then

(V. 15) Al=n-7»

Finally, let $ denote the net output price, which is equal to
the cost of labour and capital per unit of output, and let w
denote the wage rate. Then if we multiply (IV. 14) by p and
(TV. 15), by w and subtract, we obtain

(TV. 16) pAy —wAl = (px —wn)— (ps—wr)
= (pr—1wm)

if plant is scrapped when it ceases to earn a return, that is
when fs=wr.

Now let us define the initial rate of return, #*, as the gross
rate of return to capital embodied in new plant in the first year
of its operation. Then, denoting gross Investrnent in new plant
by v*,

(Iv. 17) v = (px - wn) /v

from {IV. 16), on the assumption that plant is scrapped when it
ceases to earn a return. Equation (IV. 17) can be rewritfen
either as

(IV. 18) phy =wAl4r* v
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which shows the value of the change in capacity net output,
Ay, divided into a part due to labour, wA/l, and a part due
to capital, #* v*; or as

(IV. 19) Al=(pAy - v* v¥)/w

which shows the change in employment, AL as equal to the
value of the change in capacity net output, pdy, minus the part
due to capital, #* o*, all divided by the wage rate, w. As
described in [5], cstimates can be made of the terms on the
right-hand side of (IV. 19} over a future period, and this enab-
les us to calculate Al for the different industry groups.

On this basis, the initial stock ot assets required in 1970
is determined by capital-output ratios. The allocation of labour
to the different industries (1) is such that the labour force ex-
pected to be available is fully used and (2) implies that the
initial rates of return {or pay-off periods) are the same as,
or related to, those observed in an earlier period. The required
changes in labour productivity in the different industries emerge
from these calculations and average out to the productivity
implied by the total increase in output and the total labour
available.

The results obtained by this method are based on less in-
formation than would be supplied by productiou functions, As
a consequence they are provisional and are certainly not de-
monstrably achievable. They do, however, provide a ground
for discussion with individual industries until we have deve-
foped our production functions.

b} The price civcuit. At the moment, prices enter expli-
city into the model only as deferminants of the composition of
private consumption, governmeni consumption being treated
in a simpler way indicated in section 4 below. Many of the
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effects of prices appear implicity, however, in the projection
of input-output coefficients, which will also be discussed
section 4. There is, of course, nothing final about this arrange-
ment; it is simply a reflection of practical difficulties,

In terms of diagram 4, we see total consumers’ expenditure
and domestic prices coming together to determine consumption
demands. The level of consumers’ expenditure is fixed by
assumption and left unchanged through each run of the cal-
culations, but relative prices can, initially, only be guessed at.
However, as the model simulates the productive process, it
builds up a cost structure in each branch of activity and this
makes it possible to revise the initial estimates of prices, as fol-
lows. Given an average wage rale as a unit of account and
the corresponding rates of profit implied by the efficient distri-
bution of labour and assets, we work out the future costs of
labour and capital per unit of output in each industry and
thus obtain values added per unit of owtpui. To these we add
the cost of intermediate inputs and of indirect taxes and thus
obtain the cost, or price, of a unit of output in cach industry.
If these new domestic prices are different from those we had
assumed at the start, we must alter the figure for fotal consu-
mers’ expenditure to correspond, and repeat the cycle of cal-
culations until our estimates of prices cease to change.

If in the mode! future consumplion is to be sensitive to
future prices, two things are needed: 1) a set of price-sensitive
demand functions; and 2) a set of future prices. Let us now
sce how each of these requirements is met. In the following
treatment T shall restrict mysclf to private consumption and I
shall find it convenient to set out the analysis on a per head
basis; to apply the results to the whole community all that is
needed is to multiply them by the population.

As cxplained in [7], our model ol consumers’ behaviour is
a variant of the linear expenditure system which allows expli-
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citly for changes in tastes and habits. The version we have
used so far can be summarised in the following three equations:

(IV. 20) ?9@ e Bl -k {1 - bz")c;’b\

spo+ b - ple)

(1V. 21) by=b%+@ h¥¥
and
{IV. z2) Co=c*+0 ¥

In {1V, 20), p denotes a veector of commodity prices and ;;
denotes a diagonal matrix formed from this vector: e denotes
a vector of quantities of the different commoditics demanded
per head of the population; p=p"e denotes total expenditure
per head; & and ¢ denote vectors of parameters restricted only
by the fact that /6=1; and, as usnal, i and 7 denote respec-
tively the unit vector and the unit matrix. In (IV. 21) and
(IV. 22), ® denotes a particular year; and the starred b's and
¢’s denote vectors of parameters restricted only by the fact that
Y0¥ =1 and 'b¥¥ =0,

The second row of (IV. 20) makes possible a simple inter-
pretation of the elements of & and ¢. The elements of ¢ repre-
sent the components of the average consumer’s basic standard
of living and are bought whatever values are taken by 1
and p. When these purchases have been paid for, the amount
of money left over is - #'c, and this is allocated to the different
commodities in proportion to the elements of b.

An obvious criticism of (IV. 20) taken in isolation is that
the elements of b and ¢ are unlikely fo remain constant over
time. The simplest means of meeting this criticism is set out
in (IV. 21) and (IV. 22), where the elements of & and ¢ arc all
made linear functions of time.
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The results of fitting the model consisting of (IV. =20),
(IV. 21) and (IV. 22) to annual data for Britain relating to
eight main commodity groups from 1g9oo to 1960 are given
in [45]. On the whole the fit is good, and in two cases where
comparisons were easy to make, namely food and clothing, we
found close agreement between the total expenditure elasticities
derived from the model and the corresponding estimates derived
independently from family budgets. A still better fit was
obtained with quadratic trends in & and ¢ [39]. DBut such
simple trends are certainly not ideal for projection purposes
and we are now working on more complicated varicties.

The model can be fitted simultaneously to time series and
budgets [39] and can be generalised to cover adaptive beha-
viour, that is gradual responses to changes in circumstances
(7] [35].

The modet is decomposable and so can be applied hierarch-
ically. This means that we can start with an analysis of main
groups, then analyse separately the sub-groups of these main
groups, then the sub-groups of the sub-groups ,and so on [7].
At cach stage we can check on the performance of the model.
This is necessary because we may expect that its performance
will get worse as we go into greater and greater detail unless
we are able to take the special features of individual markets
into account. As with other parts of the main model, we are
working at present on improving it, and are trying to obtain
outside comments on the projections it yields.

This brings me to the second requirement: estimates of
future prices. We start with an extrapolation of current price-
trends and adjust the base-year expenditure to allow for this
change in prices. This adjustment is based on the constant-
utility price-index implied by the model [191, which can Le
written in the form p*,/n, where

(IV. 23) k== pliey + (kg — P01}
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Here the suffixes 0 and 1 denote respectively the base year and
the projection year; and y,; denotes a geometric index of price
ratios (year 1 in relation to year o} with the elements of &
appropriate to the projection year as weights. The value of u,
is then a multipie of w#,, the multiplier depending on the
increase in real consumption assumed between the base year
and the projection year,

Once we have reached the end of the circuil of real flows,
we obtain, as in (IV. 8), a vector, f, of primary inputs, or
value added, per unit of output. From this we can recalculate
the price vector from the relationship

(IV. 24) p=(1-A)" ]

We must now recalculate ¥, and continue until the price
vector in the projeclion year ceases to change. Only a single
cycle of caleulations is shown in diagram 4.

c) The foreign trade circuit. The introduction of foreign
trade complicates two of the relationships given so far and
adds a new one.

First, in calculating investment demands we must allow for
exports and their expected rates of growth. If we denote the
export vector by x and the rates of growth of its components
by s, then, in place of (IV. 4), we have

(V. 25) b= S K — Ay (e + 1)
=1

HE

second, we must allow for the fact that part of the goods
needed by the economy will come from #mports, and so the
demands on domestic production will be affected. We divide
imports, the elements of a vector m, into two categories: com-
petitive imports, m,, namely goods like steel, cars and clothing,
which are produced in large quantities in Britain as well as
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being imported; and complementary imports, m,, namely
goods like crude oil, raw cotton and wool, which are either
not produced in Britain at all or are produced there only in
relatively small quantities. We assume: that s, depends on
the amount of money available from export sales and income
received from abroad, after aliowing for the necessary expen-
diture on complementary imports and for the sums required
for gifts or lending abroad; and that the elements of m, are
proportional to those of g, the vector of output levels. If we de-
note by 83 the balance of trade, that is the excess of the value of
exports, px, over the value of all imports, p*'m, +p¥, ' m,,
where the p*s denote vectors of foreign prices, then, following
the argument of [7],

(IV. 26) =[a;+p% ' ay (P'x -~ s 7;*2 g- B+ 33‘57

where the vector 4, and a, contain the intercepts and slopes In

the linear equations assumed to connect the elements of ;J*! i,y
with their total, p* “m,; and the clements of the vector &, are
the factors of proportionality relating the clements of m, to
the corresponding elements of g. The only element of (IV. 26)
which is so far unknown is g. It can be worked out from a
revision of {IV. 1) which, with the complication of foreign
trade, can be expressed as

g=Ag+v+e+m—m,

(V. 2%) ={l—A _EjT“‘z (&’zﬁg)“ [v4-e+ (Imﬁ’;‘* a,pYa -+
F Tk —a)
Third, we must allow for the fact that domestic prices are

now affected because some of the inputs into British production
come from abroad., ILet each element of a vector % denote the
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share of domestic production in the total supply of a competitive
product; then in place of (IV. 24) we have

(qv. sy D= A+ (L Bp])+ dap)+

== (1 AR ARy o+ sl 4 £

The account just given of the treatment of foreign trade is.
only one of three variants proposed in {7]. All three, however,
are highly simplified because they represent an atlempt to do
without foreign trading functions, on which foreign trade may
be supposed to depend. The establishment of such {rading
functions is quite beyond our present scope; in time, however,
a co-operative venture may make it possible to extend the model
in this way. Looking forward to that tume, the following sketch.
may indicate the kind of information needed.

Let us begin by rewriting (IV. 27) to indicate a separate
flow equation for complementary imports, and let us now define
these imports as goods which cannot be produced domestically.
Then we can write

-_q" A O q ke ey
(IV. 29) e fm O IR R (s
ey A* O My iy
(I-— A : O _v—l—e-«—m—m,"
A¥(I— At o Ny

Most of the symbols in (IV. 29} have already been defined.
The new ones are: m¥,, the elements of which are the comple-
mentary imports flowing directly into final demand; and A%,
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the elements a*;; of which represent the input of complementary
import j into a unit of cutput of %.

Suppose that we know », e and m¥, but not x or m,. From
(IV. 29) we could calculate a provisional value of the vector
fg im,{. Given the price of each product in each trading re-
gion, we could try to allocate the demand for each element of
3(1 i my | over the sources of supply by means of a price-sensitive
variant of the linear expenditure system [38]. This means
‘that for the jth element of ¢ we should use

(IV. 30) 0= (c;+ Cyp)+ ?-7_,71 bl —wi (e + Cyp)]

where g; is a vector whose elements are the amounts of com-
modity 7 which come from domestic production or from one
of the possible foreign sources of supply. Initially b is unk-
nown and must be adjusted until ¢'q; is equal to the 7tk element
of g. The matrix C is a symmetric matrix of parameters and
is of order equal to the number of sources of supply. A method
of estimating the elements of this matrix is suggested in [38].

If we applied (IV. 30) to cach commodity in each region
we should generate a complele set of imports and exports.
These would then have to be added and subiracted to give
fwtetx-mim*} and the whole exercise would have to
be carried out again with this vector in place of the provisional
jute m”zg This process wouid then be continued until it
converged,

At this point we can recombine the estimates to give a three-
dimensional regional trading matrix: region by region by com-
modity.

IFfrom all this information we can construct a region by
region trading matrix, T say. The element 7, say, of T shows
the total exports of region » to region s, while the element 7,
shows the total exports of region s to region ». For simplicity,
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I assame that all transactions in T are recorded in terms of a
single currency, the conversions to this carrency being made
by means of a supposedly consistent set of exchange rates.

The balances of trade of the different regions are given by
the cxcesses of their total sales over their total purchases. If
these bhalances arc the elements of a vector £*, say, then
(IV. 31) = (T - T

It is to be expected that t*:;i{o, 0, vy of. On the assump-
tion that trade balances are determined by buying and selling,
let us consider how to adjust the rates of exchange between
the currencies so that with the new rates of exchange
= 1o, 0, ..., o}.

Consider first one region, » say, and one commodity, § say.
Trom the demand equations we can set up a matrix of order
equal to the number of regions, I,; say, the elements of which
are the derivatives of the expenditure in region » on commo-
dity § obtained from region s with respect to the price of j in
any one of the regions, For commodity j we can do this for

cach region. Now let us {form D; f’)\f where
(1V. 32) R
Feal

whbere # denotes the number of regions. Having done this for
one commodity, we can do it for every other. So let us define

Di)\ as
(IV. 33) Dp == D7,
=1
=> 2 Dyp

im] el

where 2 denotes the number of commaodities.
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Now let the initial exchange rates be the clements of a
vector xg and the adjusted exchange rates be the elements of
a vector x;. Then

(V. 34) (D) (g™ 2, - i) = (T" - Ty
that is
(IV. 35) x=% [T+ (DA (17 1))

The elements of D}; tell us how the total expenditure of region #
on the products of region s changes with a uniform change in

the prices of each of the regions. The elements of ;0*1 X, -1
represent the changes in the exchange rates expressed as a pro-
portion of their initial levels. And the elements of (T~ T}
represent the corrections to the initial balances of trade required
to give t*=lo, o, ..., o}. Consequently the set of exchange
rates which will lead to a redistribution of purchases such that
all the trade balances balance is given by (IV. 35). Evidently
there is no difficulty if we wish to put *={** in place of
i*::{o, 0, ..., o}.

For each frading region the initial prices would come out
of a model analogous to our main model. Having balanced
all the balances of trade by changing the exchange rates, we
should alter in each region the relative prices of goods obtained
from different sources of supply. When we refurned to the
demand equations we should obtain a new set of demands.
These would balance the balances of trade but, in general,
would alter production levels in the different regions and so
would alter costs and prices. And so on,

Perhaps enough has been said to show why, in the first
instance, we adopted a short cut fo the problem of foreign
trade.
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d) The circutt of education and traiming. The purpose of
this circuil is to try to match the future demand for skills, as
determined by future output levels and techniques in different
industries, with the future supply of skills, as determined by
the demographic characteristics of tne population and the
system of education and training. The idea is a simple one:
to get away from the assumption of homogeneity in the labour
force which is usually made in empincal work on production
functions, and to accord to labour skills an importance equal
to that usually accorded to changes in capital equipment. If the
productivity of labour is to rise, new technigues must be
adopted, but this will not come about easily unless more people
are trained in the appropriate skills, Nowadays technological
change is parlicularly rapid, and a failure to realise this may
make it impossible to take full advantage of the improvements
that science is offering.

The work we have done so far on this subject is contained
in [5] [6]. Tt relates entirely to the demand for skills and
suggests that, in Britain at any rate, the supply of the higher
and, more particularly, the medium skills is not keeping pace
‘with demand. This indicates the need to increase the number
of technicians and craftsmen turned out by the system of edu-
cation and training. The craftsmen, in particular, must be
trained in the newer crafts; there are many crafts that are
dying and do not need replacement.

But given that we know how the demand for skills is chang-
ing, how arc we to change the supply to meet this demand?
Our intention here is to set up an activity model of the system
of education and training, including the very important element
of retraining. By this means we hope to be able to work out
the activity levels needed in different branches of the cduca-
tional system to provide in the future an educational distribu-
tion of the population which, after allowing for ‘wastage’, that
is for skills not used in the productive process, will ensure an
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appropriate educational distvibution of labour and thus re-
move the discrepancy, or error, between supply and demand.

These calculations will produce an educational programme:
refating to the transitional period and beyond, to replace in
our model the rather crude educational projections with which
we are making do at present. In its turn, this educational pro-
gramme will produce a certain pattern of educational expend-
iture in 1970 and thus affect our estimates of comsumption de-
mands, since these include, as I have said before, all expend-
iture on education, both private and public, current and capital.

e) The financial circedz.  This civcuit is not shown on the
diagram because our work on it is not advanced enough. Our
existing model, being set in an accounting framework, automat-
ically generates enough income, and therefore saving, to finance
investment at home and abroad. This does not mean, how-
ever, that the community will necessarily want to save the
amount implied nor that its various sectors will want to hold
the portfolios of new assets and claims that will emerge as a
consequence of what is happening on the real side of the
economy. For this reason, the relationships which we intend
to study first will be concerned with saving behaviour and
preferred portfolio patterns in different sectors of the economy.
By such means we may hope to discover whether a given pro-
gramnie of growth is likely to lead to financing difficulties and,
if so, what steps would be needed to overcome them.

The only work we have published so far on financial re-
lationships is concerned with personal saving [46].

t) The circuit of research and development. This circuit
is also not shown on the diagram and, indeed, forms no part of
our immediate programme of work. It is, however, important in
connection with the increases in productivity which emerged
from the first circuit. I these increases cannot be met as.
things stand, perhaps research and development could bring us.
nearer to meeting them. Although it is difficult to find a rela-
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tionship between productivity and research and development,
it is fairly clear that one exists. Further study should show
where the main opportunitics lie.

4. Tae METHODS OF ESTIMATION

Like the relationships of the model, the methods of estim.
ation go through various slages of development. This is true
both of the initial values and of the parameters. The typical
procedure is to start either with existing estimates or with the-
econometric analysis of past observafions. The parameters in
both the consumption functions and the input-output relation-
ships vary systematically with time, and so the next step is
to calculate their values in 1g70. These results are then scru-
tinised with the help of casual empirical knowledge to see how:
far they scem sensible, and some adjustments are made, Fi-
nally they are discussed, whenever possible, with outside ex-
perts, and further adjustments are made. 5o far we have not
got much beyend the carly stages of this process; in particular,.
our main attack on the last stage is only just beginning.

Let me now illustrate this sequence by outlining the methods.
of estimation we have used in the order in which they occur
i the caleulations.

a) Exogenous final demand.

This category can be divided into five components.

1) Private consumers’ expenditure. Iere we began by
applying the model consisting of (IV. 20}, (IV. 21) and (IV. 22),
and a similar model which makes use of quadratic trends, to:
cight major groups of cxpenditure. The paramelers were estim-
ated from annual data covering the period 1goc-1960 with
the exception of the years 1914-1919 and 1940-1947. This.
was done by means of an iterative, two-stage, least-squares pro--
cedure, as follows,
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We Dbegin by guessing values of b* and d** in (IV. 21),
which I shall here denote by %, and »%%;,, We then form a
vector, y, say, of type n x 1, where # denotes the number of
groups of expenditure; thus

(IV. 30) Yo 2 —550 eq — (U + 0057 1,
We also form a matrix, Y, say. of order #, where
(V. 37) V== [T (B0 -+ 053 71 o

Apart from a random element, y, and Y, are connected by
the relationship

(IV. 38) go={Yo: 6Y] [e*

If, denoting successive time-periods by 1, 2, ..., f, we now
define

(IV. 39) YEY YD Yar e ¥el
and
(IV. 40) YEadY,, Y, o, Y

we can write, apart from a random element,
{1v. 41) y=Xg
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where X=:[V0Y] and g=ife* [¢™ L. The least-squares estim-
ator, gy, of g is

(IV. 42) g=XX) Xy

Given gy, we can form a vector, w, say, of type nx1,
where

and a matrix, W say, of order #, where
(IV. 44) Wy ={ug — ' (c] + Be])| 1

Apart from a random element, @, and W, are connected by
the relationship

wo = [Wy i OW,] [ 0%~

(IV. 45)

| 0¥
If we now define
(IV. 46) W=, W, ..., Wi
and
(1V. 497 W=iW, W, ..., Wi

we can write, apart from a random element,
(IV. 48) w=2Zh
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where Z = [WiOW] and & = {b*0%*]. The least-squares
estimator, kb, of I is

(1V .49) hy=(Z', Z)°t Z'w

Given ky, we can return to (IV. 38), replace b¥; and b™%
by b* and b** and calculate the next approximatien to g,
namely g,== jo*,i¢*%,|. If we continuc in this way until the
estimates cease to change, we shall have recached a solution.

We can see from (TV. 44) than W, is a scalar matrix, and
s0 in estimating % the system of equations breaks down into a
set of single equations. From (IV. 37) we can sce that Y 4 is not
a scalar matrix, and so in estimating g we are, in effect, obtain-
ing average valucs derived from all the equations. Irom
(IV, 20) we can sce that by appears as a scparate term on the

by the more complicated form in (IV. 21).

Further details of this procedure and of the results and
projections obtained by it for the eight expenditure groups are
given in {397 [457. We are at present working on combining
these estimates with those obtained from family budgets and
on analysing the components of each main group by the same
procedure.

Until this work is completed we have to use more rough and
reacly methods. What we do is to estimate the levels of expen-
diture on the components of each main group by reference
to their changing relative importance within the group; for
example, within the food group the proportion spent on bread
and cereals tends to fall with time, whereas the proportion spent
on meat, fruit and vegetables increases at a rate well above
the group’s average. We also try to allow subjectively for
the tempo of substitutions, such as an acceleration of the substi-
tution of clectricity and oil for coal as domestic fuels.
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Once we have estimated the future values of these compo-
nents, which correspond to the forty categories into which we
divide consumers’ expenditure, we then have the further task
of converting them into demands for the principal products
of our thirty-one industries, demands for complementary im-
ports such as tea, cigars and wine bottled abroad, demands
tor direct labour such as domestic servants, and payments of
certain indirect taxes. Here we have based our calculations
largely on our classification converter for 1960,

Eventually, in view of the increasing importance of consu-
mers” durables, for which the process of adaptation is relatively
slow, we hope to use the adaptive version of the demand model
described in [77 [35].

2) Public consumption. Here we have made usc of the
trends suggested in the report of the National Economic De-
velopment Council [50].  Eventually we hope to get a new
view on some of the components of public consumption
through the addition of new circuits to the model, such as the
circuit relating to education and training.

3) Public expenditure on social capital. These estimates
are rough and subjective. For example, investment in educa-
tional buildings is assumed to rise in proportion to current
expenditure on education; the road-Luilding programme is as-
sumed to treble between 1960 and 1970. Gross investment in
dwellings is similarly estimated at the present stage.

4) Exports. Here we have again based ourselves on the
work of the National Economic Development Council [50]
but have scaled down their annual growth rates for 196I-1966
in making our estimates for 1g60-19%0.

5) Industrial replacements. These are based on a study
of investment statistics and of the life-spans of different types
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of asset in different industries {10]. We bave not yet reached
the stage of replacing this physical determination of scrapping
by an cconomic one.

b) Endogenous final demand.

This category can be divided into three components,

1} Industrial extensions. These are based on a calculation
of the type of (IV. 25) and thus involve projected input-output
matrices, both current and capital, as well as levels and growth
rates of exogenous final demand. The capital coefficients were
estimated with the help of the material relating to the years
1948-1960 brought together in [10], amended in many cases
in the light of outside information.

2} Investments in stocks. These are related to changes
in output levels on the basis of experience in the 1gs0’s.

3) Imports. These are based on a calculation of the type
of (IV. 26). The first step is to set a figure on the balance of
trade to be aimed at in the future. If this is subtracted from
export proceeds, the total value of imports is obtained.

Complementary intermediate imports are estimated by fixed
coefficients applied to the outputs of the various using in-
dustries, in exactly the same way as any other form of inter-
mediate input. These coefficients are based on postwar trends
and at present arc very rough, because the classification of
imports has only been carried out for the three ycars 1948,
1954 and 1960.

Individual groups of competitive imports, as explained in
section 3(c) above, are treated as linear functions of the total
amount of money available for competitive imports as a whole.
These coefficients are roughly assessed on the basis of recent
experience,

Considerable improvements could be made in all these
estimates simply by a more thorough analysis of existing
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foreign trade statistics. We hope to undertake this work before
long.

c) Intermediate demand.

The last element needed in calcutating total output is inter-
mediate demand. With the help of a projected current input-
output matrix we can then bring all the estimates together as
in (IV. 2%).

The methods we have used to bring up to date and project
the input-output coefficients arve described in detail in [g].
Apart from complications arising from changes in classification,
the disfinction between products and industries and similar
practical problems, our procedure can be outlined as follows.

First, we bring the coefficient matrix estimated directly for
1954 [47] up to 1960 by adjusting the rows and columns of the
corresponding transaction table fo agree with marginal totals
of intermediate outputs and inputs. These adjustments are
based on the assumption that changes in coefficients are due
to three factors: 1) price changes; 2) substitution effects which
influence all the elements in a given row; and 3) fabrication
effects which influence afl the elements in a given column. On
the further assumption that the second factor operates untformly
along the rows of the matrix and that the third factor operates
uniformly along its columns, the problem and its solution can
be formulated as follows.

Let A, denote a known, initial matrix of input-output coef-
ficients, and let A denote the unknown matrix for period 1
which we wish to estimate. Let 4 denote a price vector whose
elements are ratios of prices in period 1 to prices in period o,
and let # and s denote vectors of unknown constants, Then,
on the assumptions made,

(IV. s0) A=rpAgp's

Y Fal
=yA*s
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say, where A*EE:{;AO{’)\*‘. If we have, for period 1, an intermed-
iate output vector, # say, an intermediate input vector, v say,
and a vector of total outputs, g say, then

(IV. 51) - Ag=u
and
(IV. 52) gA  i=p

We can make an initial estimate, #, say, of « by premultiply-
ing ¢ by A*. Thus

{(IV. 53) A*g=1u,

In general uy#u, but we can force an equality by an appro-
priate multiplication of the rows of A*. Thus

(IV. 54) (ot A%)g = 4

Tf we regard the term in brackets as an estimate of A, it can
he seen that it satisfies the row conditions but not the column
conditions. These can be satisfied by a substitution for A from
(IV. 54) into (IV. s2), followed by an appropriate multiplica-
tion of the columns of A¥, Thus

(IV. 53) %A*I ;ﬁ;‘\o"“li =Up
and
(IV. 56) (00, IAY taaeg V)i =0

If we regard the term in brackets as a revised estimate of A,
we can sce that it now satisfies the column conditions, but not,
in general, the row conditions. We can, however, repeatl the
cycle of operations until we obtain convergence with both the
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row and column conditions satisfied. Thus, after 41 iter-
ations, we shall obtain

~

" -1 i o S - el
- g, o
(IV. 5%) (st AR T oD =

For a sufficiently large #», the term in brackets in (IV. 57}
can be taken as an estimate of A. This we call the RAS method.

The Belgian tests described in [g] show that the RAS
method works well, provided that it is possible to estimate
the controlling totals # and v, accurately and that certain coef-
ficients, whose determination is different from that expressed
by the theory, can be detected and cstimated directly. Tor
example, there has been a general tendency for coal input-coef-
ficients to fall as a result of the competition of elecfricity and
oil; but this tendency is at work only where coal is used as a
fuel and not where it is a raw material, as in coke ovens. Since
the theory is incapable of handling such exceptional cases and
since coke ovens use a lot of coal, it is important to estimate the
input of coal into coke ovens independently, remove this
amount of coal from the transaction table and the confroliing
totals, and add it back after the remaining items in the matrix
have been calculated.

An up to date matrix obtained in this way can only be
approximate, and the next thing to do is to discuss the entries
with experts in the different indusiries. In many cases signifi-
cant improvements can be made in this way, but therc will
always remain a number of industries for which litile or no
up to date information can be obtained and which will still
have fo be handled in a theoretical way.

For purposes of projection, the theory can only offer the
simple method of extrapolating the coefficients along exponen-
tial trends. Thus if A, denotes the estimated coefficient matrix
for year 1, and if A,, denotes the coefficient matrix for a future
year, 2, expressed at the prices of year 1, then

(IV. 58) CA,=P A
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If the intervals between o and 1 and between 1 and 2 arce the
same, then ® =1,

The effect of this method of projection will be fo change
each coefficient in the way that it has been changing in the
past. This can be only approximately correct, and so it is of
particular importance to get as much direct information from
outside as possible. For example, in Britain between 1954 and
1960 the oil component of the input of fuel into electricity ge-
neration rose from a very small figure to nearly 20%,. A con-
tinuation of this trend would make oil the dominant fuel input
by 1070. But we know that this particular trend will not
continue as in the past because of the kind of fuel used in
generators that have been built very recently and are planned
for the immediate future. The direct information can cotme
either from current statistics of input-output coefficients which
arc available in a limited number of cases, for example coal
used in coke ovens, or from outside knowledge, as in the case
of oil used in the generation of electricity.

We have used such direct information wherever possible
and then applied {IV. 58} to the remaining elements of the
input-output matrix. We have then discussed the results of
this exercise cell by cell and changed the projections subjectiv-
ely if this seemed desirable. The results of such a survey are
illuminating. For example, we were surprised fo find that in
our projections the coefficient for machine parts and repairs
into agriculture rose, indicating a greater use of machinery,
while the coelficient for petroleum products fell. We were told
that this was not really surprising because of the substitution
of the less processed and cheaper diesel oil for petrol and that
our results were a reflection of this particular type of fuel
economy. We therefore did not change our provisional result
in this case, although we did in many others.

d) Output levels. 1f we bring together the foregoing cal-
culations, we can estimate output levels in 1g70. In the preli-
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minary calculations described in [5] we found that the in-
creases of output required of our thirty-one industries during
the decade of the 1g60’s varied from zero to over 100%.
Apart from the allowance, already mentioned, for a trend
projection in the prices of the main groups of private con-
sumption, the estimates were ali made at xg6o prices. In other
words, only one cycle of calculations was made. We did not
calculate shadow prices for 1970 and allow these to modify
the composition of consumption or the fechnical coefficients
of production. We plan to do this as scon as our production
functions are ready for use.

e) The industrial distribution of labouwr. These calcula-
tions were based on (IV. 1g). We first estimated the labour
force available to our thirty-one industries in 1970, starting
from official projections of the total labour force [4¢]. We
allowed for 1.5% of unemployment and for government de-
mands in line with our estimates of government expenditure
on different purposes. The result was a 5%, increase in labour
available over the decade compared with a 50%, increase in
output.

In applying (IV. 19) we took the increases in output at
1g6o prices, already calculated, to represent pAy. We based
our estimates of the initial rates of return, #*, on the experience
of the period 1948-1g60, subject to a minimum rate of return
of 5%. We cstimated investment in fixed assets over the
decade, v*, as five times the sum of the 1g6¢ level and the
1970 level, the latter being obtained by adding together our
estimates of industrial replacements and extensions, We estim-
ated the industrial real-wage rates over the decade, w, by
increasing the 1960 wage rates in the different industries by
one half of the increase in labour productivity required over
the decade in industry as a whole. On this basis, the total
labour demanded was 4% in excess of the estimated supply.
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This suggests cither that more capital would be needed in 1970,
or that investment through the 1960’s would have to average
more than the arithmetic mean of the initial and terminal
years, or that initial rates of return in the 1g6o’s would have to
be a little higher than in the 1g5¢’s. We did not attempt to
resolve these questions in {s5] but simply increased by a
constant proportion the initial rate of return in each industry,
thus changing the allocations of labour until, in total, they
were equal to the supply.

From these calculations we obtained preliminary estimates
of the changes required in the distribution and productivity of
labour during the 1g6c’s. We found that virtually the whole
of the increase in Iabour wounld be absorbed by the distributive
and service trades, leaving a stafionary labour force to be
shared by the rest of industry. The calculated increases in
productivity varied widely from industry to industry. On the
whole they were higher than in the rg50’s but often not sen-
sationally so; in some cases they were lower.

We propose fo discuss these estimates with outside experts
as opportunity arises, but we shall not go out of our way to
do this until our work on production functions is complete.

f) Changes in the spectrum of skills. The work we have
done so far on this subject is described in {5] [6]. We have
divided the labour force into three main functions, managerial,
clerical and technical, and have subdivided the last of these
into five categories, qualified manpower, technicians, crafts-
men, operatives and unskilled. From the census of population
of 1951 we can estimate the number of men and women in
each of these seven classes for each of our thirty-one industries
and for government services. TFor 1961 the census results are
not yet available and so we have made provisional estimates
based on statistics of unemployment and vacancies. In making
these egtimates, we have tried to allow for the economic fluc-
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tuations, technological changes and sociological pressures which
affect the labour market.

The picture which emerges from unemployment statistics
we take to represent a past state of technology, and the pictare
which emcrges from the statistics of vacancies we take to re-
present a future state. Our estimates for 1961 are obtained
by giving each picture equal weight. We found that some
skiils, namely managers, qualified manpower, technicians and
operatives, appear to have moved in line with the demands of
technology over the 1950’s. We then worked out the weights
that would best reproduce the 1931 position for these four skills
and found that they were 0.g for unemployment and o.1 for
vacancies. We then reversed these weights and applied them
to all skills to obtain a first approximation to the spectrum of
skills for 1970. Obviously this is a very crude method of estim-
ation, and we have only used it as a first device to feel our way
into the subject.

We now have for rg7o a provisional vector showing the
distribution of labour by skills and, from the calculations
described under ¢) above, a provisional vector showing the
distribution of labour by industries. If we consider an employ-
ment matrix with skifls in the rows and industries in the co~
lumns, we see that these two vectors provide its marginal
totals for 1g70. We can now try to fill in this matrix for 1g70
by the RAS method, using the corresponding matrix for 1g06x
as a starting point and the 1970 vectors as controlling totals.

We have carried out this exercise and found that con-
vergence is almost immediate. Since the marginal totals were
estimated independently, this result suggests that it may be
possible to derive a simple relationships between changes in
productivity and the skiif distribution of the labour force in
each industry., But at present this is a surmise whose verifi-
cation must await further analysis.
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5. THE COMPUTING SEQUENCE

The model has been programmed for EDSAC 2 at the Uni-
versity Mathematical Laboratory and, more recently, for Fex-
RANTI's Atlas. The programme is written in stages, each of
which can be modified as the need arises without disturbing
the others. The present computing sequence, which does not
include either the educational or the financial circuit, consists
of seven stages. These are summarised in table z on p. 75,
taken from [44].

So far, only the first five stages, o through 4, have been
fully programmed. We are now engaged in programming
stage 5, which had previsiously been calculated separately,
and this will enable us to introduce shadow prices into our
results. Stage 6, the final compilation, has still to be carried
out by hand.

Some idea of the size of the programme as it now stands
can be gained from the following figures. The numerical inputs,
that is the parameters and conditions, needed for a computer-
run number between five and six thousand. A run involves
about thirty million multiplications: on a desk calculator this
15 equivalent to some sixty man-years of work: on Atlas it
takes twenty-two seconds.
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TABLE 2

THE COMPUTING SEQUENCE

Stage

Operations performed

Prepare estimates of private and public consumption,
gxpenditure on social capital and foreign demands
for exports in 1g7o, and their trends through that
year.

Convert the elements in stage o inte demands for
the products of the thirty-one industiies, comple-
mentary imports, etc,, and the rates of change in
these demands.

Project past input-output matrix and combine with
outside information to give rgyo matrix.

Combine stages 1 and 2 to give estimates of the
outputs of industrial producls based on 1) demands
from stage v, 2) capital expenditure to provide for
growth in demand and 3} indirect requiremnents for
intermediate products, allowance being made for im-
port requirements and the need to achieve a trade
balance.

Convert the oulputs of stage 3 into production levels
i the thirty-one industries.

Allow for changes in the productivity of labour and
capital, and estimate requirements for them in each
of the industries.

Combine the foregoing results with certain other in-
{formation and print out a provisional social account-
ing matrix for 1g70.
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v

THE TRANSIENT MODEL

I. InTRODUCTION

This model is still at the preparatory stage. The variables
are the same as in the steady-state model. The relationships,
already described in [40], are outlined below. The estimation
problems are similar to those in the steady-state model. The
compulations are carried out by dynamic programming, We
are assembling the material for a trial run with a four industry
model and have written a programme in which the calculations
proceed year by year. In this way the full model is kept within
the capacity of the computer.

Since we have not yet made any calculations with this mo-
del, I shall describe here only the relationships we propose to
use, limiting myself to the case of a closed economy with
constant parameters, In [40] it is shown that these simplifica-
tions can be dispensed with.

2. THE RELATIONSHIPS

The relationships of the model are set out below. Unless
otherwise stated, the notation follows that developed in the
preceding chapter.

First, in the base year at the outset of the transitional pe-
riod, the vector, s, of the economy’s stock of capital goods is

equal to a given value s say. That is,

1%}

(V. 1) g
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The elements of s and s relate to the total stock of capital goods,
grouped according to the producing industry, not according
to the using industry.

Second, at the end of the transitional period, which runs

have a certain minimum value, § say, to make possible the
production levels in the first year of the state of steady growth
as determined by the long-run model. That is,

W

(V. 2) EY

Third, at all times there must be adequate capacity to make
possible the level of production decided on. That is,

(V. 3) E's > KE ¢
SK (I- AT E (e+v)
= FE' (¢+Es - 5)

where I == K (I~ A)~!. Equation (V. 3) can be written in the
form

(V. 4) FE'e< (I +F)E's - FE*s
Fourth, at all times the labour force must be large enough
to make possible the level of production decided on. If A

denotes the total labour force and f* denotes the vector of labour
requirements per unit of output in the different industries, then

(V. 5) EZE'*q
Fifth, if the demand functions of (IV. 20) are premultiplied

by Fp~?, it follows that

(V. 6) FE ¢ = Fg+ AR
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where g=(1 - kp )¢ and h??:?flg“lb. By combining (V. 4) and
(V. 6), we see that

(V. 7 FrEw(I+F)E's - FE"+!s - Fg

Sixth, we should probably wish to ensure a minimum level
of consumption in each year of the transitional period. This
can be expressed as

(V. 8) Efp>p®

where 1t* denotes a preassigned minimum level. Alternatively,
we might prefer to ensure that consumption did not fall during
the transitional period, in which case p* in (V.8) would have
to be replaced by E* p,

Finally (V. 1), (V. 2), (V. 5), (V. %) and (V. 8) form cons-
traints which limit any short-run policy; the outstanding
question is what policy to pursue. Since the termminal conditions
ensure that the long-run policy can be realised at the end ot
the transitional period, the obvious course is to maximise the
utility of consumpfion during the transitional period subject to
the above constraints, If we denote the wutility of consumption
in year ® by E'v, then

(V. 9) Bty = @ [I1(E? e — c)'s]
£

where @ denotes an arbitrary monotonic function and £ denotes
the typical commodity. Thus we should have to maximise

1 -1
(V. 10) S Blu= 3 @ [0 (Bl e — ¢)%]
£

§=0 0
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In order to make use of this expression we should have to
assign a form to ®. The simple thing to do is to put ®=log; in
this case we maximise a weighted sum of the logarithms of the
excesses of the consumption of the various commodities in the
ditferent years over the quantities that enter into the basic
standard of living. This form is only possible if at all times
each element in round brackets in (V. 10) is positive. As even
simpler practical alternative would be to replace v by i, that
is to maximise not utility but consumption itself.

As I have stated them, these relationships apply to an eco-
nomy which is not only closed but stationary, that is has a
fixed technology and fixed preferences. The way to remove
these limitations is described in [40].

The maximisation of (V. 10) subject to (V. 1), (V. 2),
(V. 5), (V. 7) and (V. 8) is, for practical purposes, a problem
in dynamic progranuming. If the terminal stock requirements
are set too high there will be no solution: we cannot meet these
requirements and have a consumption in excess of p* through-
out the transitional period. If we insist on 1+* as a minfmum,
then we must reduce our terminal stock requirements. If we
insist on the rate of growth originally intended for the steady
state, we must reduce the level of consumption in the first year
of the steady state. By experimenting with different initial
consumption levels for the steady state, and perhaps also with
different forms of the maximand, we may hope to obtain a
complete path for consumption that is acceptable as an object
of policy.
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VI

CONCLUSIONS

I shall bring this paper to an end by summarising the phi-
Josophy of economic model-building which we are trying to
follow in our worlk,

First, it is useful at the outset to picture a model against
the gencral background of knowledge, objectives and controls
which would have to be taken into account if the model were
used for practical purposes.

Second, the main use of a model is to help us in exploring
possible worlds; in examining, that is to say, not only how a
particular economic system works but how it might work, and
in rclating the performance of the component parts to the
needs of the system as a whole.

Third, a model must have coherence and realism. Coher-
ence can be achieved by giving the model a suitable structure;
reafism is quite a different matter. To achieve realism we must
use relationships which recognise the changing character of
preferences and technology. Our initial efforts to do this may
not give very accurate results, partly because of the difficulty
of formulating relationships which are both realistic and man-
ageable and partly because the factval information relating to
the past is incomplete. But this does not mean that we should
stay content with first approximations.

Fourth, in choosing the relationships that are needed, such
as consumption functions, production functions and so on,
accepted economic theory provides a valuable guide. Tn for-
mulating these relationships, however, economic theory is much
less useful because most of its elaborated parts are based on
a narrow, static view of the world. Within this narrow view,
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great generality is usuvally sought and frequently achieved. In
practice it is often necessary to adopt a formulation at the
same time less general than theorists would like within the
range of phenomcna they consider, and less restricted in its
range. For example, the consumption functions we are using
cannot handle complementary or inferior groups of commodities
but they can handle systematic changes in preferences and also
adaptive behaviour.

Fifth, is assembling observations on which to base our
projections, we can achieve a great deal by the careful proces-
sing of existing data, but however thoroughly we do this our
knowledge remains incomplete. We must therefore try to gain
the cooperation of outside experts in practical walks of life,
who may be less well placed than we are to attempt a synoptic
view of the whole ccononic system, but whose specific know-
ledge is always greater than ours. The realism of our projections
can only increasc as we succeed in getting more reliable in-
formation into the model.

Sixth, to be a useful tool for policy-making a model must
enable us to make not just one but many alternative projections
based on different assumptions. When it has reached this stage
the model becomes in its turn a source of information in the
light of which a policy can be drawn up. If this policy is
carried out, the model can then be used to make predictions.

Seventh, no policy can be carried out without a control
system which keeps the plan in touch with events, This con-
trol system cousists of a mixture of centralised and decentralised
administrative machinery, including all private arrangements
for the management of husinesses, cooperatives, labour unions
and so on. The model can be used to review the control system
and show how administrative methods might be modified so as
to improve the economy’s inherent tendency to stability. I have
not tried to formulate this range of problems because as yet we
have done very little work on them.

Eighth, it is impossible to plan unless one knows what one
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is planning for. With this in mind, we have divided our model
into two parts, a long-run model and a short-run model, and
a solution comes from iterating between the two. The purpose
of the long-run model is to help in choosing a direction and
a rate of steady expansion to be achieved from 1g70 onwards;
and the purpose of the short-run model is to choose a path to
this goal. If the model were used for policy-making, it would
of conrse be necessary to take a new view of long-run objectives
at regular intervals.

Ninth, an economic model should cover all aspects of eco-
nomic activity. As it stands at present, our model is restricted
mainly to the real side of the national economy, but we are
now beginning to extend it into the financial sphere and hope
eventnally to develop it in other directions as well.

Finally, we have started with a purely economic model,
conceived on traditional lines, because there we felt on reason-
ably firm ground. But we believe that the main motive forces
of economic growth are to be found in human abilities and
attitudes: organising capacity, acceptance of education and
training, response to innovation, labour mobility, and so on.
However, we could hardly have begun with these indefinite and
on the whole badly documented areas of interest; and in any
case it would have been useless to do so until we could embody
them in a coherent picture of the socio-economic system. 5o,
naturally enough, we decided to build out from the familiar
and to use our working experience as the starting point for
our work.

Pythagoras’ remark, dgyn 8e 1ot djpuov maviog, ‘the begin-
ning is half the whole’, applies to social and economic model-
building as it does to all complicated human endeavours. The
only practical course is to build a prototype and then improve
on it in the light of experience and needs. It is fairly safe to
say that the modern aeroplane would never have come into
being if no acroplancs had been flown until they were as good
as they are today.
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DISCUSSION

MAIIALANOBIS

The iniroduction to what I may perhaps call the general philo-
sophy of development of Professor Stome, I fecl, has been an
extremely appropriate, and a most significant contribution to the
Study Week. At a later stage I should like to make some observa-
tions on the logical and philosophical aspects of Professor STONE's
paper rather than on the details of the model.

Friscu

If Prof, Mamaranosis {eels that he is at this moment prepared to
put questions or discuss the philosophical aspects, I think by all
means that he should be allowed to do so now.

MAHALANOBIS

My first point is that any domain of interest in which observations
have an operational meaning, that is, have a meaning in the sense
of science, may be considered to be a part of {what I shall call) the
world of reality. This world of reality must be distinguished from
the world of mathematics, of logic, of purely formal relations. My
next point is that in this world of reality we are always concerned
with a bounded part of it, that is, imited in both space and time. So,
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we have to start with some bounded part of the world of reality
which I may call « R » {in a diagram on the blackboard), This
bounded part of reality consists of certain elements or elementary
units which also, in my view, are finite in number. Tt is possible
to make ohservation(s), one or more, on each or some of these
elementary units. In this way we get a system of observations which
I may cali « O » (shown in the blackboard) which has {o be disiin-
guished from « R », the reality, but is based iu some sense on this
reality. With any given set of observations « O », it is possible to
make a model, which I may call « M ». Now, there are two gaps,
which are important: the system of observations « O » may not be
valid, that is, may not be adequately representative of « R » the
world of reality. Secondly, a model « M » (or models) may not be
relevant or adequate. At this stage, cbjectives or aims must be
taken inte consideration to examine whether any particular model
« M » is relevant or adequate. Tor the Study Week the objective
or aim is economic development; I am iacluding the question of
fluctuations within developuzent.

Model making, in the sense of Professor Stone, would belong to
the world of reality, and not to the world of abstraction — if I have
understood him right, and must be, therefore, limited in time.

Now, T shall pass on to a second point. In this Study Week we
are interested in models in the world of reality. But models of what
types? Comiug from the uuder-developed areas, I suggest, ultimately
(not necessarily during this Study Week) the aim of economic deve-
iopment must be that of the world as a whole.

There is the system of the world as a whele, bounded, of course,
in space and also in time, that is, ime up to what is of interest to
us, 1970 or 1980 or zooo but perhaps not 5,000 AD. If I take the
system of the world as a whole, we have three hroad areas: briefly:
WEST and EAST (in the political sense) and DEVELOPING coun-
tries. T think we have to think of the world system as acting and
interacting between these three areas, rather than as a single unit.
I shall use the symbols W, E and D {on the blackboard) without
trying to define where is the exact geographical boundary of the
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West, or of the IZast, or of the Developing countries; these areas are
defined in fact in terms of political tensions and interrelations which
also are shifting over time. This band (points out something on
blackboard) is the relation between East and West, and there is
the Developing countries; so, the world system would consist of W,
E and D and their interrelations. To some extent, Professor LEONTIET
has taken this into account in his paper in caleulating what should
go from either W or E to D.

We thus have a kind of world system of W, IZ, and D. Then we
have to consider also the national system of each particular country.
In model making, there will continually be the need to think of the
different national systems as constituent elements of the world
system, However, there would be need of delimiting the sphere of
interest according to the purpose in view., We may have fo consider
a particular national systein or a particular sector or groups of sectors
within a national system. A nation or a country is, however, not
the only basis of delimiting the sphere of inferest, There will be
many other ways of delimiting the system, for example, in external
trade we have bilateral or multilateral systems. It seems o me that
it would be a good step forward to have an agreed terminology in
this whole business of mode] making. The two concepts « macro »
and « micro » require to be arranged in some kind of a logical systemn
of hierarchy involving dimensions in space, in terms of ecanomic
sectors, and also of time, Tt would be then possible to view the
micro-models at different levels fitting into a macro-model at a
higher level, and then these macro~-models fitting into wider macro-
models at still higher levels until the global world system is reached.

Going back to my first point, if T have understood Professor
Srone correctly, there would be need of taking into cengideration
experience or results of experiments to assess the wvalidity of the
model « M » in respect of the system of observations « O », and
finally in relation to the world of reality « R ». When we speak of
expericnee it would, I think, be of great help to keep in mind that
a model developed in one couniry, on the basis of experience of that
country, it may be verified or experimented upon, or modified in
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some other country. It is possible to make models which are rea-
listic in the sense of Professor Stone but which cannot he verified
in the U.5.A., because there is not much of central planning there,
but which are capable of being verified in the U.S.5.R., or which
may find great opportunities for experimentation in a centrally plan-
ned country ke U.8.S.R.

To sum up, I suggest that it would be useful to go into the
question of terminology at one stage, to identify the hierarchical
levels of muiti-dimensional analysis, Professor Friscu may be able
to think of suitable words. An appropriate terminology would be of
help in fitting « macro » or « micro » models at different levels into
a global frame of the world as a whole, and to delimit different
domains of interest (also of a multi-dimensional character, and cover-
ing, as necessary, both social and political aspects) to suit the purpose
in view.

Worn

It is most appropriate that Prof. MamaLaNoBIs has given us some
broad indications towards a general frame of reference for our Study
Week. Prof. Stong’s excellent paper gave a very good start in this
dircction, and Prof. MAwALANGEIS has now cmphasized the regional
view of the globe. I would Iike to take up another basic aspect,
also with a view to clarify fundamental ideas, namely the general
philosophy of modet building. The need for a broad consensus about
views and terminology is here so much the more pressing, as the lite-
rature of professional philosophy leaves much to be desired in this
respect.  The sitwation is somewhat paradoxical, for in almost any
treatise of philosophy of science we find a laudable introductory
statement fo the effect that the area of the treatise is the procedures
and methods in current use in the many branches of science, the
purpose of philosophy of science being to study and assess the general
principles of scientific inference; on the other hand it is clear that
although the approach of model building by and large is all pervading
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in the entire domain of natural and human sciences, the treatises of
philesophy of science have very little if anything to say about the
general principles of model building.

It i3 not my infention to give here a general review of the prin-
ciples of model building. My main point is {o emphasize a funda-
mental distinction between three aspiration levels in scientific model
building. The first is fact finding, the sccond is understanding, the
third is prediction. Correspondingly, we may talk about

{1) descriptive models;
{2) explanatory models;

(3} forecasting models.

Fact-finding answers questions of the type: « What has happen-
ed? »  The answers are given by observed actual facts, and the
abscrvations are organized in a more or less systematic fashion into
a descriptive model, Explanatory models answer questions of the
type « Why has it happened? » Speaking broadly, the answers in-
volve an element of causal inference, and the model makes a joint
construct of theoretical analysis and empirical observation. Forecast-
ing moedels answer questions of the type « What will happen? »
Explanatory models are based on past experience, and when such
a model is used for prediction it constifutes a forecasting model.

The three types of models thus represent stages of scientific evo-
tution towards higher aspiration levels, If we examine the various
branches of scientific endeavour from this point of view, we find that
there are great differences, Some sciences stride along happily at the
fevel of fact-finding and description. Others have succeeded lo
assess a stable causal pattern in the observed facts, thereby ascending
to the level of reliable explanatory models. Still more advanced are
the sciences where the explanatory mcdels are reliable enough to
provide valid forecasts of future events,

Economics and econometrics, I believe, have reached this third
stage rather recently. The situation is far from uniform. Certain
areas of economics arc well covered by reliable explanatory and fore-
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casting models, whereas other areas are more or less white spots on
the map of successful model building, This point of view goes to
the core of our proceedings: The very theme of our Study Week
makes a challenge to econometrics to give evidence how far our
science has reached towards the goal of valid explanatory and fore-
casting models in two areas of paramount importance: economic
growth and business cycies,

I should like to develop this point a bit more. Let us take very
briefly one example: meteorology, Fact-finding includes of course
everything about the weather. The theory of meteorology has deve-
loped gradually, but it is rather rccently that cxplanatory models
were built that could be exploited for reliable forecasts, The breakth-
rough was the thermodynramic theory of cyclones, founded by the
Bergen school around 1918, with J. Brarenes and T. BERGERON as
leading names.

Cole

Warm

nachaea

With reference fo the graph, the theory says that cyclo-
nes tend to develop on the border between cold polar air and
warm equatorial air; on the northern hemisphere the cyclones move
eastwards, go toward culmination in some few days, and then dissolve
in an occlusien of the warm front and the cold front. On the basis
of the thermodynamic theory the forecasting techniques have gra-
dually improved and become more reliable, Here is a clearcut case
where we have seen an important development in model building in
the shorl span of some twenty years, during which all three levels
of modei building have come into the picture, Two peinis of general
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scope will be noted. One is the feed-back on fact-finding of an
explanatory model: the construction of the model makes use of
empirical observations, and once the model has been constructed it
directs the fact-finding to new types of observations that are of rele-
vance for the improvement of the model. The second point is that
the problems of skort-range and long-range forecasting often are dis-
tinctly different, and require quite different types of explanatory
models. This is so in meteorology : The thermodynamic theory pro-
vides fairly realistic forecasts over the next 24 or 48 hours; the
cyclones usually die out in a matter of days, so if we want weather
prediction over weeks instead of days we must find another theore-
tical basis for the forecasting model.

At the other extreme, I should like to refer to the science of
history, and then place cconomics and econometrics as interinediate
between meteorology and history, History, of course, is in a sense
very near to economics, and reference is here made fo the brilliant
review in Prof. SToNg's paper of the interdependence between the
economic developments on the one hand, and political objectives
and policy making on the other. Here we are on the border between
economics and history, and if we adopt Prof. Manarawosis’ global
point of view this is perhaps more history and politics than econo-
mics. Anyway, it is interesting {o examine this area with regard fo
the three types (1)-{3) of models. The prevalent view among pro-
fessional historians is that forecasting les outside the realm of their
science. In a way, of course, this is true, or rather a truism; history
looks back info the past to explore « wie es eigentlich gewesen sel, »
to quote a famous dictum. The point I wish to make is, however,
that history does not show an entirely blank record when it comes
to forecasting. For one thing, the study of history is one of the lines
of university education that by long tradition qualify for a career in
the diplomatic corps and other strata of civi service where judgements
and counsels about future developments are important elements of
the professional activity, Of special interest in this respect is the
great work of ArRNOLD To¥NBEE., It is a gnestion what is most
admirable, Lis encyclopedian approach toward historical fact-finding,
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or his paving of new ways in historical analysis by the use of ge-
neral explanatory categories, typical examples being the notions of
encriity and mimesis. But the main inspiration of Arnorp ToynsEL
is, I belleve, the area of forecasting: he is deeply worried about the
present trends of the world, and he tries to tell what will happen
if we do not understand things better and take action accordingly.,
Well, to repeat, my point is not to defend or criticize historical
views; what I want to emphasize is that the distinction hetween
explanation and forecasting is of crucial relevance in history ag in
any other science,

How about economics? Here the distinction hetween fact-finding
and forecasting is well recognized, and in some areas of econoinics
the explanatory models are reliable enongh to be successfully exploi-
ted for purposes of forecasting. Areas where the techniques of
forecasting have been successful include demand analysis, production
analysis, cost analysis, and on the whole the key areas of micro-
economics, In macroecontomics, on the other hand, we are still in
the beginnings in the transition from explanatory models to forecast-
ing models, and, to return to the starting point, the theme of our
Study Week is a challenge to assess the present status aboutl valid
model Dbuilding in the areas of economic growth and business eycle
analysis.

From the general point of view of sclentific method, model
building is a pluralistic endeavour. Science can be regarded as a
coellection of models: meteorological models, economic models, histo-
rical models, etc. And in each sclence there is a plurality of modelks:
short range models, long range models; we have purely theoretical
models, integrated theoretical-empirical models, all sorts of models.
Science is not a unified system which embraces everything; it is a
myriad of different approaches, partly consistent with each other,
partly inconsistent, and each approach takes the form of a model.
The pluralism is often to distinct advantage. A case in point is the
Eastern and Western approaches towards economic growth, It is
a question whether it would at all be meaningful to construct an inte-
grated model to cover both the Eastern and Westemn types of long
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range economic models; the differences would be too deepgoing. It
would be more instructive to have one clearcut model of cach type,
and compare the models to explore where and what the relevant
differences are,

My own report to the Study Week, when it comes up, will deal
with three specific aspects of model building. I had prepared some
notes ahout the general principles of model building as an introduc-
tion to the oral presentation of my report. Then when I heard
Prof. Manaranosrs' plea for a gencral consensus about basic fermi-
nology and notions, I felt it was in line with his plea to cut out these
notes and present them right now, as a conlribution towards unifying
our basic notions about model building,

Lronrmr

I would like to comment on the relationship between theoretical
construction and factual observation within the framework of Pro-
fessor Stowk's presentation, The relationship is essentially an ite-
ralive one.

The theoretical model in its first experimental version is formulated
so as to be capable of being implemented with the available, or at
least, obtainable factnal information. At the same time it should
serve as a guide in determining the most promising direction of
further empirical inquiry,

The bulk of official statistics is still being gathered to serve va-
rious administrative needs or to supply up-to-date information to
general users. However, an ever larger volume of data is being col-
lected with the specific purpose of being fitted into explicitly formu-
lated analytical models,

In the past the theorist was too often inclined to leave the respon-
sibility for the factwal implimentation of his conceptual schemes to
the statistician, Now the model builders have come to realize that
they have to take active part in the preparation and planning — if
not the actual performance — of the data gathering task. As a result
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of this they find themselves forced to replace the essentially symbolic
concept of traditional economic theory by concrete operational con-
cepts referring to directly observable and measurable facts with which
a business man, an engineer or a practical economic planner has to
reckon in the couse of his every day activities.

In some instances we find ourselves secking collaboration with
other disciplines. In describing and analysing processes of pro-
duction, an economic model builder must be prepared tc speak the
language of a production manager and of an engineer; in dealing
with the structure and behavior of households, he must be prepared
to speak the language and use the concepts of a demographer and
a social-psychologist.

The time when the economist or the econometrician could limit his
efforts to construction of mathematical models — oxr devising inore
sophisticated methods of statistical inference — is passing fast. He
hag to take increasingly active part, not only in the actual use of these
models and application of these methods, but in the organization and
the direction of the fact gathering activities without which all theory
and methodology will continue to be no more than intellectual

EXercise.

MAHALANOBIS

There is one point in Professor Worn’s observation about which
I am not clear, When he said « forecasting » did he include
« targets »? It is possible to take suitable action to attain certain
targets which are considered desirabie; this is the sysiem, for exam-
ple, in central planning in U.S.S.R. It is not forecasting based essen-
tially on historica] experience or time-series analysis butl setting up
certain targets which it is desired to achieve over a certain period of
time. Would Professor WoLp include sctting up of such targets
within forecasting?
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WoLp

Prof. Manaranosis’ question is important, and my answer is in
line with Prof. Stong’s views on the integration between forecasting
and objectives. The notion of targets is closely related to the notion
of objectives, Reference is also made to the distinction between
instruments and targets emphasized in the works of Prof. TINBERGEN.

In my bricf comments on descriptive, explanatory and forecasting
models T was limiling myself to the purely scientific aspects of model
building. In the analysis of policy problems we come to a fourth
type of model, policy models, A frequent type of policy madel
specifies different alternatives of policy in terms of objectives and
targeis to be achieved on the one hand, and instruments to be used
on the other, Speaking generally, a nonscientific element enters in
the policy model when it comes fo the actual choice between the
different alternatives of policy,

MAHALANOBRIS

Another supplemeniary question: in meteorology, some experi-
ments have been made fo find out whether rain can be influenced by
artificial means, That would bring in — I take it — Professor
StoNE's point of cxperimentation. Would such experimentation be
included in forecasting? I am trying to get Professor WoLD's views
clear in my mind.

Worp

This question points to the very important distinction between
two ways of gathering knowledge: by controlied experiments and by
nonexperimental observations. These two ways of getting access to
knowledge cut through all levels of scientific model building — de-
scriptive, explanatory and forecasting models. My brief outline was
not intended to be complete, and I choose the three arcas meteoro-

[} Stone - pag. g7



100 PONTIFICIAK ACADEMIAE SCIENTIARVM SCRIPTA VARIA - 28

logy, history and econormics so as to be mainly of a nonexperimeatal
kind, It is very true that experiments also belong in the picture,
but that was just to simplify.

To comment more in detail on the question about metecrelogy,
1 wonld say that while most of the fundamental law of physics can
be demonstrated by controlled experiments, the empirical evidence
on the thermodynamic theory of cyclones is essentially nonexperi-
mental —— you do noi experiment with cyclones on a world global
scale, and the same holds true of many other meteorological appli-
cations of physics. At the same time there are elements of genuine
controlled experiments in meteorology --- rainmaking devices are a
case in point. The experiments of rainmaking provide material for
moedel building at the descriptive and explanatory as well as the
forecasting level, showing that experimental and nonexperimental
evidence combine and merge at all levels of model building, including
the level of forccasting.

Friscu

I want io congratulate both Prof. Stone and Prof, MAHALANGE!S
for their presentations, I am very much in agreement about what
they say about the philosophy of models and as a matter of fact
they have relieved me of a good portion of my own task when T am
going to speak in a few days from now. Of course T also agree
completely to the three points which Prof. WoLp put before us —
the three levels of aspiration so to speak, but — and this is so-
mething which I took down while he was talking — there is a fourth
point which must absolutely be added {and here of course 1 am
talking in the same vein as Prof. Mamaranonis) namely the analysis
of the decision on action. What are we going to do? That of course
depends on what we would Jike to see happen sometime in the fature
and as a matter of fact this will really be a very essential point in
my presentation, This is the essence of the distinction between a
forecasting model and a decision model. T understand that Pro-

[z] Stome - pag. o8



SEMAINE D'ETUDE SUR LE ROLE DE LJANALYSE ECONOMETRIQUY nTc. 101

fessor WoLp agrees with me on this, We really have three types of
models: the explanatory models, the forecasting models and the de-
cision models. My primary concern is with decision models,

HaavieLMO

[ have a brief comment on Prof. STonNr's paper at the point
where he mentioned the role of estimation., If I understood him
right he suggested that estimation of certain parameters in a model
might be made, so to speak, in advance, by the scientists, but the
question is whether this can be done in a way that is independent of
the wuse of the model. I think the answer is NO because the method
of estimation will depend essentially on what kind of statements you
want fo make. Ordinarily you will not have point estimates, you
will have confidence intervals, and depending on the « gambling
attitude » of the policy makers, the kind of confidence intervals
which you will want for your estimates will depend on the purpose
of the model. As an illustration, consider two Ministers of Finance,
one being afraid of losing his job if there is unemployment, the other
being afraid of losing it because of inflation: the estimates, in the
way of confidence intervals for the multiplier, which you would give
to these two gentlemen, could be quite different,

KooPMANS

I have two different comments, one to Prof. Srong’s paper: 1
think the model on which he and his associales are working is
highly interesting because of its scope and the detail of disaggrega-
tion and because it gives an opportunity fo fest the reium on disag-
gregation; one can experiinent with the model, re-introduce aggre-
gation and in thai way determine how much of the information that
is obtained by the extreme disaggregation is lost owing to going over
to higher degrees of aggregation; I would like to ask whether Mr.
SroNE has made plans to exploit this possibility and urge him to do
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so, because it might be that the return on disaggregation after a
certain point ceases to be worthwhile.

My second comment has to do with the proposal towards agreeing
on a terminology in which to discuss model construction. I have
misgivings about that proposal. Scientific terminology generally
comes about by a process very much like consumer’s choice in the
market place; some authors use new terms that are picked up; the
same authors may have used other terms that were not taken up.
There is a social process of accumulation of terminology that is an
extremely valuable screening process, not only of terms, but also of
the ideas associated with these terms, If we make a concerted effort
to set up a ternminology, we may find ourselves unwittingly and
nnwillingly setting up ideas rather than terms, because some terms
are most suitable as vehicles for certain ideas. I would therefore put
in a plea for allowing the natural sclection of terminology to take
its course also in this area.

MAHALANGCEIS

T should apologise for having failed to convey what 1 mean{ by
terminology. Sometimes we speak of « macre » and « micro » mo-
dels. My point was that it would be useful to have, for example,
an agreed terminology of using the two concepts « macro» and
« micro » in relation to the particolar domain of interest of which
we are making a model. Now if we simply wait for general agreement,
such agreement may never e reached. I may give a specific
instance; in social accounts, in national income, it became necessary
continually tc have a standard terminology; for example, what should
be meant by « net national incomne ». T suggested that model making
has now reached a stage where an agreed terminology, in a purely
scientific sense, would be extremely useful for purposes of description.
I think it is possible up to a point to have a terminology without
injecting any views in it. ... T may give a specific example. In
my own couniry, we have distinguished between « prejection » and
« target n.  « Projection » is what we get {rom historical experience,
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that is, what is likely to happen as long as the same historical regime
continues. On the other hand, we can use the word « target » in
the sense of purposive selection of something which is desired to be
achieved, The two words « target » and « projection », before a
clear distinction was made, led to much confusion in India. This
is the type of terminology I had in mind; 1 do not know whether
Professor Koormans will have any objection to that,

KoormaNs

I think, as Prof. MAHALANOBIS nofes, that « macro » and « mi-
cro » economics, is a fine example of the natural selection of terms
that T have referred to, This terminology, originally coined, I
believe, by Prof. FriscH in the ’sos, caught on and is now part
of the language. I think the example of « East » and « West » as
a terminology in model construction of the world economy is an
example of the thing T am afraid of; the content of « East » is chang-
ing before our eyes; the content of « West » will as well be changing
sooner or later, If we set up standard terms for parts of the world
which we wish to distinguish, terms which in some way get a stamp
of approval from a terminology creating committee, we may actually
inhibit thought and analysis.

PASINETTI

I should like to make sinply a short remark. There is a distinc-
tion which T thought emerged quite clearly both from Prof. Friscu's
paper and from Prof. STenNE’s paper, but which has been left into
the shadow in the discussion so far, The distinction is between those
relations which in an economic system are so fundamental as to be
independent of the institutional set-up that society has chosen to
adopt and those relations which are specific to a particular institu-
tional set-up. TFor example Prof. LeonTIEF's input-output inter-
industry systern is independent of institutions; it is a kind of ana-
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lysis which can e carried out for a socialist country as well as for
a capifalist country. On the other hand, for example, the processes
through which prices are actually reached are specific to particular
institutional sef-ups: they are different according to whether we
consider a socialist economy, a capitalist economy, or any mixed
type of economy, It seems to me that this distinction is preliminary
to, and should be put behind the classification which have been put
on the blackboard by Prof. Woin completed by Prof. Frisci.

ALLAIS

I wounld simply Like to make a few remarks on the points which
Lave Deen raised during the discussion,

In the first place, the thinkers of earlier times do not appear to
have been as precccupied with method as in our day. T think that
this difference results from the unequal development of our science.
Three centuries ago, at a time when mathematics and physics were
still only stuttering, DEscarTES felt it necessary to study method, If
today we economists speak of method, it is simply because our
science has not yet reached a sufficiently high degree of attainment.

A second remark: I am struck by the fact that several speakers
have paid great attention to the question of aims in the construction
of models. Personally, I feel that models ought to be newtral, and
constricted independently of cohjectives. I wounld willingly associate
myself with Professor Friscr’s suggestion that explanatory, flore-
casting, and decisional models should be distinguished. It is not
possible to bring science back to a single type of model. Personally
I consider the most significant type of model to he the explanatory
one, and I belicve that to subordinate the construction of explanatory
models to the pursuit of certain objectives is potentially very dan-
gerous.

A third point is that Professor Koormans has jast said that there
is a social process of sclection, which he described as being very
useful, and fruitfull both in ideas and in terminology. On the con-
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trary, it is my view that this is 2 process which must be regarded
with the greatost suspicion. Past experience with theories in physics
shows that what was fashionable at one time or in a certain period
was sabsequently completely invalidated. We must therefore be very
critical about the choices made by current opinion, and personally
T would abstain from taking up any position on the question of
whether the choices which are presently those of the majority are or
are not useful or fruitful. I only think that it is necessary simply
to be very careful,

A fourth point is that there are three essential stages in the con-
struction of a model. The first, the working out of the basic assup-
tions follows a process of successive approximations similar to that
mentioned by Professor Stone. The second stage is purely logical,
a deductive stage in which essentially mathematical techniques are
applied. Finally, the third and probably the most important stage
is the confrontation of the theory and the facts. Further, I believe
that these are Professor Stong's ideas, but it seems to me that his
conception is more neutral, and it appeals to me personally more than
some of the points of view which have been expressed. I do not
think that we ought to have a priori or normative ideas about what
we are going to de. It is first necessary to understand well and to
describe properly, and the hasic aim of those who construct
models ought to be above all to give as complete information as
possible, and T wouid add, as neniral as possible. Tt is also desirable
that there exist decisional models in parallel with this, but these are
completely separate fields. There is the description of facts, their
explanation, and action, which implies normative choices, hut cach
of these stages must be kept scparated carefully. Thank vou.

SCHNEFIDER

What does it mean: « Models must be neatral »?
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ALLAIS

This is the same difference as that existing in pure and in applied
science, The model is neutral if it constructed Iy a scientist who has
a non-emotional attitude to it, has no ideological aims, and who does
not include views on what ought to be at the base of his construction.
The mode! is neutral if it alms to describe and explain the facts, It
is no longer neuiral once it is intended to act on the facts, and this
is the reason for my complete accepiance of Prof, FriscH’s term-
inology, distinguishing between explanatory, lorecasting and deci-
sional models, Deeision must not be confused with explanation,
and neither decision nor explanation should be confused with
forecasting; these are different things, During the discussion I was
strack by the fact that several speakers appeared fo have been
mainly guided by decisional considerations when constructing their
modeis,

LEONTIER

Our discussion seems to reveal the existence of two different, not
to say, opposite approaches to the cheice and formulation of economnic
models. Some favor a fully integrated approach associated usually
with the concept of a decision model, The so-called objective
function, the description of all structural and behavioral relationships
and even the methods of statistical estimation of relevant parameters
are viewed In this case as Interdependent parts of a single tightly
integrated system, A change in any one of them requires, ac-
cordingly, modification of all the others, In another alternative ap-
proach, the description of basic structural relationships, the estima-
tion of relevant parameters and the choice of relevant objective
functions are approached as three interrefated, bul separable
problems. A change or a modification in the solution of one of them
does not necessarily require in this case a corresponding modifica-
tion of the solution of the two others.

Althongh the first approach appears to be more elegant, the second
might prove to e more useful since it permits replacement or
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modification of ifs individual elements without requiring each time
a. complete reconstruction of ihe entire system.

Friscu

Time will not permit now o go into a detailed discussion of
what is an explanatory model, what is a forecasting model and what
is a decision model, bat there is one point which I must mention
regarding a decision model, to avoid misunderstanding. When we
starl out consciously to build a decision model we begin by an atiitude
which in a sense is neutral, At this stage we are not at ali deciding
anything about what the cutcome ought to be. We are to begin with
perfectly neutral in this respect. We as scientific analysts are per-
fectly neutral even in another respect, namely regarding what the
preference function ought to be. This is a matter to be decided by
the politician not by the scientific analyst, True enough the scien-
tific expert will have to help the politician with respect to the
form, i.e. the language in which the function is expressed, but
certainly the scientist has not to decide the substance matter ex-
pressed hy the preference function, therefore, in these very funda-
mental aspects we are still neutral when we decide to work cons-
ciously on the construction of decision models. There is no political
attitude involved,

DorFMAN

Some time ago, in discussing this methodolegical problem, Pro-
fessor Leontier called to mind a very fruitful standpoint which 1
always associate with the name of KarL Popper, though he probably
did not originate it. That is: scientific advance is an iterative process.
The models we huild, the terms we use to express them, the objectives
for which we build the models, the measarements which they dictate
and on the basis of which we verify them — all thesc are in constant
interplay and as we learn from each step we revise all the others.

(1] Stone - pag. 103



108 PONTIFICIAE ACADEMIAE SCIENTIARVM SCRIPTA VARIA - 28

I therefore subscribe to Professor Koopmans' thesis that we should
not try to freeze the meanings of the terms used in econometrics at
this stage. I think it will be our experience here this week that as
we discuss econometrics we shall learn, and as we learn the words
we use will come to have different and somewhat sharper meanings
than they have now. 1 fear that we can bog ourselves down by
attempting to clarify points of terminology. Science is groping, and
as we grope we shall wish to change the meanings of the technical
words we 1sc,

MAHALANOBIS

I should like bricfly to make two points. First T shall remove the
apprehensions of Dr. Koopmans; I agree that to try to define what
is Iast of West would be absolutely futile; but we may say a
« macro-nalional » or « micro-national » or use such ncuiral terms.
I agree also with the points made by Professor Lrontier, It seems to
me that what is a decision model or what is a forecasting model also
involve the question of tenminology.

However, terminology is in one sense a procedural poiut, 1 do
feel that we should have some discussions regarding the objectives of
model making, Whether the question of terminology is pursued or
not [ have no strong views; but even the present discussion indicates
that some clarification of terminology would he useful. Tt is purely
my own personal ignorance, I should like to understand clearly what
is meant by such term as « objective », « neutrality », « forecasting
model » or « decision mode} » and such things. What are the different
types of models in relation to different spheres of interest? I am not
suggesting that we should be intevested in only one type.

I agree generally with the ohservations made by Professor Friscu
that even if we have decision in view Ly politicians or others, the
role of the scientist is to keep a « neutral » mind in advising how
those « objectives » may be attained, I do not see that « neutrality »
is in any way destroyed by keeping cerfain « objeclives » in mind.
Ou that point T am in complete agreement.
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As far as T have understood Professor Doxrman, T am in broad
agreement with him, but I think that our discussion today shows
the need for some clarification of ideas which can only be done
through words and therefore through the use of agreed meanings
of words,

ALLAIS

I must stress that there is a very good reason for my not comp-
letely agreeing with Prof. Trisciz. There is a very great difference
hetween three types of model: explanatory models, forecasting
models and decisional models. This difference is the following. As
far as the explanatory model is concerned there is a judge, you can
verify your explanation when you observe the facis, The same is
true when you have a forecasting model.  Your forecast may be
wrong, but you can see if it is right or wrong. But when you
develop a decisional mode!, what is the criterion of truth? I cannot
sce that there is one. You may think « I am neuiral ». You may
think this is always true, but you can be wrong; and if T think
« you are not ncutral » and if you think « I am neutral », and if we
are in disagreement, who is to decide? You see here a very great
difference between the first two types of model and the third. For
the first two models there is a judge: nature. Nature can answer
« You are right » or « You are wreng », but with a decisional model
nobody, nothing can answer.

MAHALANORIS

Nentrality is a word which we should not press too far because
even in gathering facts it is necessary to have a conceptual frame-
work; in one sense, you can collect only such facts as you are
looking for, Also, all observed facts would be affected by errors
of observalion arising from personal bias, One has to go even
farther; ultimately, according to the HEeisEnpErG principle of un-
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certainty it is not even possible to make an observation without
disturbing the system itself. We should not press the question of
neutrality in an extreme way, but take a bread view that for certain
purpeses certain models would be more appropriate than others.

The point stressed by Professor LEONTIEF {5 extremely important
— the wvalidity and also the precision and the effectiveness of a
model to serve certain purposes which may be purely explanatory
or may be decision making or may be forecasting or may be of other
types. I think this raises quesiions of substance which we should
discuss; and we should, among ourselves at least, provisionally agree
on what kind of words we should use.

WorLp

I am not sure whether there is really any disagreement between
Prof. Arrais and Prof, FriscH, but their debate does confirm Prof.
MararLanosrs' view that it Is a good thing to clarify cur terminology
— not necessarily to establish it for the indefinite fufure, but at least
for the purpose of our discussion during the Study Week. The
question has been posed: What is a decision model, and how does
it differ from a forecasting model? 1t is my undestanding that
decision model and policy moede! are essentially the same notion, If
s0, the question can be answered along the lines of a famous argnment
hy ike distingnished Swedish economist GUNNAR MyrparL, Political
actions, includiug actions of economic policy, are based on value
judgements, and it {s typical that the judgements are radically
different for members of different political parties. The analysis of
economic policy and other decision gystems takes the form of a
policy model, where the value judgements underlying alternative
political actions are included as specified hypotheses, hypotheses
which in themselves are polifically neutral. In this way the policy
model becomes, in principle, an instrument for strictly scientific
analysis of alternative lines of political action,
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STONE

I should like to thank you all for the very interesting discussion
on my paper and I am sure that you wili forgive me if I do not
attempt to reply individually but merely try to summarise the posi-
tion, In 1927 the biologist J.B.S. Havrpank published a book called
Possible Worlds in which he tried to examine how far certain things
were possible from the standpoint of physical, chemical or biological
laws. Could one imagine, for example, an elephant ten times larger
than the elephants that are actually known? And, if not, what was
it that prevented us from imagining that such animals could exist?
My type of model building, and, I think, many other people’s model
building too, is concerned with doing exactly the same sort of thing
for an cconomic system: we should like to ohtain certain results:
could we imagine that they could come about? Now one may ask the
question: how is one to decide such things? And this seems to me
to get to the heart of the difference between predictive models and
models which aim at projections based on hypotheses about changes
that might be introduced into the world, If we assume that the
world will continue to work as it has in the past, and if we do not
like some of the consequences of this, we may ask: could we change
things for the better? The answer is not necessarily « yes » but,
equally, it is not necessarily « no », because the way in which the
world in fact works is not by definition the best possible way. Tt
seems to me that in trying to decide questions of this kind one must
follow the principle that upholders of lafssez-faive claim that laissez-
faire maintains, namely the maximising principle : that wherever you
see economic action taking place it is always successiully directed to
maximising something that one wanis to have maximised. Now if
this were actually the case there would be very little need to huild
models because we should already have a perfect system which could
not be improved. It can only be in the belief that this is not actually
the case that we have interested ourselves in the rather exacting and
energetic pursuit of economic model building.

Another question that came up and which I think is worth
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discussing can be summarized briefly under the term « disaggregat-
ion ». It certainly is not my belief that the way to gef better models
and a more realistic representation of the economy is to start with
a general model of the kind I described and then simply make it
farger and larger and larger. The reason why this is not a good idea
is, firstly, that it is impossible to get, in any group, snfficient infor-
mation to build so large a model and, secondly, that it is quite
unnecessary to do so, If you are interested in the operation of the
chemical industry, even if you are only interested in a certain group
of activitics brought together in a single firm, you can set np a model,
as large or larger than mine, to analyse the operations of that
industry or firm. Bt it will be quite impossible for any single
group of scientists to integrate into their own work models of this
degree of detail. Buf why sheuld they; if the industries concerned
are willing to do the job themselves and are obviously very much
better at doing it?  And this goes not only for the industrial side of
the model., The same can be said about many of the activitics of
government. It is too much to expect that a group of economists
whe have the problem of a general model on their hands will also
be able to build models of, say, the health service, the educational
system and the defence systemm.  The right way, I think, to get this
sort of disaggregation is to have a series of sub-models (which,
however, must be linked to the main one), to decentralize the building
of these models and to put this work in the hands of people with the
necessary specialized knowledge.

Finally, I shonld like to say something about another recurring
theme in this moring's discussion: the question of iteration, It seems
to me thal this is the fundamental principle on which all learning
and all model-building is based. One has to start somewhere, One
knows perfectly well that one’s prototype model will not be a very
perfect tool, but the really important thing is that one should set it
up, see how the parts of the system interact, and check how the
relationships of the model work out in practice, We are bound fo
start with relfatively simple ideas, we are bound to start with relati-
vely inaccurate facts. We can try to find out how far the facts
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need to be more accurate than those we have at present and we
can fry to find out what relationships in the mode! are really im-
portant for the main purposes for which we want to use it. But if
we build modeis, put them in journals and allow them to be forgot-
ten, if we do not keep them up to date and if nobody builds on them,
I do not think that we shall ever get satisfactory applied ecenomics.
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TOWARD A VERDICT ON MACROECONOMIC
SIMULTANEQUS EQUATIONS
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INTRODUCTORY

It is now 25 years since Jan TINBERGEN launched his
pioneering macroeconomic models for the NETHERLANDS (193%),
US (r939) and UK (1951). His approach marks a bold raise
of aspirations levels, in economic thinking as well as in the
statistical technigues of fact-finding and analysis, and above
ail in the systematic coordination of theorctical and empirical
approaches. If we think of the allembracing sectors of eco-
nomic life and the huge complex of static or dynamic interre-
lations that the mode! builder sets out to master, the dimen-
sions of his task bring to mind Larrace’s fathom who could
forecast in detail the future course of events in the entire uni-
verse by solving an enormous system of differential equations.
It adds to the greatness of TINBERGEN'S work that farge masses
of economic-statistical data haed gradually accumulated, that
the young discipline of econometrics was in the starting holes
for vigorous advances, and that it did not tarry long until his
approach, now known as causal chain systems, was followed
by other keen innovations, in the first fine input-ontput analysis
{(LEONTIEF, 104T1) and interdependent systems (HaavELMO,
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1943). The literature of the area is large and rapidly expand-
ing. The high goals of macroeconomic model building, that
much is now clear, are an important incentive for the develop-
ment of new fechniques in quantitative economic analysis.
Thus in the short period of 25 years it has become manifest
that macroeconomic model building is a mighty challenge to
econometric method. At the same time it has emerged as a
significant factor in the long range scientific evolution.

It is appropriate to evoke the long range perspective if we
call to account in the challenge, asking for the results thus far
obtained in macrocconomic model building. Immediate bene-
fits of an indirect nature have often and rightly been emphas-
ized, including the build-up of knowledge about macroeconomic
facts, the improvement of statistical data-collection, and the
training of new cadres of econometricians in theoretical and
applied work, all of which are tangible boons that cannot be
overrated. As to direct results in the form of forecasts and
other types of operational inference from the models, the
horizon is eagerly watched for signals of progress. On this
score the outlook is more undecided, and leadiug authorities
have voiced scepticism and disappointment about the reported
achievements. A symptomatic feature is the recent symposium
in Econometrica (1) with the motto « Simultaneous equation
systems: Any verdict yet? »  But here patience is in order,
for, to repeat, 25 yearsis a short time to master the tremendous
tasks at issue.

The Study Week, a most felicitous initiative of the Pontifical
Academy of Sciences, provides a forum for unprejudiced ap-
praisal of ends and means, aspirations and actual achievements
in macroeconomic model building. The timing of the Study
Week could not have been better. There is plenty of progress
in the many avenues of scientific research and development
that run together in a fullfledged macroeconomic model. On

'y Econometrica, October 1g6o. Refs. 6 and 7. Cf. also Refs. 8 and g.
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the empirical side, the assessment of quarterly data sets new
standards of fact finding, standards that are highly influenced
if not called forth by the subject-matter considerations embodied
in the model building. For another thing, causal chains and
interdependent systems have turned out to be genuine inno-
vations in dynamic model building, not only in econcmetrics
but in the wide realm of nonexperimental model construction.
At the level of the stochastic foundations of model building the
innovation has posed new types of problem; the debate of the
1950°s on the rationale of simultanecus equation systems shows
that it has taken a long time to sort out and come to grips with
these key issues. As to the design and actual construction of
macroeconomic models, several projects are in the picture, of
different types, of different size, and at different stages of com-
pletion. It is an important task to subject the accumulated
material to systematic scrutiny and comparative studies, with a
view to assess the theoretical and practical vatlue of the achieve-
ments, and, what is perhaps even more important in the present
stage of development, to obtain guidance for further work.

The present report focusses on three specific aspects of
macroeconomic models:

1) The three types of simultancous equation systems
known as vector regression (VR-), causal chain {CC-) and
interdependent (TD-} systems arc presented as three levels of
generality in the mathematical design of dynamic models. The
step from CC- to TD-systems is crucial from the point of view
of the operative use of (a) the behavioural relations, and (b) the
reduced form. Thus in CC-systems all relations (a)-(b) can be
specified as eo ipso predictors, that is, as conditional expec-
tations subject to random disturbance, whereas ID-systems
allow such specification for relations (b) but in general not for
relations (a). This parting of the ways is the stochastic aspect
of the much-discussed feature that the behavioural relations
of CC- but in general not of ID-systems are designed for a
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causal interpretation in the sense of stimulus-response rela-
tionships.

2) The parting of the ways between CC- and ID-systems
is examined from the point of view of the transition from
disturbance-free to stochastic relationships in the formal design
of simultaneous equation systems. While the dualism at issue
does not exist in disturbance-free systems, it arises in the
stochastic specification of the models because the rules for
operating with disturbance-free relations sometimes but not
always extend to eo ipso predictors. Thus in CC-systems the
transformation to the reduced form is a matter of iterated sub-
stitulions such that eo ipso predictors are carried into eo ipso
predictors, whereas in ID-systems this transformation in general
is an operation that does not preserve eo ipso predictors. The
dualism can be removed by a respecification of the behavioural
relations of 1D-systems, namely, by letfing those explanatory
variables that are current endogenous variables be replaced by
their conditional expectations as given by the reduced form.
In the resulting systems, calling BEID- (bi-expectational 1D-}
systems, both the behavioural relations and the reduced form
make eo ipso predictors, and accordingly allow a correspond-
ing causal inferpretation.

3) In experimental situations the empirical festing of a
model is essentially a matter of replications under controlled
conditions. In nonexperimental situations, and in particular
in macroeconomic model building, no routine techniques are
available for testing the model with regard to its practical value.
Here predictive fests are of key importance, that is, follow-up
studies in which the forecasts obtained from the model are
confronted with the actual course of the time series that are
subject to analysis and forecasting. Thus far it is only for
very few macroeconomic models that such follow-up studies
have been reported, and a plea is made for the systematic use
of predictive tests. Reference is made to the [anus guoticnt,
a predictive test which is designed as a criterion whether the
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time serics under analysis have the same structure of interrela-
tions in the observation range and the prediction range. As
applied to CC- and ID-systems the Janus quotient can be
adapted in various ways so as to take into account the distinc-
tion between genuine forecasts from the model and ancillary
forecasts of the exogenous variables, A specific use of ibe
Janus quotient is as a danger signal against overfitiing, that
is, the pitfall of estimation technigues where illusively small
residuals are obfained because the parameters to be estimated
are numerous relafive to the available observations. This aspect
of the Janus quotient comes to the fore when ID- and BEID-
systems are estimated by the two-stage method of least squares.
The predetermined variables then pile up with unknown coel-
ficients in each relation of the reduced form; hence unless
special precauvtions are taken the reduced form will be over-
fitted, with risk fo run into the pitfall to conclude that the
current endogenous variables coincide with their conditional
expectations, and that the ID-system coincides with the cor-
responding BEID-system.

The topic of the report is an area of active interest to my
research seminar. I am greatly indebted to Professor ENDERS
A. Rosixson, with whom I collaborate at present in conducting
the semirar, and to Messrs. A. Ganp, E. LyrTrENS, S, MARTI-
NweLLE and G. Srojrovic for allowing me to incorporate
unpublished research results in the report, as indicated by
specific references to their work,

1. THREE LEVELS OF GENERALIZATION TN DYNAMIC MODEL
BUILDING (%)

We shall consider three types of approach which (a) have
the form of simultaneous equation systems; (b) are designed to

() The reader is assumed to have some orientation in the literature of
dynamic cconometric models. Tor textbook treatments of CC- and ID-
system, se¢ Refs. 10 and 11. The present exposition leans heavily on Refs.
tz and 13.
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include forecasting as a main purpose in their applied use;
{c) make use of the device called forecasting by the chain prin-
ciple,  We say that a forecast that spans R periods £+71,
t+2, ..., t+5k is obtained by the chain principle if the cal-
culations proceed step by step so that when the forccast for
the peried #+1¢ has been obtained (f=1, 2, ..., k- 1) it is used
as an actual observation when calculating the forecast for the
period ¢+1-41.

t-gh tezh  tzh  t-h t t+h  t+2h

Observations: O O O Q

o O @)
Forecasts: \é\ [T:,\-x [T:,

FiG. 1 — Forecasting by the chain principle

All through sections 1-2 we shall be concerned with purely
theoretical aspects of the three types of model. For the speci-
fication of the models we shall make use of the notion of
eo ipso predictor, that is: If a random variable y allows the
representation

(1) - y=fE)

where f(x) is the conditional expecfation of y for given %,

(2) E(ylx)=[(x)

then f{x) is called an zo ipso predictor of 4. The notion extends
to vector variables y, x, v, As fo the empirical treatment of
eo ipso predictors, we note that they can under very general
conditions be consistently estimated by least squares regres-
sion (3).

) For a detailed proof, see Refl, 14,
I
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SEMAINE D’ATUDE SUR LE ROLE DE L' ANALYSE ECONOMETRIQUE EIC. 121

It will suffice for our purpose to consider relationships and
¢o ipso predictors that are lincar. The following terms and
notations will be uvsed throughout:

(3) Y= e Yo oo Yard

is the vector of current endogenous variables;

(4) %= Ky Kap oo Ky

is the vector of exogenous variables; and

(5) 2=V Yiia i Fp X o)

is the vector of predetermined variables.

1.1. Vector vepression {VR-) systems.
The general formula for linear vector regression is given by
(&) Yu=Lilyiin Yoo h X X, )Ty

where ¢=T ..., #; the functions I, are linear; and we assume
that L, is an eo ipso predictor of y;, for all 7 and £,

i

(7) EWulyi ot ¥imzr o5 % %gs 0]

=Ly Yoo o5 X Ep

St

In matrix representation we write the vector regression
system (6)-(7) as follows,

(8 y, =Bz +v,

[2] Wold - pag. 7
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with.

(9) E(ylz)=B &

We note the following general features of vector regression
systems:

1} The system contains one (and only one) explanatory relation
for each of the current endogenous variables;

2) In each relation, all of the explanatory variables are pre-
determined

3) Each relation is an eo ipso predictor subject to random
disturbance.

1.2. Causal chain (CC-) systems.

The general formula for causal chain (also known as recur-
sive) systems is in the linear case given by

{ro)

Vi =LY 10 Yoy oo Yietis Yicir Miwzsr ool X %0y, oo} + Uy

where i=1, ..., #; the functions L, are lincar; and L, is as-
sumed to be an eo ipso predictor of y,, for all 4 and £,

(11} Eilyie va oo Viet,s Yewss Yeewr oo X Xy, )=
LilVio Yo oo Yioiis Vits Yeeas oo Epogs 00

To give the system {10)-(11) in matrix form we write

(12) vi=A Y, +B 2+
with
{13) Elyly', z)=A y,+ Bz,
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where the prime in y’, indicates that when the vector y, serves
as an expectational condition for the variable v, this variable
is deleted in the vector, and where

(14) @ =0 (G==1, ..., »; k=i, i+1, ..., n).

To state (r4) in words: the matrix A is subdiagonal in the
sense that all elements in and above the main diagonal are zero.

System (10) is called the primary {or structural) form of the
model (*). Thanks to the subdiagonal design of the matrix A
the current endogenous variables y,, can be eliminated from
the right-hand members of the primary form (10) by a sequence
of iterated substitutions. This operation leads to the reduced
form of the model,

(15) v,=Rz+uw,

where the matrix R is given by

(16a-h) R=(1-A)"B; w,= (I~ Ay~ u,
and the following relation can be established,

(17) E(ylz)=R z,

showing that the component elements of R z, are ¢o ipso predic-
tors for the corresponding variables v, or briefly stated, that
the reduced form relations make eo ipso predictors for the
current endogenous variables.

A key featurc in the gencralization from VR-systems (6)

(*) With regard to its theoretical content, a model consists of a set
of asswnptions and a group of theorems deduced from the assumptions. The
term primary form brings in relief that this form contains the basic as-
sumptions; the term structural form accentuates that the specification of this
same form deteymines the theoretical structure of the entire nodel, including
the reduced form and other relationships deduced from the basic assumptions.
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to CC-systems (10) is that in CC-systems the reduced form (15)
differs from the primary form (10), whereas in VR-systems the
primary form and the reduced form are one and the same
system (6).

The following general features of CC-systems will be noted:

1} The primary form (10) contains one (and only one}
explanatory relation for each of the current endogenaus va-
riables;

2) In the transformation that leads from the primary
form (10) to the reduced form (1 5) the current endogenous
variables can be climinated from the right-hand members by
a sequence of iferated substitutions,

The causal aspect of the substitutional design has given the
model its name « causal chain system ». To paraphraze, the
current endogenous variables form a causal chain of the same
type as in the nursery fad: « The cat on the mouse, the mouse
on the rope, the rope on the hanged man’s neck. »

3) Each relation in the primary form and the reduced form
is an eo ipso predictor subject to random disturbance.

In view of the potential vse of the primary form and the
reduced form for predictive and other inferemtial purposes,
3% is a key feature of CC-systems. A model which has pro-
perty 3° will be called bi-cxpectational. The bi-expectational
property of CC-systems is closely tied up with the substitutional
design 29, ‘inasmuch as the substitutions af issue are an oper-
ative procedure that carries eo ipso predictors into eo ipso
predictors.

1.3. Inlerdependent (1) systems.

A broad class of interdependent systems is covered by the
following model:

(18) Ay 4B,
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where the vector

(19) Yol v s o Yiae )

is formed by current endogenous variables in such manner that
for any specified ¢ the variable y;, may or may not occur in y,,
and may occur twice or more; and where

(20) Gy, =0 (k=1, .., %)

that is, matrix A is such that the rclation for v,, does not
involve this variable in the night-hand member.

Systemn (18) is the primary (or struciural) form of the maodel.
Regarding the primary form (18) as a system of implicit rela-
tions for determining the curreni endogenous variables, and
solving for these variables in terms of predetermined variables,
we obtain the model in reduced form,

(21) y, =R z,+w,
where
(22a-b) Re(1- A1 B;  w,=(1-A)" v,

and where we assume that the relations make ¢o ipso predictors
for the cwrrent endogenous variables,

(23) E{yR z)=R 2,

We note the following general features of interdependent
systems (18):

1} The primary form (z8) contains as many relations as endo-
genous variables;

2) The matrix (f ~ A) is nonsingular.
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3) Each relation in the reduced form is an eo dpso predictor
subject to random disturbance.

I.4. Incentives for the gemeralizalion from VR- to CC- and
1D-systems,

1. Aggregation over fime. Vector regression (6) is of old
standing In dynamic model building, and especially in the
natural sciences a good many dynamic theories can be quoted
that make use of this type of approach. An important feature
is that if the data so permit, the time unit can be chosen very
small; hence, in principle, VR-systems (6) cover also the ap-
proch of differential equation systems of any order, Model (6)
thus lies near at hand in situations where the data are registered
continuously (recording barometres, seismographs, etc.), or,
more generally, are registered periodically with time intervals
that are short relative to the changes in the variables between
the recordings,

CC-systems (10) and iD-systems (18) are recent innova-
tions, baoth emerging in econometrics in the decade 1935-1945.
It is not by chance that this generalization was Initiated in
econometrics, an area where theoretical model building had
been well developed since long ago, and where by long tradi-
tion a large part of the available time series data had the form
of annual aggregates. Hence there was — and is — a twofold
incentive for the generalization from (6} in the direction of (10)
and (18). One was that annual data were known to involve
lots of information in the form of interrelations between econo-
mic factors observed in one and the same year, a source of
information that cannot be exploited in the VR- approach (6).
And the very existence of large masses of annual data rein-
forced the incentive for the generalization at issue.

2. The chain principle of explanation and forecasting. More
recently, another incentive for the generalization has come to
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the fore, inasmuch as VR-, CC- and ID-systems make use of
the chain principle in extracting inference from the model. If
a forecast is fo span 18 months, say, and weekly data are
available, a model of type (6) with weekly data would require as
much as 78 links, a design that invelves the danger that the
forecasting errvors will aggravate by accumulation; it would
then be attractive to build a model of type (10) or (18) on the
basis of quarterly data, say, a model that exploits the inter-
relations Dbetween variables as observed during one and the
same period; such an approch would require only 6 links in
the forecasting procedure. A specific point in this connection
is that in economic statistics the observational crrors are in
practice relatively more important if the aggregation peried is
short {*); hence there will be a downward tendency in the
magnitude of regression coefficients, and the accuracy of the
forecast will not be optimal if the agpregation period is too
short. To put it otherwise, if the disaggregation goes too far it
works against the law of large numbers, and thereby attennates
the inference from the model. This is just one aspect of the
problem what period of aggregation is optimal in the design
of the model, a highly important, many-faceted and difficult
question that falls outside the scope of this brief review.

The chain principle is a unifying feature of VR- CC- and
ID-systems. More specifically, the forecasts are generated by
the chain principle as applied to the reduced form, and this
has the same mathematical structure in all three models, as
seenn from (8)-(g), (r5)-{17) and (21)-{23). At the same time
the chain principle brings in relief that the models work at
three different levels of generalization. Thus in VR-systems (8)
the primary form coincides with the reduced form; in CC-
systems the primary form (r2) is transformed to the reduced
form (15) by a sequence of iterated substitutions; in ID-systems

(!} Ref. 15, Appendix B, discusses this point with reference to correla-
tion cosfficients, and the same argument applies to regression coelficients.
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the reduced form (21) cannot he obtained from the primary
form (18) by iterated substitutions. This last feature is closely
related to the fact that ID-systemrs are not bi-expectational:
the predictor specification (13} of the primary form (12) of
CC-systems has no parallel in ID-systems (18). The lack of
parallel to (13) in (18) is clearly a stochastic feature of the
models, for it would not appear if the ID-systems (18) were
deterministic in the sense of disturbance-free relations: in fact,
the left-hand members of (23) would then be nothing clse than
the component variables y,, and (23) would be precisely the
same system of relations as (z21).

In the much-discussed dualism between CC- versus 1D-
systems if has been a veritable stumbling block that ID-systems
are not bi-expectational (%). As briefly noted above, this key
feature results from the merging of two lines of generalization,
namely from VR- to CC- and ID-systems on the one hand,
and from deterministic to stochastic specification of the models
on the other, We shall return to this matter in section 2 for
a more detailed review.

3. dccounting identilies vs. equilibrium relalions. To sum-
marize the argument, accounting identities make no incentive
in the generalization from VR- or CC-systems to ID-systems,
whereas the incorporation of equilibrium relations into the
model is one of the main incentives in the generalization from
CC- to ID-systems (7).

The argument will be illustrated by simple cases in point.
A typical accounting identity is given by

(24) Y, =C +85,

(%) See, also for further references, Refs, 16 to 18 and Ref. 3o.
("} The exposition males systematic use of eo ipso predictors; otherwise.
the argument of this subsection is well known.
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where Y, is gross national product, C, total consum plion, and
{ {

S, total savings. As to equilibrium relations, a typical case is

the assumption

(25) S=1,

where S, is saving and I, investment,

Speaking generally, if the primary form of a VR- CC- or
ID-system involves an accounting identity, an equivalent model
can be constructed by interpreting the identity as a behavioural
relation for one of the variables. TFor example, if the model
involves the identity (24) and the two behavioural relations

(26a-b)  Y,=L,(z)+v, with  E(Y,lz)=L,(z)

(27a-b)  C,=T.,(Y, z)+v,  » E(CIY, z)=1,C, &)
we obtain
(28a-b)  5,=Y,~C/=L,(2,) - L,(Y, 2z)+v" with V=0,

and under general conditions the relations (24) and (26)-(27)
further imply

BSIY, 2)=Y,-L,(Y, z)

{20a-b)
( B8z )=L,(z) - Ly(Ly(z), 2,)

Turning to equilibrium relations, for example {25), the si-
tnation is fundamentally different. The model involves one
behavioural relation for cach of the variables that are subject
to the equilibrium assumption, and the equilibrium is regarded
as the result of corresponding changes in an equilibvating va-
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viable, in this case the interest rate, say ¢. In symbols, let the
two behavioural relations be

(300b)  §,=L,(g. 2)+v, with ESlq, 2)=1(q, =)

(312-b} I = Lo(q,, Z)+ ’t n E (Tllq!’ 2= 15(q. %)

where for simplicity we have assumed that g, is the only cur-
rent endogenous variable that influences S, and I, Further let
M, denote the common total of savings and investment,

(32) l M, =8, =1,

Then under general conditions of regularity we may substi-
tute (30a) and (31a) into (32) and solve for the equilibrating
variable, say

(33) g,=Ly(z,) + v,

Thus we may regard (32) as an implicit and (33) as an explicit
behavioural refation for the equilibrium variable g, Now with
regard to the rationale of the generalization from CC- to 1D-
systems the following points will be noted.

The assumptions (30)-(37) make two behavioural relations
for the endogenous variable M,, and no explicit behavioural
relation for the endogenous variable g,, and this situation is
incompatible with the general design {10) of CC-systems, This
is so even if the eo ipso predictor specifications (30b) and (31b)
are abandoned. In this connection it is important to nofe that
if specifications (30b) and (31b) are adopted, relations (30}-(31)
imply

(34) E(Q:lzr)-:ilgl‘:%(zr)

showing that relation (33) cannot be specified so as to make
an eo ipso predictor.
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In an ID-system (18), on the other hand, it is perfectly legi-
timate to incorporate relations (30a) and (31a), and the ensuing
relation (32) may perfectly well be specified so as to make an
eo ipso predictor,

(35) E(g lz) = Ls(z))

but in the specification of the ID-system we must in general
abandon the assumptions (30b) and (31b). This last point is
entirely in line with the lack of counterpart to (13) in (18).

The upshot of the argument is that accounting identities (24)
can be incorporated into any VR-, CC- or ID-system, whereas
an equilibrium {2z5) makes a parting of the ways between VR-
and CC-systems on the one hand, and TD-systems on the other.
The salient point is that (24) is an exact identity, whereas (25)
is an approximation, inasmuch as the deviations from equili-
brium are ignored. This comment also gives a clue to how
the situation may be dealt with in CC-systems, namely by
taking the difference between the two members (30a)-(31a) of
the « equilibrium » into explicit account, and exploiting i,
possibly with a suitable lagging, as an explanatory factor for
the equilibrating variable g, A simple example is given by
the following mode! for the balance between demand and supply
in a market under free competition (3).

Demand relation:

(30a) d;=1.580 ~ 0.390 p,+ 0.520 f,+u,

{*) Model (36) refers to the US market for pork 1939-1956. Refs. 1g and
20 give similar models for several agricuitural products, based on US data,
Ref. 21, The data having been revised, Ref. 22, T am indebted to Mr. Sroy-
govic for recalculating his pork model, Ref. 20, on the basis of the revised
data for the purpose of the present report,

To list the exogenous variables, f, is a price index for farm products;
¢, is corn price; g, is a dummy variable representing war effects 1942-406;
w, is the farm wage rate.. QQuantities are per capita values; prices and wages
are in real terms.
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supply relation:
{(36b) $,=1.825+0.055 p,_| ~ 0.097 ¢, | +0.123 g+,

price mechanism:

7

(360)  £,=0.403 (dy, - 5) +0.220 @, +0.414 ¢+,
with all three relations specified as eo ipso predictors, giving
E(d|p, f)=1.580~ 0.300p,+0.520 f,

and similarly for (36b) and (36c). Model (36) has the formal
design of a CC-system, inasmuch as s, is influenced only by
predetermined variables, p, by s, and predetermined variables,
and d, by p, and predetermined variables.

These simple illustratious bring in relief the distinction be-
tween the notion of instantancous equilibrivm and other modes
of equilibria. Tn an ID-system that includes (30a), (31a) and
{32) the instantaneous cquilibrium enters among the basic as-
sumptions of the model. In CC-gystems, on the other hand,
instantaneous equilibria have no place; instead, equilibrium
tendencies may enter the picture by way of theoretical deduc-
tions from the model. Thus in model (36) demand and supply
will under general conditions of stochastic regularity be in
stationary balance, a state of never-ceasing random fluctuations
around a limiting equilibrium level.

4. The general scope of veclor regression and causal chain
systems. DBrief reference is made to two groups of theorems
that establish the general scope of VR- and CC-systems. The
theorems refer to a set of observed time series (3)-(4) that
are conceived of as extending into the indefinite past
(¢t~1, -2, ...), and they have the nature of representation
theorems that yield predictive inference under the assumption
that the structure of the interrelations between the time series
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be the same in the future as in the past. Thus it is shown that
the observed fime series can be represented in the form of a
VR-system, a representation that holds under very gencral
conditions and to any prescribed accuracy in the stochastic
specification (*). A similar theorem holds for CC-systems.
Both theorems exist in two versions, one where the abserved
set of time series is regarded as a (multidimensional) realization
of a stationary process, and the expectational properties of the
VR- and CC-systems are specified in terms of cross section
averages of the various possible realizations. The other ver-
sion refers to no other realization than the observed time serics,
and specifies the expectational properties of the system as
averages over time based on the single realization. The theo-
rems are closely related to the general representation theorem
known as predictive decomposition of stationary stochastic
processes; Refs. 15, 24 and 46. The predictive decomposition
is parametric, and the parameters are uniquely determined. An
important feature of the predictive decomposition and of
CC-systems is that representations of this type yield predictions
that are optimal in the sense of minimum-delay of informa-
tion (°). Thus far we have referred to the given time series as
stationary, but the representation theorems extend to the case
ol nonstationary processes; Ref. 25,

Mathematical generalization is not an unmixed blessing.
When a theoretical model is generalized so as to cover wider
arcas, the basic assumptions are relaxed to some extent, and
the relaxation brings on that the inference from the model is
attenuated in some respect or other. The ensuing balance be-
tween generalization and attenuation of inference is a most
important aspect of the three models under review. To sum-
marize, any set of observed time series can be cast in the form

(™) For this and the foliowing theorem, see {also for further references)
Ref, 23,

(*) Anncunced in Ref. 46, the full proof of the CC-representation is as
yet unpublished.
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of a VR-system And CC-systems, too, are of general scope
in the same sense. Here the substitutional design referred to
in 1.2 (2), is the salient point. Thanks to this design it is pos-
sible to carry through the specifications (13) of the primary
form and (17} of the reduced form in terms of conditional
expectations, although this bi-expectational specification of
CC-systems might seem highly restrictive at first sight. At the
same time the substitulional design marks the limit beyond
which the generalization from VR-systems in the direction of
CC- and ID-systems cannot be pushed without losing the
bi-expectational property. Hence, as noted in 1.4 (2), ID-
systems in general are not bi-expectational. Another important
property that goes lost in the generalization from CC- to ID-
systems is the optimality with regard to minimum-delay of
information.

2. ENDS AND MEANS IN THE TRANSITION FROM DETERMINISTIC
TO STOCHASTIC APPROACHES

Whe shall in this section consider a number of sitnations
that are special instances of the universal mathematical rule
that generalization of a theoretical model is always accompanied
by attenuation of inference from the model. The theorems rele-
vant to the argument of this section belong to the foundations
of probability theory; thus (50) goes back to the beginnings of
correlation and regression analysis around 1goo, and the origin
of (41) is still more remote.

2.1. A review of basic notions.

The transition from deterministic to stochastic specification
is a radical generalization of a theoretical model, and the
ensuing attenuation of inference goes down to the very foun-
dations of model building. To emphasize the basic arguments
we shall start from scratch and give some few simple illustra-
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tions of the notions of wnivariate distzibulion and bivariaie ve-
lationship.

With reference fo Figs. 2a and 3a, let x be the {unspecified)
molecular weight of sugar. TPhysical chemistry tells us that
the sugar molecules are crystals, all of which have the same
weight, p=3.01 x 10~# grams, that is 180 times the atom
weight of hydrogen. If the weight i could be measured exactly,
the situation would be as shown in Fig. 2a. In practice, the
weighting is subject to observational error, and if the errors
follow the normal distribution the measurements will be distri-
buted as shown in Fig. 3a. The observed average x of this
distribution provides a point estimate of the unknown molecular
weight . Next let x be the molecular weight of a polymere,
say a specific make of nylon. The nylon molecules are bands
of different length; that is, x is not a sgpecific number, but a
variable subject fo a specific distribution, say as shown in
Fig. 4a. Here . denotes the mathematical expectation of the
distribution,

(37) pe=Elx]

Distinguishing between the theoretical and the observed distri-

bution, as illustrated in Fig. 54, the observed mean x gives a
point cstimate of the theoretical mean .  Conceptually, the
dotted curve represents the distribution of a variable x =x% +¢
which is composed of a variable x* with the same distribution
as in Fig. 4a, and an observation error € which for fixed x* has
a distribution of the same type as in Fig. 3a. In the present
illustration it so happens that the molecular distribution can
only be observed indirectly, since the individual molecules are
too small for direct observation. Conceptually, we may think
of the observed distribution as referring to the individual mo-
lecular weights subject to observational error.

Comparing the situation in Figs. 2a and 3a with the more
general situation in Figs. 4a and 5a we note two simple instan-
ces of attenuvated inference:
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1) In Fig. za the weight p refers to each of the sugar mo-
lecules, and similarly for the estimate x in I¥ ig. 3a. In Fig. qa
the weight | holds only as an average for all of the nylon mo-
lecules subject to observation, and similarly for its estimate x
in Fig. sa.

2) Let M be the (average) second order momentum of the

molecules. For the sugar molecudes the theoretical maodel illus-
trated in Fig. za gives

(38) M=y

and in the model illustrated by Ifig. 3a a point estimate of M
is given by

(30) Movn?

For the nylon molecules the theoretical distribution gives, as
Mustrated in Fig. 4a,

(40) M =u?+ g?
v
%
) I
K g 0 %
116, 2 — Nonstochastic varviables subject Lo gxact observation. a) Molecular

weight of sugar. D) Boviy's law PV=e,

where ¢ is the standard deviation of the distribution. The
simple point we wish to illustrate is that the inference (38) for

[2] Weld - pag. zz2
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Fia. 3 — Nonsiochastic variables subject lo observalional error.

a}-b) Same variables as in Fig. 2 a-b.

the deterministic situation does not extend to the inference (40)
for the stochastic situation, or more generally,

(41) JED)#E(x)]

that is, the expectation of a nonlinear function fix) will only in
exceptional cases equal the function of the expectation.

Turning now to bivariate relationships, Figs. zb and 3b
refer to Bovie’s law,

(42) PV=¢

M * i

Fre, 4 — Stechuastic vaviables subject to exact observatjon. a) Molecular
weight of nylon. h) Consuner demand vy as function of smarket price x.
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or in words: For an ideal gas kept at constant temperature in
a closed container with alterable volume, pressure P times
volume V is constant. In the accuracy of ordinary scale read-
ings, Bovrr’s law holds as a deterministic relation. Typical
inferences from Boyir’s law are that if the volume of the con-
tainer is known, say V,, the gas pressure is given by

(43) Pu=c/V,
o

X

Vs, 5 — Slochastic wariables subject lo observational ervor. a)-b) Same
varialbles as in Fig. 4 a-b.

and if the pressure is known, say P,, the volume is

0’

(44) Ve C/Po

If an experiment is performed to demonstrate Bovir's law
there will be small deviations owing to observational errors in
I and V, as shown in Fig. 3b. Taking the constant ¢ to be
unknown it can be estimated from the data, for example by
the method of least squares as applied to the logarithmic
relation

(45) ]Og P 1()g‘ V= log ¢

[2] Wold - pag. 24
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The resulting estimate can then be used for the inferences (43)
and {(44).

Next we come to Fig. 4b, which illustrates a demand rela-
tion specified by way of an eo ipso prediclor, say

(40) d=¢ p* +uv
with
(47) Edip)=cp™

where « is the demand elasticity with respect to price. A typical
inference from the model (46)-(47) is that if price is known,
say 4, the expected value of consumer demand is given by

{48} d=c¢ p"

Comparing with (43) and (44) we note that the present inference
is attenuated in two respects:

1) Whereas the inference (43) is deterministic, exact, the in-
ference (48) about consumer demand is designed to be true
only as an cxpected or average value. This is so because
demand is influenced by many other factors than price,
influences that are summed up in the residual variable v.

2) Whereas the deterministic relation (42) allows the twofold
inference {43)-(44), the stochastic model (46)-(47) allows
only the prediction (48) of d for known p. In fact, if we
sofve (48) for p, and drop the subscript the ensuing relation

(49) pecod e
is not an eo ipso predictor,

(2] Wold - pag. 23
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More generally, considering mode! (1) and letting j-! {-) denote
the inverse function of f{+), we have

(50} Exly) 7~
‘the inference (49) from d to p would hold good if the mo-

del (40) were disturbance-free (u having probability one of being
equal to zero), or if our model were not (46) but instead

1 H
(51) p=eT 47T to
with
. A €1
(52) Efpld]=1c¢o d =

In such case the ratio 1/« would be an operationally meaning-
ful quantity, namely, the price flexibility with respect to de-
mand (%), Again, of course, model (51)-(52) does not allow
the reverse inference (47)-(48).

Coming finally to Fig. sb, the measurements are here su-
bject to observation error. Thus for fixed $, the dotted curve
represents the distribution of d=d* +¢, where d* has the same
distribution as in Fig. 4b, and ¢ is an observation error with
the same type of distribution as in Fig. 3a.

2.2. Operational aspects of deterministic and stochastic models.

The simple illustrations in 2.1 have been selected with a
view to elucidate three aspects of the transition from determi-
nistic to stochastic approaches.

(") See Ref. 26, whieh is a basic reference for deterministic approaches
in econometrics,

{2] Wold - pag. 26
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(1) Deterministic and stochastic models do nol obey the
same operational rules. Since stochastic models cover deter-
ministic models as a special case, the general rules for operating
with eo ipso predictors are valid also for deterministic models,
but the converse is not always true. Operations that in a ge-
neral way extend from deterministic relationships to eo ipso
predictors include addition and substitution. Procedures that
never extend to eo ipso predictors include squaring and inver-
sion, The explicit solving of a system of implicit relationships
extends to eo fpso predictors only in the special case when the
solving can be performed by iterated substitutions (). Tt is
this last restriction that lies behind the fact, noted in 1.2 (3)
and 1.4 {3), that the predictor specification (13) of the primary
form of CC-systems has no counterpart in ID-systems.

Causal relations (**). If we compare the operative aspects
of cause-effect relationships and eo ipsc predictors we note a
far-going isomorphism, and specifically so with regard to the
basic operations of inversion and substitution. Thus if y is in-
fluenced by a causal factor x, this does not imply that x is in-
fluenced by y; isomorphically, if f(x) is an eo ¢pso predictor
of y this does not imply that 7~'{y) is an eo ipso predictor of x.
As regards substitution, if v is influenced by a causal factor x,
and x is influenced by a causal factor z, we say — and in
principle this is a piece of causal inference — that 3 is in-
fluenced by z via x. For linear eo ipso predictors we have
the corresponding theorem that if the variables x, v, z are
interrelated by

(532-D) E{ylx, 2)=f(x, 2) and E(xlz)=glz)

then {*%)

Y Ref. 27, cf. also Refs, 28 and 29,

(") TFor a more detailed discussion of the causal aspects of model build-
ing, sec Refs, 16-19 and 30.

(%) See Ref. 12 for a detailed treatment of the linear case. The sabsti-
tutional theorem is In {53)-{54) quoted for three cne-dimensional wvariables
x. v, 2. Tt extends to the case when # is a vector variable, the key leature
being that functions f and g involve the same vector z.
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(54) Eyle)=1(glz), 2)

Thanks to the isomorphism here briefly touched upon, eo ipso
predictors are a most convenient tool for the analysis of cause-
effect relationships. Since behavioural relations are cause-effect
relationships, this last comment leads us to the second peint,
naniely:

{2} The rattonale of making use of eo ipso prediclors in
the specification of behavioural velalions. The main argument
is, of course, that unless a behavioural relaiion malkes an eo
ipso predictor it cannot provide forecasts that are unbiased in
the sense of expected or average values. This point is brought
in relief by (47) and (50), and the reader will have no diffi-
culty to supply any number of similar illustrations.

(3) Eo ipso predictors in muliipurpose model building.
Speaking broadly, the transition from deterninistic to stochastic
models makes no trouble, in principle, if the model involves
just one relation of potential use for forccasting; all that is
needed is to design the relation so as fo make an eo ipso pre-
dictor. It is quite another matter that the relation can be a
bad forecasting device because of specification errors, but in
this respect there is no difference between deterministic rela-
tions and eo zpso predictors. The trouble begins when the
model invelves two or more predictive relations, inasmuch as
the corresponding eo ipso predictors may be incompatible. It
is important to note that the ensuing questions of compatibility
or noncompatibility belong to the pure probability theory; no
empirical or substance-matter considerations enter into these
matiers, Such is the situation in (48)-{49), where the inference
from p to d and from d to p cannot be obtained by way of
two eo ipso predictors that form a pair of inverse functions.
This nonexistence theorem in probability theory was one of
the cornerstones when KarL Prarson laid the foundations of
correlation and regression analysis, but ils implications for
causal analysis by regression methods remained obscure for
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a long time, as witnessed by the debate on « the choice of
regression » in the 1g20’s and 1¢30’s. Such is also the situation
in multirelation systems with regard fo predictive inference
from the primary form and the reduced form. In VR-systems
this dualism does not arise since the two forms coincide; in
CC-systems both forms can be specified in terms of eo ipso
predictors thanks to the substitutional design of the primary
form; but the design of ID-systems is too general to allow this
bi-expectational specification. The situation makes a genuine
dilemma for the ID-approach, for if the primary form with
its behavioural relations cannot be specified in texms of eo 1pso
predictors and thereby as cause-effect relations subject to ran-
dom disturbance, the operational meaning of the entire model
comes in doubf.

The dilemma of ID-systems is reflected in the debate on
the rationale of « simultaneous equation systems » in the 1940’s
and 1950’s. In hindsight, what has made the controversial
and partly confused debate on « the choice of regression » and
« simultaneous equation systems » so persistent is the old and
strong tradition of deterministic model building in economics,
combined with the fact that empirical treatment of the models
and thereby the need for their stochastization came into the
picture at a relatively late stage. In the research literature the
need for stochastic models was fully recognized in the early
1930’s, but in economic textbooks the deterministic models still
dominate the scene. Specific reference is made to the determi-
nistic cobweb model of 1930, in the simplest case given by (M)

$,=5(p,.,) supply relation
{55a-¢) d,=D(p, demand relation

d,=s,=g¢, instantaneous equilibrium

(") See M. Rzmxinr (1938) for an excellent review. Cf, also IT. Scwurrz
f1938), pp. 77-80.
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in which model we further note the ensuing relation for cur-
rent price,

(50) p =g ) =D (S{p,_)))

This famous model that has entered a great many textbooks
is perhaps the single feature that has contributed most to the
obscurity in the debate on « simultancous equation systems. »
We see that the model paves the way into two main pitfalls
that hamper the stochastization of multipurpose deterministic
models, one being the inversion of single relationships, the
other being the explicit solving for the current endogenous
variables in nonrecursive multirelation models, It should be
clear from the above that this comment is not written in a
critical vein, but rather to emphasize the innovating features
of CC- and ID-systems. If an appraisal is in place, it is to
pay homage to Jan TINBERGEN, one of the three initiators of
the cobweb approach, whose superb intuition led him around
these pitfalls later on when he constructed the first CC-systems.

A way out of the dilemma referred to is provided by a
recent theorem that makes ID-systems bi-expectational by
means of a respecification of the primary form. We proceed
to a brief presentation of this new twist of the ID-approach.

2.3. On bi-expectational interdependent (BEID-) systems ().
Given an ID-system (18)-(23), the corresponding BEID-

systemn is obtained as follows: The primary form (18) is respe-
cified by the definition

*

(57) 37; = A y; Bzt oy,

("} For equivalent results in less elahorate form see Ref. 13, Theorem 10
and Ref, 12, Remark 3.2.2b,
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where A, B and z, are the same as in (18), while (139)
(58) y:=EBy IR z)=Re

is the vector of conditional expectations of the current endo-
genous variables as given by the reduced form, which as before
is assumed to be given by (21)-(22) with (23), to repeat

(50) v, =~ A1 Bro,

Then the following relation can be established,
(60) E(;l'y;, zt):Ay;‘i'th

showing in conjunction with (58) that the BEID-system is bi-
expectational in the sense of 1.2 (3).

As to the proof of (60), we note that the model becomes
deterministic if we respecify the primary form (57) and the
reduced form (59) by deleting all residuals and in the left-hand
members substitute 371* and y; for ;11 and y,. This follows as

an immediate corollary from the substitution theorem (53)-(54),
allowing z to be a vector variable.

In the debate on « simultaneous equation systems » it has
been a key point what causal interpretation, if any, can be
given to the parameters a;, of the behavioural equations in the
primary form (18) of ID-systems (again, see footnote &), The
parameters ; being numerically the same as in the correspond-
ing BEID-system, relations (5%) and (60) give the answer that
the parameters allow the same cause-cffect interpretation as
in CC-systems, except that whenever a current endogenous

(** % In the manuscript as presented at the Study Week, the matrix R
was missing in E{y, | Rz) in formulas (23) and (58), Ci. the paper (D)
referred to in the subsequent discussion, page 56, footnote (1),

{2] Wold - pag. 31



146 PONTIFICTAE ACADEMIAL SCIENTIARVM SCRIPTA VARIA - 28

variable y,, occurs as causal {explanatory} variable it must
be replaced by its expected value y,, as given by the reduced
form. Or to paraphraze in terins of MaRrsHALL elasticities, if
all variables y,, z; in (18) are logarithmic, and y,,; is cur-
rent demand and y;, current price, then a; is the elasticity of
demand with respect not to observed price v, but to expected
price y .

It will be noted that the expected valne y;, of a current
endogenous variable is in (58) introduced as a purely stochastic
concept. It is an entirely different issue whether this expected
valne can be given a subject-matter interpretation as an expec-
tation in the psychological sense. Thus if y, is observed
market price, and the consumers’ anticipations of market price
could be assessed, say v, for example by interviews on a
sampling basis, the definition (58) involves no implicit conjec-
ture as to whether y;, and y will be approximately equal.

The parameters of a BEID-system are numerically the same
as for the corresponding ID-system. Hence the problem of
parameter estimation is precisely the same for BEID- as for
ID-systems. Among the estimation techniques developed for
ID-systems, specific reference is made to H. THEIL's two-stage
method of least squares, Ref. 33, which conforms operationally
to an extension to BEID-systems. Briefly stated, the procedure
is to estimate the reduced form by least squares regression,
substitute the resulting estimates for the left-hand members into
the right-hand members of the primary form, and then estimate
the primary form by least squares regression.

In the following illustration we shall consider three types
of model, all with the same patterns of nonzero coefficients A
and B in (18), but in general with different numerical valucs
for the nonzero coefficients.

(1) ID-systems, or RFUE- {reduced form uni-expectatio-
nal) systems. This is an arbitrary system of type (18).

(2) PFUE- (primary form uni-expectational) systems.
This model is obtained from (18) by respecifying the nonzero
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parameters so that all relations in the primary form make
2o pso predictors.

The notaticn RFUE-system serves to emphasize that the
reduced form but in general not the primary form makes a set
of eo ipso predictors. In PFUE-systems it is the other way
around (*).

(3) BEID- (bi-expectational interdependent) systems.
Here, to repeat, both the primary and the reduced form are
specified in terms of eo ipso predictors.

Hustrations (). Whereas an ID-system and the cor-
responding PFUE- and BEID-systems in general generate
three different stochastic processes, the following three models
have been designed so as to generate one and the same stoch-
astic process. Hence if a realization has been generated from
one of the models, the realization by itself cannot indicate from
which one of the three models it has been generated. The
process involves two endogenous variables $,, g, and no exogen-
ous variable, and it is sfationary and GAuss-MaRrkovIAN with
the following nine parameters,

(61) E(p)=L(g)=0; o(py=alg)=1 o
(62) E(pg)= - “:::" y Blp g = g‘; E{p,.ipd = ~¢;
B(g1g)= - 551 El@eib)=+ p

(¥) PFUE-systems are what I have earlier, Refls. 1z, 28 and 30, called
émplicit or conditional causal chain (CCC-) systems, covering as special cases
civcwlar and bicausel chain systems.

(") Models (65)-(67) and (68)-(70) are quoted from Ref. 30. I am indebted
to Dr. Lyrrxess for pointing out an erratum in Rel. 30, p. 394, where
the rclation that corresponds to (69 ¢) is wrongly stated as Blvy v e =0.
The erratum does not affect the statement that the three models there
considered define one and the same stochastic process, but it does destroy
the Markov character of model (68)-(70). For example in {66b) we have

JE(QIHJMI): E(Qz]ﬁn..:. ]br—-2n Froas 1”.’—-31 '--)
but in general not so in {7ob).
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where g is a constant that can be fixed arbitrarily in the interval
(63) 0<p<0,06 .

The basic ID-system is a highly simplified demand-supply mo-
del where instantaneous eguilibrium is assumed,

(64) demand 4, = supply s,=g¢,

To bring out the characteristic differences as clearly as possible
the primary forms of the models have heen constructed so as
to differ only in one parameter, namely the coefficient of price p,
in the demand relation.

An ID- {0y RFUE-} system. The primary form:

3
dy=q,= - g;?r +uy,
(650 : | :
=g, ‘5_15:_-14' v, with E{glp, )= s i

The reduced form:

p= =0 Pty 2 Elplp )= -0 Py

(66a-b) 3 3
g= = Pty v E@lpe)= T pea
(47 s ’
and
(67a-~c)

E(uy g pai)= E(v,, Uz,rta;k):E(Uu V) k) =05 k=1, 2, ..

The corvesponding PFUE-system. The primary form:

4 . -
d=q,= - ?P; + Vi with  E{g/lp)= -
(68a-b)
Pr1

TYNTIES

3
Sy = E"'Z‘JIMI-I_VZI » o Elgip, =
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and

(bga-c)
E(vy, Viger) = E(Vay Vo) =E(vy, Vayo k) =05 k=1,2, ..

The reduced form:

3 .
Pi= = Y

4
(v70a-b) 5 ;
q,= ? P Ty with Elglp,_;)= “5 Pi1

The corresponding BEID-system. The primary form:

3 * # . # 3 %
dy=q,= - S—P—j)t +vy, with L(glp) = “5_pf)r
{71a-D) ) . :
8= q, = “Swfbt—l +v,, » E(qtlpt__l) - ? Prs
and
(772a-b)

ES * L3 o £ #
E(Vlt Vl:fi’k) = E(VZI vz,i:i:k) = E(V“ V?.,t:!‘.k) =0, fo = I, 2,.
Reduced form:

p=~p P+, with Elp,_)=-p p,_,

(73a-b) 3 :

4= = Progtwy » o LElgdpe)= 5 Pi-t
giving
(74) Pr=p s
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The first point we wish to illustrate is that all four rela-
tions (71) and (73) make ¢o ipso predictors. It will be noted
that in any BEID-system the expectational variables y;, are
linear expressions in the predetermined variables z;,. Owing
to the very simple structure of the model (71)-(74) the expecta-
tional variable p, is in the present case nothing else than
~p p,1. As a consequence, the demand relation {71a) coin-
cides with the supply relation (71b}. This last feature illusfra-
tes how the reduced form may in the BEID-approach contain
more information than the primary form.

Another point for which the three models provide clearcut
itlustration is that once the stochastic structure of the model
is specified the parameter estimation is technical matter and
therefore, in principle, 2 noncontroversial problem. For eo ipso
predictors least squares regression provides consistent estima-
tes; hence, for example, when applied to time series data gen-
erated from the stochastic process specified by (61)-(63) the
regression of p, on d, will provide a consistent estimate for the
coefficient - 0.8 in the demand relation (68a) of the PFUL-
system, but in general not for the coefficient - 0.6/p in the
demand relation (65a) of the ID-system. We sce that if the
least squares regression is applied to (65a) the bias may be
quite substantial, depending on the numerical value of p, and
that the least squares estimate will be unbiased only in the
special case when p=0.75.

3. PREDICTIVE TESTING OF NONEXPERIMENTAL MODELS (%)

In the big arsenal of statistical methods, the techniques for
the design and analysis of experiments are on the whole much
more developed and refined than the techniques available for
nonexperimental data. This is in particular so for the statistical

(¥} The general argument of this secticn borrows from Rel. 34.
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procedures of hypothesis testing. In experimental situations
the empirical testing of a model can be based on replications
under controlled conditions. It is here a recognized principle
to treat the experiment as self-contained, not allowing the test
procedure to exploit any information outside the observed
sample (%), For the testing of a variety of models a great
many routine techniques are available that are of maximum
power under the specified experimental conditions. In nonexpe-
rimental situations the principle of the self-contained experi-
ment is an unattainable ideal. Instead, approaches come to
the fore that in a more or less systematic manner exploit other
sources of information than the theoretical model and the em-
pirical observations used for the estimation of its parameters.
Such sources include comparisons with the results of similar
or related models constructed for other regions or time periods;
testing the validity of the model by ancillary theoretical argu-
ments ad hoc; and, first and last, prediclive tests where fore-
casts from the model are followed up by observation ex post
and comparison with the actual course of events. Confrontation
with fresh evidence is, clearly, the real touchstone for the
scientific validity of the model as well as for its practical use.

Specific reference is made to KLEIN-BALL-HAZLEWOOD-VAN-
DOME’s macroeconomic quarterly forecasting system for UK,
Ref. 37, and its predictive testing, Refs. 38 and 39. Here is
a keen follow-up study that without hesitation sets forth how
the predictions conform or fail to conform to the actual deve-
lopments, and the ensuing lucid and instructive comments sort
out the weak and strong points of the model. Such follow-up
studies are highly important, and indeed an indispensable sup-
plement to the published models, both for improving the model
subject to scrutiny, and as a guide for other related forecastiug
projects. Some twenty models have been constructed in seven
different countries for predicting the boom-recession pulsations,

() Stated Dy R.A. FisuEr (rg3s), the principle has been brought to
full significance by J. Tuxny (19354).
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and the number of models is rapidly increasing (¥). The models
are huge and complex systems, with scores of relationships,
and up to hundred or more variables, and often with shifts of
emphasis in the design that render it difficult or impossible to
make comparative studies on a theoretical basis. In this situa-
tion predictive tests are at a premium because they bring the
models on the same line in comparing the forecast performance.
In the present stage of development the need for predictive
testing is especially urgent. Once a model is in permanent use
the ensuing forecasts will in due course automatically give ma-
terial for predictive tests. As yet, however, very few, if any,
of the published models are going concerns, and therefore it
takes a nonautomatic decision — not to speak of the courage —
to plan and carry through predictive tests.

In view of their key importance I wish to make a plea
for the systematic use of predictive tests in the construction
of dynamic macrocconomic models. This last section of my
report will have fulfilled its main purpose if it can stimulate
to a joint move in this direction by the participants of the
Study Week.

In making this plea I wish to cmphasize that the entire area
of dynamic model building is as yet in an carly stage of deve-
lopment. It is perhaps too early as yet to expect forecasts
that look neat in the sharp light of a predictive test. So much
the more pressing, however, is the need for predictive tests
for the guidance of research in the many branching complexi-
ties of macroeconomic model building.

3.X. The pluralism in model building for different purposes.

The rest of this report takes up some few specific aspects
of the techniques of predictive testing. The various questions

(*) The many-faceied and rapid developments are well pictured in M. Nrr-
Love's survey, Rel. 4o.
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arc dealt with from the point of view of model building in non-
experimental sifuations in general, not only in econometrics.
The first point refers to the basic pluralism when it comes fo
model building for different purposes. Typical in this respect
is the difference between short range and long range forecast-
ing and the ensuing differences in the model construction. To
bring the gencral perspective in relief, reference is made fo
similarities in this respect in economics and meteorology.

Short range Long range

forecasts forecasts
Meteorology . . 24 or 48 hours 4 or 6 weeks
Feonomics . . . 6 or 12 or 18 months 5§ or 10 years

In meteorology the short term forecasts are fairly reliable
over 24 to 48 hours. The principal basis of the short term
forecasting techniques is the thermodynamic theory of cyclons
of the Bercen school (). The importance of this theoretical
innovation can be read off in the gradual increase in the reli-
ability of the forecasts from rg2o0 or thereabout.

Meteorological forecasts over the « long range » of 4 or 6
weeks is a more recent development. Here the forecasting has
to be based on other phenomena than the cyclons and their
individual paths. The technique is still in its beginnings, and
the reliability is much lower than for the short range forecasting.

In economic forecasting, « short term » means ranges from
3 or 6 months up to 6 or 8 quarters, and the model building
here focusses on the boom-recession pulsations. « Long range »
usually means something like 5 or 1o years, and the all-
important purpose of the model is to analyze and forecast eco-
nomic growth. Hence, just as in meteorology, the subject-
matter content of the economic model is radically different in
short range and long range forecasting. On the other hand

(Y J. Bysxunes (191g) is a basic reference. 1for a recent review by one
of the co-founders, see T. BrrGrroN (rg59).
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there is a notable disparity, for in meteorology the emphasis
on forecasting is the same in both approaches, whereas in
econometrics this emphasis is more pronounced in short range
than in long range forecasting. As is well known, econometric
models of economic growth often are a hybrid between strict
forecasting and economic programming and policy making.

3.2. The Janus quotient: A prediciive test criterion.

The Janus quotient, an adaptation of the Fisnerian F-ratio,
has recently been proposed for purposes of predictive test-
ing (*). Its formula is

1 n+n .
T i}
(75) I or = + VT
— (o — 37"
LN

depending on whether we prefer to compare variances or stan-
dard deviations, The test refers to a specified model, say M.
The notations are a;, a,, ... for the acfual observations, and
Vi, ¥a, ... for the corresponding theoretical values as obtained
from the model. Conceptually, the Janus quotient refers to
the instant between the past and the future, and as indicated
by its metaphoric name, the JaNus quotient Iooks in two
directions, Dbackward in time over the observation range
t=1, ..., n fo form the denominator, forward in time over the
prediction range t=n+41, ..., #+m to form the numerator,

The design of the Janus quotient can be generalized and
varied so as to adapl to different types of application. ILet

(®) See Ref. 43, also for further details, Cf. the U-criterion ecarlier pro-
posed by H. Turm, Ref. 33, frem which the J-criterion differs in being
invariant to linear scale transformations.

[2] Wold - pag. 40



SEMAINE D’ETUDE SUR LE ROLE DE I ANALYSE ECONOMETRIQUE Brc. 153

us consider a situation often encountered in applied work, na-
mely, when the forecasts v, ..., ¥,.,, from model M are
formed by means of ancillary forecasts of one or more exogen-
ous variables (¥); let v, ....¥p, be the quasi-forecasts
obtained when the exogenouns variables are known at the end
of the forecast period and substituted for the ancillary forecasts
in M; then

I 4t

— 2 (J’;_“a)g

(76) Jf == ”I; t=?:a+] ’
Y 1221 (2, —n)r

is a measure of the accuracy of the forecast model M when
those forecasting errors are removed which arise from im-
perfect ancillary forecasting.

Since the numerator and denominator of the JaNUs quotient
measure the deviations between theoretical and observed values
in the observation range and the forecasting range, respectively,
the JaNUs quotient may be regarded as a criterion of stable
model structure in the two ranges. To elaborate this point we
shall consider two types of forecast. :

(1) Forecasting by extrapolation ().

This approach includes forecasting by deterministic extra-
polation,

(77 a) v, =)+, with  E(y)=f{)

where f(£) is a specified function, usvally with parameters
estimated from the observation range. For example, f(f) may

{(*) Cf. Hazrzwoop-Vannome (1967), where forecasts of type yF o ATe
referred to as being obtained by exirapolation, TFor applications of the same
device in unirelation models, sec R. BENTZEL (1959}

(*) See Ref. 43 for a more elaborate treatment, including applications
of (75)-(76) to unirelation models.

[2] Wold - pag. 11



150 PONTIFICIAE ACADEMIAE SCIENTIARVM SCRIDTA VARIA - 28

be a linear or curvilinear trend, a sinusoid or a sum of periodic
components. Now assuming that the model (76) is valid both
in the observation range and the forecasting range we have,
as a first approximation,

(77 b) E(J3)ar1

valid if the forecast range is short relative to the observation
range.

The present approach further includes forecasting by
exogenous variables, Considering the linear case, model M is

(78) ¥ =Po+By xpt By Xty
with
(79) E(y,lx“, e xh:)tﬁo"‘ﬁu Xyt ot igh Xt

where the coefficients §; of the exogenous variables x;, usually
are estimated from the observations. Assuming stable model
structure we have in this case

(80) E(Jh)~

provided the forecast range is short,

The criteria (75) and (76) can be developed in the direction
of significance tests. The following result is due to S. MarTi-
NELLE (¥). As applied to a model (77 a) with % linear compo-

() Ref. 45. I am indebted {o Mr. Marvivenir for kindly placing his
unpublished results at disposal for the present report,
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nents f,(#) and with residuals v, independently and normally
distributed, the Jawus quotient {75) is distributed as

72 (m-k) + i (x+ X)) 43 ()
s L f=]
(81) JP= i £ (0 - )

Here the x*variates arc independent with degrees of freedom
indicated within paranthesis; 7, ..., &, are the roots of
equation

det (C,-AC)=0
where C is the product sum matrix

C=X"X
with

F(D) Rl . fil(T)

i) fo(m) oo fulm)
and C, is the corresponding product sum matrix for the pre-
diction range. It will be noted from (81) that the JfanUs quo-

tient tends to increase with the predicfion span and with the
number of free parameters.

(2) Forecasting by the chain principle

We shall consider the casc of a stationary unirelation mo-
del M which we specify by the representation

(82a-b) yi=BotB ¥yt yiat .ty

ot H oy U hey Uyt
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(83) E vy 1 902 cd =By F B vt

which is a special case of the predictive decomposition of y,
referred to earlier in this paper [section 1.4 (4)]. The forecasts
Yuylr Yurzs - are obtained by the chain principle, making iter-
ated use of (83). Thus when y,,; has been obtained, y,.,,,
is calculated from (83) in the basis of v, ¥, ... The
variance of the resulting forecasts is given by

(84) E(yrrrm - anﬂn)z = (I + Otlz ok a‘,?fgm-].) g?

showing that the accuracy of the forecast will decrease as the
forecast span s increases. This last feature is reflected also
in the Janus quotient, inasmuch as (84) gives

I 2 I

(85) E(JZJ:I"!-(I-—;E) 0,§+(I —;;Z) a:§+... -l-j;?; ot.?”_1

The predictive decomposition (8za-b) has the property that
the variance (84) is the smallest possible of all representations
of type (82b). This is the fundamental property of minimum-
delay, established by E. Ropinson, Ref, 24, and referred to
earlier in this paper.

The approach (82)-(85) extends to the general stationary
case when y, allows the predictive decomposition

(86a-b) V=Wt By yia B yeat 4,
=W o e v o, U gt
where W, is the deterministic (also called singular) component

of y,. The procedure of forecasting first settles the prediction
of the deterministic component over the entire forecast range,
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and then applies the chain principle in the same way as in
(82)-(83) to forecast y,- ¥, We sce that from the point of
view of forecasting, the deterministic component ¥, of the model
is, in principle, equivalent to an exogenous component.

Furthermore, the approaches (8z) and (86) extend to mul-
tivariate models; Ref. 46. The corresponding predictive de-
composition {82a-b) will then yield a representation in the
form of a CC-system. The minimum-delay property extends
to multivariate predictive decomposition. Hence the ensuing
forecast variance (84) is smaller than in other linear forecasting
models, such as 11> or BEID-systerns,

The application of the Janus quotient extends to mulfi-
variate systems, and in particular to VR- CC- ID- and BEID-
systems. By suitable adaptations the Janus quotient can test
the entire system or a specific behavioural relation. It can
also, as illustrated below, be adapted so as to focus on the
extrapolation aspect of specific relations Ly removing those
forecasting errors which arise from imperfect forecasting of the
explanatory variables.

Irr.usTrATIONS

(1) Market model for pork, US 1932-1956. (G. STOIKOVIC,
Ref. 20).

We shall consider the recalculated model as given by
(36a-c). For the demand relation the fit in the observation
range is moderately close,

s(v)=0.69 s(d)
The Janus quotient (76) as caleulated for a forecast span of
three years, treating the explanatory variables as known ex

post, gives the yearly values
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(87) LN =108 J.M®e=o0.gq W09 =0.68
and the aggregate value
Je=o0.92

The price mechanism gives a similar fit in the observation
range,

s(u”)=0.58 s(p)
Here the extrapolatory Janus quotient (#6) gives
(88) J*(IQS?):O_69 J*(IQSS)ZO.QI J*(1959) = 0,02

and the aggregate quotient

130.66
Using the three relations of the system (36) to generate fore-
casts by the chain principle, and applying the Janus quo-

tient (75) to the ensuing forecasts for price p,, the material gives
the following quotients

(8¢) JUD g 36 JUM =156 T =004
and the aggregate

J=o0.g2
According to (80) and (85) the Janus quoticnts (8¢) could be
expected to be higher than in (88), but the forecast refers to
only one sample series and here it so happened that the ten-

dency did not materialize very clearly.
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(2) Macroeconomic quarterly wmodel of UK, 1940-1950.
(KLEW-BaLL-HazZLEWOOD-VANDOME, Refs, 37-39).

As applied to a model like (36) for a sector of an economy,
a predictive test of type (75) or (76) is of course of limited re-
levance because the sector is liable fo exogenous influences that
may disturb or upset the model and thereby the forecasts. So
much the more relevant is a predictive test of economic models
that comprise the economy of an entire nation, although here
too there are external disturbances on the international plane,
The following figures report briefly an attempt to apply the
JANUS quotient to the abovementioned model for UK 1946-
1956. The model has not been published in such form as to
give the theoretical values obtained from the model in the
observation range; hence the quotient has only been caleulated
for three variables, and is partly based on reading off the
graphs of the residuals. Since the tests refer only to a small
fraction of the model it need not be emphasized that the figures
are only given to iltustrate the technical procedure of the pre-
dictive test (%),

Industrial Price index of Interest

Janns production finai ontpul rate

Year Quarier quotient IS P r

1957 Js 0.46 2.4 I.45
1958 J 0.21 8.3 0.90

1959 (1) Js I.35 4.2 —

» » J 0.20 7.0 e

» (2) Ju 2.85 2.8 .

% » J 3.42 7.0 —

The various generalizations and adaptations of the JaNus
quotient focus on just one aspect of forecasting accuracy, na-

) My thanks are due to Miss Inceip Ackrmois and Mr, K. NaziMup-
prx for assistance in the computations.
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mely the relative size of deviations Dbetween theoretical and
observed values. It goes without saying that this is a serious
limitation, and that the JaNus quotient thercfore by no means
is a panacea in the testing of forecasting accuracy. Specific
reference is made to the importance of paying special attention
to turning points in the phenomena under analysis. To quote
a wellkown cxample from metcorology, Ref. 47, the use of
digital computers in short range forecasting was tried out on a
cyclone which on Thanksgiving Day 1950 swept the US con-
{inent in a wide and softly curved swing, and when coming to
the Atlantic made a sharp turn northwards through New Eng-
land. It was no difficulty to simulate and forccast the wide
swing on the computer, but for a considerable time all of the
trial models led the forecast path of the Thanksgiving Day
eyclone right out into the Atlantic, and it took a qualified com-
bination of meteorolagical thinking and data compilation to
construct a model that reproduced the sharp turn.

3.3. Ouerfilling,

In the nonsense department of statistical method everybody
has seen the pitfall of overfitling — the situation when a model
gives illusively close fit to the given data because the available
observations are ontnumbered by the parameters. A case in
point that is actually on record is the time serigs analysis of
a sea level, in which study 122 annual data were graduated by
a sum of 40 sinusoids with different periods, phases and
amplitndes. The xesulting fit in the observation range was
very very close, and the forecast for the next year was included
in the report. Just as the report was published the next obscr-
vation cmerged, showing an ample deviation from the forecast.
The comment of the author was that unfortunately he had
forgot to include the 41st component.

The parameter estimation of ID- and BEID-systems by
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the two-stage method of least squares sets the trap of overfitting
in a new disguise. The transformation (22a) tends to carry
all parameters of the entire primary form into each relation
of the reduced form (¥). Thus if there are some 3 ar 4 para-
meters in each behaviour relation of the primary form, and the
primary form involves some 50 behaviour relations, each rela-
tion of the reduced form will involve some 1 50 parameters, far
more than the number of observations usually available. Well
to note, I am not saying that the model builders wallk straight
into the pitfall of overfitting. On the contrary, from the begin-
nings of the theory of ID-systems it has been a rule to specify
cach relation of the reduced form as involving all predeter-
mined variables of the entire system, and the ensuing dangers
of collinearities in the empirical parameter estimation have
been recognized for a long time (). The specific point T wish
to make is that the risk of overtitting is tangible already with
a modest number of variables in the reduced form, owing to
autocorrelation and inertia effects in most or all variables of
the system, Such overfitting will blur the distinction betweern
an ID-system and the corresponding BEID-system, with risk
that the resulting parameter estimates will be biased. To assess
and evaluate the bias by an aprioristic analysis is extremely dif-
ficult or -— at least in practice — impossible, because it leads
into overwhelming complexities even for forecasting systerns
of moderate size. The approach of a predictive test will how-
ever reveal the overfitting, and thereby the test will also reveal
the difference between the ID- and BEID-systems and the
ensuing bias in the parameter estimation.

() Explicit illustrations are given in Ref. 13, p. 484, and with more
detail in Ref, 27,
{(*) The difficulties at issue were amply emphasized by Professor D.W.
Jercenson in the oral presentation of his report, Ref. 48, to the Copenhagen
meeling of Econometric Society, July 1963,
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DISCUSSION

Fisner

As always, Professor Worn has given us an interesting paper.
My remarks are in the nature of supplements,

In tlhe first place, I am interested in the case of bi-expecta-
tional inferdependent systems.  As Professor WoLp has shown, in
this case the elasticity of demand for example becomes elasticity
in terms of expected rather than actual price, where expected is
interpreted as the expected value of price given by the reduced
form equations, Now there is of course another sense of expectation
in economics; that is the sense in which a variable Is expected by
people who make a decision based on if.  An interesting question, it
scems to me, i under what circumstances and in what types of
models this will in fact be the same as the expected price given
from the reduced form. Only in such circumsiances will it be the
case that elasticity with respect fo expecied price in fact is a mean-
ingful parameter which describes interesting behavior. T suspect
that the two coincide in a rather general framework, There is in
the lHerature a hypothesis known as the rational expectations hypo-
thesis due largely to Joun Murtn, according to which it is assumed
that the decision makers whe are being stndied expect the values
of the relevant variables to be those on the average which will he
predicted by the model. Muth has shown that this is not logically
circular, Further, in this context it sounds lke the sort of behavior
which would lead decision makers to expect that price predicted by
the reduced Torm,
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Secondly, it is of course possible that Professor Worn's J2 can
be less than 1. This can happen if structural change takes the form
of only a small change in the parameters bhut a large downward
change in the variance of the disturbance terms,

My next point is that Professor WoLb has been careful to avoid
an error which is occasionally made in the literature, namely that
least squares provides an unbiased forecast of the dependent variable,
That is false unless the least squares parameters are themselves un-
biased and this is not the case if, for example, a lagged dependent
variable appears on the right-hand side of the equation. Professor
WorLp, however, has not said this although he has said something
which sounds like it, What he has said is that least squares is a
consistent estimator of an unbiased predicter and this, as he has
shown, is true.

Tinally, it seems to me that Professor Worn is unduly worried
about what he calls the danger of over-fitting in the reduced form.
The circuinstance in which the reduced form cannot be estimated
by ordinary.least squares because there are too few observations
relative to the number of exogenous variables in the model, is quite
& common one in dealing with large econometric models. This is not
of greai consequence as a fundamental malter, however, because
one then uses intrumental variables methods which drop some of
the exogenous variables for purposes of estimation. No difficulty
of principle arises, although there is then a problem of how one
ought to choose the instrumental variables to he retained. This
is a question which I cover in my paper.

THEIL

I. Regarding the difficulty of over-fitting in the reduced form,
Messrs, T. Kroex and L.B.M, Menwes formulated a procedure (in
a rccent issue of « Iconometrica ») which is designed to handle
this probiem, which is indeed serious when the number of pre-
determined wvariables is not small compared with the number
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of observations, Their procedure amounts to replacing predeter-
mined variables by a certain number of their principal compaonents.
The specification of that number remains an arbitrary choice.

2. 1 like the idea of the JaNUs quotient., Its application requires
that the forecasts are generated by some kind of probabilistic mo-
del, e.g., a regression model. Tt is therefore not applicable when
there is no such model, ¢.g., when we wish to determine the accu-
racy of entreprencurial investment forecasts derived from an invest-
ment sarvey.

3. As to your bi-expectational procedure, 1 would like fo sug-
gest that you subiract the reduced-form disturbances, not only from
your right-hand dependent variables, but alse from your left-hand
dependent variable . Doing so, one finds that there is no disturb-
ance left in the equation at all, because all random parts are re-
moved,

WoLp

The comments by Professors Frsmer and TuriL reflect that
simultaneous equations as an area of rescarch cover a wide range
of theoretical and applied problems, The discussion is mainly orient-
ed towards the general foundations of the approach. Specifically,
the following aspects are referred to:

1) The rationale of the approach from the point of view of economic
theory, probability theory, statistics, and the theory of knowledge.
Hereunder, much of the discussion is concerned with:

a) Predictive aspects of simultaneous equation systems;

b) Causal aspects of the systems.

2) The statistical estimation of the parameters of simultaneous equa-
tions.
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The discussion further reflects that the theory and application
of simullancous equations is in rapid progress along several lnes
of development. Ilence the research situation was not quite the
same during the Study Week as now {en months later when the
replies are edited, In my replies T shall stick to the notes and
tape record from the round table discussion; when reference is made
to later developments, they will be made by way of foofnotes (1).

With gratitude and satisfaction I note that the discussants of my
paper have to a large extent been concerned with my approach of
defining interdependent systems in terms of conditional expectations;
Refs. 12, 13, 30. The ensuing approach of bi-expectational inter-
dependent systems is in an carly stage of development, and so
much the more T welcome a thorosugh serutiny of its foundations and
implications. For easy reference in my replies, let an interdependent
system be writfen:

(A) y=fy+T z4e

when defined in accordance with the classic assumptions of the
approach, and

(B) y=By*+1 z2+e*
with
(3,) e¥=g +B (y—y¥)= (It e

("} Reference will be made to the following two papers:

(@) L. R. Keix, Problems in lhe eslimaiion of interdependent sysiems.
Forthcoming in the « Transactions des LEntretiens de Monaco 1964 »;
Centre International d’Eiudes des Problemes Humains, Monaco.

(b} U, Worn, A fix-point’ theorem with economelvic background, VForth-
coming in « Arkiv £ Matematik ».
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(B,) Y =Kyt 9= Byt s

when defined as a bi-expectational system. We see that an inter-
dependent system when written in the classic form (A} has the same
numerical parameters as the corresponding bi-expectational  sy-
stem {B). Hence the problem of parameter estimation is precisely
the same for the two versions of the model,

Professor FisHER's reference to the pioneering work of J. .
Muri, « Econometrica » 2g (April 1g01), is greatly appreciated.
Murh's hypothesis of rational expectations opens up vistas towards
highly fruitful syntheses by assuming that expectations in the eco-
nomic-psychological sense arc in the first proxy equal to expecta-
tions in the sense of probability theory. In the context of my paper,
the conceptual distinction between the {wo notions of expectation
is referred to on page 32. To simplify matters in a first approach.
MuTh considers market models of the cobweb type and assumes
that they are deterministic except for the supply relation, and he
makes a most interesting comparison with other theortes of £Conomic
expectation in the realm of cobweb models. The illustration in terms
of cobweb models makes a point of contact with my own studies;
see especially Ref, 30. The contact is tangential, and there is little
or no overlapping between the problems under analysis. MUTH
has explored the models with regard to economic-psycliotogical ex-
pectation, and economic-psychological vs. probabilistic expectation;
my own interest has focused entirely on the rationale ol probabilistic
expectation, and in particular on the general rules for operating with
probabilistic expectations.

Prolessor FisHER comments that the coefficient of an cxpecta-
tional variable is a meaningful parameter « only » in case there is
no difference between the economic-psychological and the proba-
bitistic expectation, 1 have here put « only » within quotation marks
Lecause 1 think the statement is somewhat too strong. Specifically,
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another case 1 am thinking of is when we use curreni GNP as an
endogenous explanatory variable ¥, but are awarc that the statistical
assessment of GNP is not quite adequate in the explanatory context
of the model; it may then be meaningful to use the expectation y ¥
as explanatory variable, in the hope that it gives a better proxy to
the nonobserved explanatory variable than the observed value of
GNP.  Another pofential application that comes to mind is that
if y, is individual consumer income, y;* might serve as a proxy for
permanent income in the sense of M. FriEpMAN's well known theory.

In specifying the subject matter content of his models J. F. Mut
makes use of causal notions, and the expectational variables enter
both as causal factors and as effect variables, His use of causal
notions makes for a general affinity with my own work, which to
a large extent has been concerned with the much debated questions
that arise if we wish to provide a causal interpretation for the rela-
tions and individual parameters of interdependent systems.  When
an interdependent system (A) is respecified by way of (B,), this
transition makes for a clearcut interpretation of the expectational
variables ¥* as causal factors, and from {B,) we see that the va-
riables y* will alse play the part of effect variables. It will be noted
that J. F. Mutu’s model is not quite in accordance with the bj-
expectational [ramework (,)—(B,), for he specifies the demand re-
lation as deterministic by not including an error term, and in the
customary manner of cobweb models he treats the demand relation
as causally reversible by taking current demand to determine cur-
rent price. It would seemi however that Mura's line of argument
only requires some slight qualification to be in accordance will the
bi-expectational form (B,)—(B,} of interdependent systems.

Professor FisHER's comment on J? is certainly to the point, and
it brings in relief that the simple proxy J? cor primarily refers to
the case of stationary deviations from the theoretical model.

I appreciate very much that Professor Fismir emphasizes a pit-
fall about least squares: Tf a theoretical relation is an €0 ipso pre-
dictor, it can he consistently estimated by least squares regression,
but it does not follow that the reverse is trae (that is, if least squares
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regression is chosen for the estimation of a specified thecretical re-
Jationship, the cheice of estimation method will not make this rela-
tionship an eo ipso predictor). I take the opportunity to emphasize
the truth of a related negative statement: If least squares regression
is not a consisteni cstimate of a specified theoretical relationship,
then {his relationship is not an eo #pso predictor.

Coming to the last paragraph of Professor FISHER's comments,
1 am afraid it reveals rather deepgoing differences between our views.
As regards the dangers of overfitting, they are certainly a real heada-
che (see e.g. the comments by IT. Trer, Ref. 33, section 6 1), and
the trouble does not become less real hecause it is « quite a common
one in dealing with large cconometric models. » (%)

As to the approach of instrumental variables, this is a surrogate
of an ad hoc nature, inasmuch as the instrumental variables are not
specified a priori in the model. It remains to be seen whether the
results of the approach are as a rule good enough.to pass the test of
confronting the ensuing forecasts with actual evidence by way of
predictive tests, Hoping for the Dbest, T have no desire to disen-
courage; all T want to say is that this is onc of the open guestions
in the present stage of development.

In reply to the first point made by Professor Tuein, 1 am con-
fident that Kronx-Mewnes' adaptation of the principal components
approach goes a long way to overcome the difficulty of overfitting
and related headaches in the statistical estimation of interdependent
systems. The approach has the nature of a shortent, however, and
obviously it runs the risk that in sieving forth the principal com-
ponents of the predetermined variables z, it may throw away one
or more z's that contribute relatively little to the fotal variability
of the predetermined variables, and yet arc highly important as

{3) Professor L. KiLerx in the paper () referred 1o in footnote () strongly
gmphasizes how troublesome ihe current techniques for parameter estima-
tion of multi-relation models are in the present stage ol development. To
guote {rom the Monaco discussion of Professor Klein's paper, the results
he reports from the estimation of a 12 relation model give clear evidence
of overfitting, inasmuch as most of his OLS (ordinary least squares) and
TSLS (two stage least squares) estimates coincide up to the third figure.
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sources of variability of the endogenous variables, the variables
which the system has for purpose to explain.

As to the second point, T feel sure we see the J2 quotient in the
same light, inasmuch as it is only a slight modification of Professor
Tueil's coefficient of inequality, J2 being more similar to the
Fisherian ¥ ratio. The J2 is designed to exploit the information
obtained when a model is confronted with past observations on the
one hand, and future comparisons between forecasts and actual
developments on the other, and it is clear that if there is no model
such information is not available.

In his third and last point, Professor THrIL expresses relation
(B,) in words. We note the sharp contrast relative to model (A),
which in general implies

(€) E (vly, 2) # 8y + Te.

The respecification (B)) - (13,) gives a clearcat answer to those
questions which T have seen as obscure issues in my studies into
the rationale of muiti-relation models. T would fain to repeat that
the respecification (B,) - (B,) dates only from a few years ago;
gee Ref. 13, Theorem 10, also Ref. 12, remark 3.2.20. In a first
phase of my studics, Refs. 23, 34, a main theme was the comparison
between recursive (also known as cauwsal chain) systems and inter-
dependent systems (A), a key point being that while recursive
systems have a form that is directly amenable to a causal inter-
pretation of behaviour relations and individual parameters, this is
not so for interdependent systems (A). This first phase includes the
joint attempt with R. Strotz, Ref. 18, to provide a causal inter-
pretation for the individuaj parameters of interdependent systems
(A). In a second phase, Refs. 27-30, my approach was to specify
the models in terms of conditional expectations, called eo ipso pre-
dictors, or briefly predictors. One type of mode] considered, called
CCC (conditional causal chain) systems, was a straightforward
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respecification of interdependent systems (A) into predictor relations,
giving

(D) E (y/y 2)# By + Tz

Uniike (B), the respecification (D) in general involves a change
of the numerical parameters §, T' of the system. It would seem
that the respecification (13} is more fruitful than (D}. Respecification
(B) is however so recent that only some of its implications have
been explored (3).

ALLAIS

I wonder if the distinction between the three cases you have
denoted as « vector regression, causal chain, interdependent system »
corresponds to a real difference from the point of view of the facts,
What we observe in nature is continuous. Thus if we consider
discrete series instead of continuous series, we introduce something
which is handy for the calculation, but something which does not
correspond to reality and which may result in the artificial creation
of a certain number of difficulties.

HAAVELMO

T enjoyed listening to Prof. WoLw's paper. T think it was extre-
mely clear in its presentation. T only have one comment — about
something that bothers me a liftle hit, When he says to use this
or that method of approach, does he mean to use this or that

(%) Respecification (13} provides a new approach for the statistical esii-
mation of parameters in interdependent systems; see reference () in
footnote ().
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statistical method to handic a certain economic theory? Or does
he mean that he is talking about methods of constructing a certain
kind of theory? I think many of us consider the construction of an
economic theory, including the specification of stochastic elements
in the theory, as one thing, and to confront it with the facts as
something different. If we have constructed a stochastic economic
theory based on certain principles of economic behaviour, we have
a model which can be interprefed as an indirect specification of the
joint probability law of the observable economie variables. From
such a model we may derive various kinds of « relations », expected
values, and other kinds of statements concerning the propertics of
this joint probability law. It is perhaps unfortunate that we falk
about relations between economic variables, when actaally we should
regard our economic theorics as just indirect ways of saying someth-
ing about the probabilistic aspect of the variables we are taiking
about. What do we actually mean when we say that a medel or
theory fits the facts? Do we mean that it fits the facts as these will
be :f the economy is not disturbed by changes in economic policy?
Or do we mean that the model would fit the facts as these would
be after a new kind of policy? The meaning may be one or the
other, depending on what we are after. Mercover, a model that fits
the facts in the first sense may often be used as a basis for extract-
ing informatien concerning a model that fits the facts in the second
sense,  Some of the parameters to be estimated may be the same in
both cases. But ultimately, we may not be so much interested in
the joint probability law of the economic variables as it has been in
a. past period, our final interest may be related to a future joint
probability law which has been modified by certain cconomic-po-
litical actions, From this T think we may draw two conclusions,
first that it is extremely important to specify the economic meaning
of a theory or relation and, secondly, that closeness of fit for forec-
asting purposes is by no means a decisive feature of a « good » eco-
nomic theory.
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WoLn

Professors Arrars and HaAvELMO comment upon econometric
models from the point of view of epistemology, the genera] theory
of knowledge. The main point I wish to make in my reply is that
this is a highly important aspect of econometric mode! building.
Several of the much debated issues abont econometric models are not
specific to econometrics, they are fundamental issues in the
social sciences by and large; and many of the econometric techniques
are pioneering in the still wide realm of nonexperimental model
building.

As to the first part of Professor ALLals' comment, I would like
to emphasize the sharp distinclion between on the one hand the
hypotheses that constitute the theoretical part of a model, on the
other hand the actual facts that the model serves to explain. There
is always a pluralism of models, and there is never perfect agreement
between a model and the facts as actually observed. The choice
between different types of model is fo a large extent a matter of
economy of thought, to quote ExnsT MacH, More specifically, it is
often a matter of choosing the model that uses the smallest number
of parameters when representing the facts. I do not think that at
this pein{ there is really any difference between our views. And
similarly with the last part of Professor ArLars’ comment, Expe-
rience has shown that it is sometimes (and in economics quite often)
convenient and uaseful to approach the reality by way of models
where time is a discrete variable, but if it turns out that if discrete
time gives rise to difficulties, then of course we should respecify
time as a continuous variable,

Professor HaAvELMO's comments and five question marks have
direct bearing on the epistemnological foundations of econometrics;
more specifically a hearing upon econometrics as nonexperimental
model building. This is a most important topic for our round table
discussion, and I weleome his remarks so much the more as they
give me an opportunity to state agreement all through, cxcept
perhaps on one point which I think requires some qualification.
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I gather that the two first guestion marks are largely rhetoric,
and in any case [ agree with the answer he gives in the next sen-
tence. To paraphrase, the construction of cconomic theories is one
thing (namely, the theoretical part of model building), and to con-
front it with the facts is semething different (namely, the empirical
part of model building). Thus at this point I would only emphasize
more clearly that althongh the theoretical and empirical aspects of
model building sheuld be kept disiinct, at least in principle, we
should always keep in mind that a fullfledged scientific model is
a synthesis of theoretical and empirical knowledge.

As to the second group of Professor Haavermo’s question marks,
it scems to me that they will get clearcut answers if the model
builder has taken care to specify in not too vague terms for what
broad array of facts, applications, his model is designed to be valid,
and if the applications include policy making he should specily
what changes in policy, if any, it is the purpose of the model to
cover. If not for anything eise, such specification is essential when
it comes to the verification and testing of the model. TFurthermore,
the spectrum of potential changes of policy is extremely wide, and
the substance of a model would in many cases become toc diluted
if the model tried to cover more than a relatively small sector of
potential changes. For example, a relation of consumer demand
may remain the same under very different regimes of economic
policy, whereas many other parts of economic life are guite suscep-
tible even to small changes of policy.

A more specific reply to the last sentence of Professor
HaaveELme's comments is that in case an economic forecasting model
influences government pelicy, this creates a feedback problem which
in principle belongs under the construction of a more comprehensive
mode] that includes the interaction between forecasting and policy.
Feedback phenomena may be more or less difficult to handle, but
even if they are difficult they do not make model building impos-
sible. For example, feedback models are commonplace in the theory
of servomechanisimns.

Since the argumeni about a change in policy has been in fre-
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quent use in the debate on the rationale of interdependent systems,
I should like to comment a little more on this type of application.
Nonexperimental model building cannot be based on the resulfs of
controlled experiments; speaking generally, the cmpirical basis of
the model is instead some kind of regularity in the observed pheno-
mena, regularities that the model builder tries to explore and explain
by his model. In presenting his model, he should broadly specify
these regularities as the intended domain of validity of his model.
And if a scientific model is to he used for forecasting the results
of a change in economic policy, the observed regularities should
inclnde some evidence from earlier changes in policy. There is here
a fluid border between science and politics. Several aspecis of
science and politics have come to the fore in other sessions of our
Study Week. The only point T wish to make in the present context
is that politics has other social functions than science, and therefore
political activity can never be completely rationalized as an appli-
cation of scientific model building.

Coming finally to my point of disagreement with Professor FlAA-
VELMO’s comments, it lies in his broad statement that a stochastic:
cconomic model is nothing clse than a joint probability law, and
he even goes as far as to put between quotation marks the « rela-
tions » that can be derived as propertics of the joint probability
law that constitutes the model. True, the stochastization of de-
terministic models is a key development in modern econometrics,
and in this connection T was nearly to say that the part played by
joint probability laws in the specification of nonexperimental models
cannot be exaggerated — but the point I wish to make is just that
Professor HAAVELMO’s statement is such an exaggeration, Joint pro-
bability laws can express much, bat they cannot express everything.
They are symmetric in the variables involved, and as such they
cannot express asymmetric features of the model, and in particular
they cannot express causal relations that enter as part of the model,
for causal relationships are directed (from causce to effect) and the-
reby asymmetric, Causal relations in general are directed and asyn-
metric both in deterministic and stochastic models, and the stochasti-
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zation of a deterministic model brings the asymmetry in further re-
lief; in fact, as illustrated by (B,), in a stochastic specification of
¢he model the causal relations are expressed in terms of predictors,
that is, conditional expectations, and condifional expectations always
arc irreversible, and thereby asymmetric,

ALLAIS

To express myself more clearly may I comment briefly using
an example? T recently studied hyperinfiations. My formulation
was a continuous one but for simplicity I used only monthly data.
Tt was therefore impossible to represent the last months of the hyper-
inflations correctly, and with monthly data the conclusion would
have been that the assumptions made were incorrect. But when
weekly data were considered the verification of the model was very
gocd and the hypothesis confirmed.

Thus my conclusion: is that some models can introduce artificial
difficulties which could otherwise have been avoided.

WoLp

Ves, this is surely an iiluminating example to show that the
choice of time period is an important element in the specification
of hypotheses in a model, But it does not really bring heme the
previous point about continuous time, for monthly data are discrete
in time, and so are weekly data. From the theory of stochastic
processes it is easy to give examples of problems that are easier to
handle in discrete time than in continuous time,

HaavELMO

Let P(x, v, ) be the joint probability law of the variables x
and v in the past, or under one kind of economic regime, f§1s a

{2] Wold - pag. 60



SEMAINE D'ETUDE SUR LE ROLE DE L'ANALYSE ECONOMETRIQUE Bre. 181

parameter. Let P*(x, y, {f) be the corresponding probability law
for the future, under a new economic regime, {3 being the same pa-
ramieter in both cases, Then the link, the essential element of in-
variance, as between the past and the future may be the value of
(i rather than c.g. the expected value of y for given x, the latfer
relation depending on the form of the probability laws P and P*.

Koormans

In the discussions comparing inter-dependent systems and other
systems, one element has been important which T have not heard
Professor Worp mention in this summary. This is the idea of the
autonomy of individual equations of the inferdependent systems.

My question is whether the concern with autonomy can be
conserved when we go from the ID to the BEID and alternatively
when we go from the ID to the CC system.

Worn

Since Professor Koorman's question is closely related te Profes-
sor HaaveLmo's comment, I shall reply te them jointly.

Professor Haavirmo's clarifying example has the advanfage that
it is so simple that there could not possibly azise any misunderstand-
ing about the mathematical aspects. Yet there arc at least three pos-
sible interpretations of the example to consider.

1) Parameter § is symmetric with respect to the variables x, y;
for example, (ﬂ is the correlation coefficient of x and 4. This is the
case I thonght of in the first place when finishing my previous reply
to Professor HaaveELMO by a crifical remark. Paramefers that are
symmelric in this sense make a conceptval category that is far
too narrow to represent all meaningful parameters. Fer example, a
demand elasticity with respect to price, or an interest rate, do not
possess this kind of symmetry.
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2) Parameter § is a demand elasticity, an interest rate, or some
other paramcter that typicaily enters as a coeflicient for one of
the explanatory variables in an economic rciationship. In the sim-
plest case we have

(1) y=px.

It is unclear to me what Professor HaavirLmo means when he says
that 3 can be an essential element of invariance rather than the ex-
pected value of ¥ for given x, for what could the right hand member
of (K} be assumed to give if not just the cxpected value of v for
given x?

And in the Iast two lines of his comment I am afraid Professor
HaaveLmo is not only unclear, but actually mistaken. It is casy
to give examples where (I£) gives the expected value of v for given
%, and the relation is an invariant that does not depend on the form
of the probability faws P and P%, It is even so that this kind of
invariance has been exploited for assessing the direction of a causal
relationship {a first approach of this type was initiated by H. Worxk-
ING in 1934; see Ref. 12, section 6).

3) In the theory of inferdependent systems (A) it is a charac-
teristic feature that the behavioural relations are dealt with as being
reversible with regard to the current endogenous variables y. This
feature being in sharp contrast to the irveversibility of ordinary re-
gression relations, [ have many times voiced scepticism about inter-
dependent systems on this basis (see e.g. Refs. 23, 34). Now the
respecification (B,) goes some way to clarify the situation, The
reversibility at issue requires that if we rearrange the current endo-
gencus variables by shifting two or more of them from the one side
of the relations to the other, then the rearranged system should
satisfy the corresponding relations of type (B,). On the classic as-
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sumptions of interdependent systems, this reguirement will actually
be fulfilled (1)

I welcome very much Professor Koormans' guestions about the
notion of awtonomy. Prof. Friscu’s original concept of autonomy
refers to an economic feature, for example a parameter 3, that re-
mains invariant when other things change; this concept is closely
related to the notion of invariance as formulated in Professor Haa-
YyELMO's previous comment, Professor Koormans refers to auto-
nomy in a related sense that emphasizes the model aspects, a relation
being called autonomous if it can be broken out of a model and
inserted in some other specified model. In such autonomous rela-
ffons the parameters could be called autonomous in the sense of
the above points (2} and (3). As regards the argument about a
change in policy, the autonomy refers to the case when the model
builder uses different models before and after the change.

In reply to Professor KoopMans, it is my understanding that
the notion of autonomous relations is highly relevant for the theory
of multirelation models in general, and in particular so for ID, CC
and BEID systems. The difference in approach may perhaps call
for some slight modification, mufatis mutandis, depending upon what
type of model we are considering. Thus for ID systems, the aunto-
nomy of a behavioural relation would require that it remains the
same if it is broken out and inserted in another system which inclu-
des those current endogenous variables that enter as- explanatory
in the antonomous relation, For CC and BEID systems the concept
of autonomy might well be generalized somewhal so as to require
only that the residual-free part of the relation remains the same when
it is inserted in some other model. This last remark emphasizes the
point I wish to make in (2), namely that the invariants of primary
importance in non-experimental model building are directed predic-
tors such as (E) rather than joint probability laws.

("} This is bowever nou the whole story, for it turns out that the
clagsic assumplions constitute a special case that covers only a subspace
of Jower dimension than the entire parameter space; see reference () in
footnote 7.
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LEONTIEF

The structure of an analytical system which one decides to use in
any particular instance must to a very large extent depend on the
type, that is, amount and accuracy of factnal information actually
available for its implementation. Refinements of statistical methodo-
logy are often wasted on all too crade raw material of primary data.

Friscu

I have been listening with interest to the discussions in a field in
which I took great interest some yars ago and which T think I was
at that time qualified to speak. Today I do not think I am qua-
lified, quite to the same extent, but since I have been called upon
let me just give one example which is connected with what Pro-
fessor Leontmir said right now. Suppose for a moment that you
have a curve whose mathematical form you actually know. It is
for instance a second degree parabola, TFor a moment you forget
this mathematical knowledge and you look for some numerical dafa
to defermine the tangent at a specific point A, You have observa-
tion in the vicinity of this point. Let each of these observations
be affected by an error of measurement, In order to have actually
the famgent {not the secant) in the point considered, you want to
use observations that are as close as possible to the point A, If
you really want the famgens (not the secant) at this point you would
have to creep up to the point A as close as you can. But in so doing
you expose yourself more and more to the inaccurancies involved
in the mumerical observations and if you get two points that are
very close to A yon get something absolutely absurd, So you have
to make a compromise between giving up a little of the ideal you
are looking for, ie. the tangent instead of the secant, you have to
do it in order to get a method which is more robust. You must
make a compromise, and a practical man will nnderstand more or
less intuitively how far he should deviate from the mathematical
ideal in order to have a result which is useful for his purposes.
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ArLais

In fact, 1 agree completely with what Professor Frisca said; but.
my point was different. 1t was that for the discussion and for the
analysis of the difficulties we meet we must distinguish between real
difficulties and artificial difficulties which arise only from the con-
sideration of discrete series. That is quite different.

WoLnp

This last group of conunents refer to shortcomings of moedel buiid-
ing that arise because the empirical observations for some reason or
other do not match the theorefical model.

Professor LEoNTIER very rightly emphasizes that there must be
a sound balance between the accuracy of the statistical observations
and the degree of refinement of the statistical methods applied. A
caution in the same vein is that the application of refined statistical
methods should not become an end in itself, and thereby become
futile.  Or « sieving moscitoes, but swallowing camels », as the
Swedish proverb goes, the moscitoes being sampling errors that are:
reduced by refined techniques bul tend to zero anyway in large
samples, whereas the camels of specification errors are ignored al-
though they are finite entities that de not tend to zero with increasing
sample.

Professor FriscH wvery instructively points out a erucial feature
in the transifion from deterministic to stochastic models, namely
that when it comes to differentials versus finite differences, it is often
casier to work with differentials it the approach is deterministic.
and with differences if # i stochastic.
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ECONOMETRIC ANALYSIS FOR ASSESSING
THE EFFICACY OF PUBLIC INVESTMENT (*)

R. DORFMAN
Harvard University - Cambridge, Mass, - 1.5.A.

In my country and in most countries of the world the role
of government activity in the economic sphere has become
increasingly impoertant during the last few decades. We no
longer grant even lip service te the dectrine that « That go-
vernment is best which governs least ». Governments arc
expected nowadays to intervene vigorously in econcmic affairs
in the interests of gencral prosperity and cconomic advance-
ment,

A major part of this enhanced, or at least more candid,
concern with economic development on the part of govern-
ments has been an increase in the importance of government-
operated enterprises and, consequently, of government invest-
ment.  Today, socialist countries apart, we are all mixed
economies.

For this reason, and for a number of others ahout which I
claim no particular competence, the process of deciding on
government investments has become increasingly self-conscious.
In the good old days when some local or special need or
opportunity made its appearance the legislators debated the

(*) This paper was written in conjuncticn with research sponsored bv
the Corps of Engineers, U.5. Army and Resources for the Future. They
are not, however, responsible for any of the opinions expressed in it.
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possibilities and might appropriate the funds for the requisite
investments. Beginning in the 1930’s in my country, and at
other dates elsewhere this process has hecome increasingly
formalized and bureavcraiized. Now a project proposal must
be accompanied by an elaborate dossicr setting forth estimates
of its various econemic and non-economic consequences and
purporting to justify it by appeal to objective criteria. If the
American Congress or other local legislature doesn’t insist on
such a formal justification the Warld Bank will. We have even
extended the range of activities counted as government invest-
ments. Expenditures on education, for example, are now fre-
quently considered under that heading.

It is therefore appropriate for us to consider the application
of quantitative methods of economic analysis to the appraisal
of proposed public investments. We shall assume throughout,
as a background, a mixed economy, cne in which the public
and private sectors arve both significant. The issue of public
investment cannot arise, by definition, in a pure private eco-
nomy, if there is one anywhere in the world, It fakes an enti-
rely different form and meaning in a pure public economy.
Thus we shall assume a mixed economy, and though we shall
concentrate on the public sector the privale sector will always
be visible in the background.

The broad subject of government investment has already
accumulated an imposing literature, which I shall not survey.
Rather I shall advance a proposal concerning one central issue
that the literature, as I know it, treats unduly lightly.

The analysis of public investmenis is strongly analogous
to the problem of capital budgeting in the context of a private
firm. Both are motivated by the need for wise allocation of
scarce resources, and similar conceptual issues arise in the two
cases. In both cases the benefits pronised by the project must
be weighed against the costs it entails and competing projects
laying claim to the same resources must be compared. But in
the case of government undertakings both the benefits and the
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costs, but particularty the benefits, are far meore difficult to
ascertain and measure than in the case of private investments.
This follows from the very natures of the firm and the govern-
ment and from the kinds of enterprise that a government is
likely to engage in in a mixed economy.

When a firm contemplates an investment it will be con-
cerned very predominantly with the increase in the salable
product or the decrease in the operating costs that will result
from it. Both of these are readily expressible in monetary
terms and the conversion from physical units to economic value
is relatively casy because prices for the commodities af issue
can be obtained, with some degree of haziness and extrapolation
to be sure, from the free markets on which those commadities
are traded,

A government’s interests and the results in expects from
its investments are quite different. Indeecd, the greater the
extent to which the kind of appraisal that a firm uses is ade-
-quate, the more likely is the government of a mixed economy
to leave the undertaking to the private sector. The kinds of
results in which a government is interesied can be ouflined as
follows:

1. Frequently government enterprises do produce salable
products, comparable to those of private enterprises. This is
likely to be the case where the product is a « natural mono-
poly » or is particularly important fo the health and safety of
the community or to the operation of the government itself.

2. In resent years, especially, governments have entered
fields characterized by significant economies of scale, to gain
which requires larger commitments of capital than private indi-
viduals are able or willing to mobilize.

3. The government is likely to undertake the production
of goods for which there is a marlked discrepancy between mar-
ket price and social value, or for which a private enterprise
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would find it difficuit to collect adequate recompense because
of either technological or institutional peculiarities. So-called
« collective goods » fall within this category.

4. The gap Dbetween social value and market price men-
tioned above may be due to external economies of many dif-
ferent kinds, which deserve to be mentioned explicitly, One
important category consists of external economies of consump-
tion: types of consumption that are deemed to confer benefits
on the community over and above those that are perceived
by the individual consumer. Education is the leading example,
but there are many other instances. Without government
action, undesirably small quantities of such goods would be
produced and consumed. The appropriate government action
may take many forms: subsidization of production or con-
sumption, or direct government provision, with or without
charge.

5. Another type of external benefit is the development of
economic skills, A government may underiake specific forms
of enterprise or enterprise in specific localities in order to
promote the growth of technical and managerial skills, i.e. to
introduce modern industries inle regions that lack them.

6. In emerging economies, the government frequently in-
vests in « social overhead », roads, port facilities, urban hous-
ing, and the like. The external economies sought in such
projects are reductions in operating costs in the private enter
prises that are hoped to follow.

7. Turning, now, from external cconomies, a frequent mo-
tive for public investment is improvement in the distribution
of income, either by reducing costs of inputs to impoverished
sectors of the nation or by providing consumer goods at low
prices to various low-income groups. Such subsidies in kind
are often more feasible administratively than direct transfer
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payments and are likely to contribute more to general economic
advance.

8. Traditionally, of course, governments have always in-
vested largely in the facilities required by their own minimal
functions of national defense, maintenance of law and order,
administration of justice, revenue collection, and the lke.

9. Finally, and again this is a recent development, govern-
ments invest in enterprises intended to enhance the prestige
of the nation. Atomic power plants and steel mills are typical
examples.

This is a list of motives, undoubtedly not complete, that
induce governments to undertake investments. Tt is also a list
of the considerations that must be applied to any government
investment, because it is a rare project iudeed that contributes
to only onc of these objectives.

Thus the appraiser of a government project, as contrasted’
with the appraiser of a private one, must be concerned with
many kinds of consequence, not all measurable in monetary
units and not all comparable among themselves in any na-
tural unit. Even in dealing with the consequences that are:
measurable in monetary units, in principle, he is not likely
to find that market prices are an adequate guide, partly be--
cause of the prevalence of unpriced external effects and partly
because consumers’ surplus (a treacherous concept that cannot
be avoided here), though not reflected in the markets, is im--
portant to governments.

There are similar complexities in the consideration of costs,
though not as severe. To be sure, a government must recog-
nize, while a private firm can ignore, such external disecono-
mies as congestion and smoke contamination, but these are:
usually not of the essence. The government is more likely to-
be concerned with discrepancies between the market prices
and social values of certain factors of production: labor, when-
there is substantial unemployment, ig a famous instance. Tt is
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also constrained to take account of the effects of investments
on the foreign balance of the nation, and, indeed, the general
budgetary position. If financing the project will lead to a more
inflationary (or less deflationary) budget, these are external
consequences that must be taken into account. Furthermore,
there is the problem of the « social rate of discount », an issue
I intend to avoid as much as possible. If the social rate of
discount differs from the market rate, then the social value of
investments that will be displaced by the government invest-
ment will be different from the market vailue. In this cir-
cumstance, the appraiser of a government investment is con-
fronted by the problems of estimating how much private invest-
ment the project will displace, i any, and of cvaluating the
social value of this displaced investment. In short, even when
it comes to costs, the usval accountants’ and engineers’ estim-
ates are likely to be unsuitable for economic analysis. Never-
theless, we shall concentrate on the problems posed by benefit
evaluation, though some of the more Important problems on
the cost side will force themseives upon us.

The essential problem on the benefit side is that the benefils
expected to flow from a public investment tend to be diverse,
non-monetary, incommensurable, and difficult fo measure in
any units. Several expedients for meeting this problem are
available or conceivable, The only one much used in practice
has come to be called « benefit-cost analysis », though, as we
shall see, it hardly deserves this proud name. The first step
in this procedure is to have engineers prepare preliminary
designs for the physical facilities and fo estimate the costs of
construction and the cutputs and other physical characteristics
of the system. Frequently the engineers will submit two or
three alfernative designs. The economic analysis, which fol-
lows, concentrates in the first instance on the monetary results
of those designs. It consists essentially in placing values upon
those physical outputs of the system that either have market
prices or to which monetary values can be imputed readily.
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The estimated benefits of the project are then sum of the values
of the physical outputs produced during each year of its life,
discounted to the date of inception at the social rate of discount.
The costs are the construction cost pius estimated annual oper-
ating costs similarly discounted. It will be seen that this pro-
cedure is, in essence, very similar to the one followed in capital
budgeting by private firms. The only divergence comes now:
note is taken of the various nonmonetary effects of the project,
frequently referred to as « intangibles ». No attempt is made
to incorporate these « intangibles », which may be very tang-
ible indeed, into the analysis: that task is left for higher autho-
rity and, in consequence, frequently is never performed. Tt is
a fact of government sociology that as a result of this procedure
the monetary cffects of a project receive more emphasis in
decision making than they should in comparison with the non-
monetary effects, which tend to be slighted because they are
difficull to measure and express. Nevertheless, that is how
things are with the current state of the arft.

The econometrician has two or three suggestions to make
for coping with this inadequacy, and the main object of this
paper is to consider them. One expedient that T shall not con-
sider is that we attempt to ascertain a fuli-fledged social utility
Tunction in which the various objectives T have listed above
enter as arguments. I am interested only in devices that might
conceivably be implemented.

The first suggestion that comes to mind, however, comes
pretty close to that. It is that the analyst should attempt to
establish « shadow prices » for the various objectives, thereby
becoming able to compute a value-sum that can be compared
unidimensionally with a value-sum of costs or value-sums of
benefits from alternative projects. These shadow prices would
reflect the willingness of the community to trade off one type
of benefit against another. For example, redistribution effects
could be incorporated by ascertaining that the community was
willing to sacrifice a dollar’s worth of national income in order
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to increase the income of some impoverished group by $.75.
In that case, income to the group to be favored would reseive a
shadow price of $71.33.

This proposal may seem visionary, but it contains the es-
sence of all the proposals I am about to make, and, in fact,
expresses a kind of comparison that is ineluctable and is made
every day. For this reason it may not be as impracticable as
it seems at first blush. Since these decisions are made fre-
quently, a stady of administrative or legistative records should
disclose bounds, at lcast, on these shadow prices by showing
the rates of trade-off between different objectives on projects
that are accepted and rejected. Such a study would have to
assume that the shadow prices remain stable for reasonable
periods. Perhaps they do, but perhaps also they change with
changes in the political and economic climate. There is another
difficulty, too, for this line of empirical research. Though in
every project plan, choices of the sort at issue have to be made
somewhere along the line, the form of benefit-cost analysis
rather obscures them. As I mentioned, two or three variants
of a project at best are submitted for decision by responsible
authorities. These tend to differ in many dimensions, and the
amount of trade-off between different objectives is not likely
to be brought out very clearly. If variant A of a flood-control
project provides more protection to property than variant 13,
it may also cost more, provide less protection to life, and
provide better by-products in the form of recreational facilities
but less hydro-electric power. Knowing that the legislature
has preferred variant A tells little about the shadow prices;
though more may be disclosed by inspecting the record of the
debafe. I emphasize this difficulty because it suggests that the
entire process of generating a henefit-cost analysis which [
sketched above — the sharp distinction between the spheres
of the engineer and the economist, the small number of variants
produced — may be unsuitable for analyses of public invest-
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ment projects even though it serves adequately for private in-
vestment decisions.

On the positive side, one should not underestimate how
sophisticated governient officials and legislators can become
in economic matters. It won’t do to say they will never under-
stand a technical concept like shadow prices. They already
understand very well indeed the parallel concept of a social
rate of discount and, though I can’t vouch that they use that
very phrase, debate it very intelligently. If the concept of
shadow prices for different objectives were introduced in any
government it would, in its ecarly years, Iead a stormy exist-
ence. DBut pretty soon the responsible officials would learn
what is at stake and start to debate about what the shadow
prices should be rather than what features particular projects
should incorperate. This would be a constructive improveimnent
in the decision-making process.

Another proposal that comes naturally to an econometri-
cian is that projects night be designed from the very beginning
to meet certain specified target value for the various objectives
that they are intended to serve. In particular the designers
might be instructed to meet the specified targefs at minimum
possible capital cost. This would require a revolutionary
change in the whole design procedure because, as inspection
of the list of objectives suggests, they are not all of the sort
that engineers feel at home with. Formally speaking, the task
to be imposed is this: An engineering design is a choice of
a vector of specifications.  Given this vector, estimating the
cost of building a structure that meets them is fairly straight-
forward, though it should be mentioned that engineers do not
have a proud record as cost predictors. The prediction of
physical results is less straightforward because economic and
other nonengineering factors have to be taken into account.
If the project produces electric power, its annual output will
depend on the load-factor which, in turn, depends on the eco-
nomic composition of its market. If the project produces irri-
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gation water its usable output will depend on local hydrology
and on the relation of the timing of the local hydrelogic cycle
to the timing of irrigation demand in its market area. And
so on. The design typically determines capacity, but economic
and social factors determine output.

Be that as it may, the ancillary factors are usually not
subject to decision (or if they are they should be regarded as
part of the design), so that the economic performance of the
project is determined (leaving uncertainty aside) once the de-
sign specifications have been settled. We can denote the rela-
tionship between design and output by writing fi{x,, ..., x,)
for the extent of performance with regpect to the ith objective
or target, where x,, ..., x, is the design vector. Similarly we
can write ¢(, ..., x,} as the cost of meeting the design spe-
cifications, «x,, ..., x,. In this notation the designers are
charged with the task of choosing %,, ..., %, so as fo minimize
c(x,, ..., x,) while satisfying fi(x,, ..., x,)>T, i=1, ..., &,
T, being the target level of the ith objective, and % the number
of objectives considered.

You will leap at once to several objections. One is: where
can we find these ambitious production functions, fi(x,, ..., x,)?
On this, T hope that you will be willing to suspend your dis-
belief; [ want to discuss that topic after we have seen what
we can do with these functions if we have them. A second
objection is: the design specifications do #of determine the
outputs. By varying the way in which a given structure is
operated, onc form of output can be substituted for another.
A third is: how are the various target levels, T,, to be estab-
lished? T shall deal with the second and third cbjections im-
mediately, and more or less together.

Let us reformulate slightly our model of a design problem
to create room for inserling some more complicated considera-
tions. Tet Fi(xy, ..., x,, %, ..., u,) denote the production or
performance function with respect to the ith objective, where,
in addition to the previous notation, #%,, ..., u, describe a par-
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ticular operating policy. For example, if the structure is a
school, the #'s would specify the average size of class, the
number of sessions per day, and the Iike; if it is a dam, the
#’s would specify the release roles as a function of reservoir
content, etc. The target values, T, need not denote deter-
ministic results if the process is stochastic; they should denote
parameters of the probability distribution of outputs. For a
hydroelectric project, T, might be the expected level of power
output in June and T, might be its variance. The problem is
then to minimize c(x;, ..., x,) subject to Fix,, ..., x,,
s oes ) 2T, =1, L, R

This is a standard constrained minimization problem to he
solved by any of the usual methods. In general it will be a
very difficult problem to solve, but when projects are planned
with costs expressed in eight or nine digits, the expense of solv-
ing a minimization problem of any imaginable difficulty is as
dust in the balance. Indeed, the expense of computation is
likely to be insignificant in comparison with the cost of gather-
ing the data.

You will note that though project selection and design are
at issue, the determination of operating policy has intruded
itself into the problem. This is inevitable, as has long been
recognized. « Operations studies » are a standard component
of project design work,

Assume this minimization problem to be solved. A by-pro-
duct of the solution is a set of shadow prices associated with
the assigned targets. In the carly stages of the work these
by-products are the main product of the analysis. They inform
us how much costs could be reduced by a one-unit relaxation
in each of the targets. Ratios between them are the trade-off
ratios between different objectives. If several projects are being
considered simultaneously, discrepancies between their shadow
prices for the same objective indicate misallocations and in-
consistences in the overall investment plan.
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Thus the shadow prices are an instrument for appraising
the wisdom of any specification of targets. They disclose one
of the major implications of such a specification: the marginal
cost of achieving each target. The appropriateness of the
assignment of targets can be debated in the light of this infor-
mation, which is a fruitful improvement over current practice
which often requires responsible officials to make policy de-
cisions at the level of design specification (the x; in our no-
tation). Judgements about the magnitudes of Incommensur-
ables, like the diverse objectives of a public investment under-
taking, can be made in a more than off-hand way only when
responsible officials confront the trade-offs implicit in their
decision,

The process here proposed beging with any a priori plausible
selection of target levels, which are revised and refined as the
marginal costs of achieving them become ctearer. This pro-
cedure envisages that the design and its ohjectives will evolve
together: the design following pretty mechanically from the
objectives; the objectives following from a critical appraisal
of the design.

This same model and approach can be formulated in a
somewhat different, and instructive, way. The construction
costs, which are to be minimized, are a function of the design
specifications, but the oufputs depend on the operating policy.
The role of the design, as far as outputs are concerned, is
largely to make desirable operating policies feasible. Ior
instance, one cannot have a policy that calls for dispatching
100,000 kw. of clectric power from a plant whose installed
capacity is much below that figure. Thercfore, it generally (not
quite always) fits the structure of the problem best to regard
output in each dimension as a function of operating policy
alone, and the design as setting limits to the choice of operating
policy. The problem then takes this form: Choose design spe-
cifications to minimize c(x,, ..., x,) subject to the constraints
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This form, which emphasizes the lack of parallelism be-
tween design choices and operating policy choices, has empirical
advantages. The major one is that it poscs the problem in a
marmer that technicians find manageable. It asks, « If you had
a structure with specification x,, ... %, how would you operale
it and what would the resultant outputs be? ».

This basic formulation has to be modified clearly to fit
the particular circumstances of particular projects. For roads,
for example, achievement of objectives depends directly on
structural characteristics (lane width, maximum grade, etc.)
as well as on operating policy (speed and weight limits, level
of maintenance, etc.). For reservoirs, structural characteristics
will set limifs to simple functions of the operating parameters
as well as to the parameters themselves. In all these variants,
however, the logical structure of the model will remain the
same,

The final approach that econometrics suggests to the
problem of handling non-comparable benefits is closely related
to the second. Instead of meeting specified targets at minimum
cost, one can pose the problem of maximizing performance
with respect to some one objeclive, subject fo meeting targets
with respect to the other dimensions of performance. In this
approach the most likely objective to choose for maximization
is the discounted present value of the net benefits that have
convenient monetary equivalents, Constraction cost is likely
to enter as one of the constraining targets.

The sacrifice of symmetry in the treatment of objectives is
probably more apparent than real, and this approach has some
compensating advantages. One advantage is that it reduces by
one the number of target outputs that have to be specified ‘in
advance of serions analysis. The need to specify a maximum
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construction cost is only a partial offset; it is much easier
generally to make a plausible guess at an allowable construction
cost than fo guess at an efficient output level. Another advant-
age Is that there is some obscurity about the proper costs to
minimize in the cost minimization approach. The most plaus-
ible choice is total cost — the cost used in the denominator
of a conventional benefit-cost ratio — but this kind of cost
does not constitute a drain on any definable scarce resource,
it is an amalgam of construction costs in the near future and
operating costs extending through the life of the project. The
present value of the monetary net benefit stream has much
more appeal as the dimension of performance to be singled
out for special treatment.

The net benefit maximization approach also leads to shadow
prices, which may be even more usefully interpretable than
the shadow prices yielded by cost minimization. One of the
shadow prices will pertain to the construction cost constraint.
This price should surely be approximately the same for all
projects that are to be initiated in any brief time period, thus
facilitating inter-project comparisons and allocations,

My entive discussion has concentrated on the problem of
incommensurable benefits. There are also often incommensur-
able costs, and these can be handled in precisely the same way:
by establishing target levels and revising them in the light of
trial results. A few special cases of costs not measured ade-
quately in dollar terms deserve explicit mention. These are
all cases in which, perversely, a dollar is not worth a dollar.

Foreign exchange drain is an obvious instance: a country
may well be willing to forego more than a dollar in discounted
net benefits to save a dollar in foreign exchange. Inflationary
budgetary impact is another case. Mast public investments
require heavy expenditures in some pattern extending over a
number of years. Anticipated budgetary tightness or inflation-
ary pressure may well be substantially different in some years
in the near future than in others. In such a case, total con-
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struction cost is not the only relevant cost figure (even if
discounted); separate attention should be given to fiscal drains
in individual years. As a final instance, the impact of the
financing of a project on the private sector gives rise to a similar
distinction.  To the extent that the financing induces retrench-
ment in consumption expenditures there is one kind of cost {one
might even want to distingurish among the socio-economic strata
which retrench). To the extent that the financing induces a
reduction in private investment, there is another kind of cost,
especially if the social and private rates of interest diverge.
The two cannot be added meaningfully dollar for dollar, nor
is it easy fo assign an exchange rate between them a priori.

In short then, what T as an econometrician contemplate is
that the assessment of a public investment be based on a model
of that investment that recognizes its consequences in many
dimensions and that exhibits the full range of choice and substi-
tutability among these dimensions. Final adoption or rejection
of a project can be decided only when the best design it is
feasible to produce is at hand, one that takes account of all
the significant dimensions,

This approach requires a new kind of cooperation among
cngineers, economists, fiscal analysts, and senior policy of-
ficials. The engincer is not asked to submit a design as a kind
of fait accompli to be analyzed and perhaps accepted by the
other officials. He is rather made more integral to the ap-
praisal and decisiou process. He is to collaborate in the formu-
lation of the model of the investment and to present estimates
of the requisite functions, where possible. Where that is
not possible, a frequent situation, the engineer will have to
contribute and analyze some more detailed technological rela-
tionships that T shall discuss more fully below. The economist
contributes his guesses of plausible targets and estimates of
money value for those outputs for which monetary values ate
appropriate. Al contribute to the construction, the ftesting,
the appraisal, and the revision of the model of the conterplated
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investment, The result of the analysis will be, not a single
benefit-cost ratio with seme marginal comments, but model of
the investment whose performance can be ascertained in respect
to any targets that higher policy may dictate.

Is such an ambitious nwde of analysis really practicable?
I believe it is, and should like to submit some technical sug
gestions for its implementation.

The critical sticking point is the various performance func-
tions which are very complicated, unknown, and hard fo
ascertain.  In most cases there is a great deal of pertinent
technical knowledge, but it is not in the proper form. Consider,
for examiple, one of the more favorable cases: the relationship
between the height of a dam and the amount of irrigation
water it can provide. In the first instance the height of the
dam controls the amount of water that can be impounded in
the reservoir behind it.  Given any height, a hydrologist can,
by studying the contours of the land to be flooded, estimate the
the volume of water that can be retained. By making such
studies for a number of dam heights he can generate a functional
relationship between height and contents. Because of irregul-
arities in contours this is likely to be a very complicated fun-
ction but, generally, reasonable smooth and simple approxima-
tions to it can be found.

But this is only a half-way step Dbecause the relationship
between reservoir capacily and usable irrigation water supply
— « yield » for short — is even more intricate. There are at
least two complicating features. One is that the reservoir may
not fill annvally. As a general rule, the larger the reservoir.
the lower the probability that it will fill in any year. Thercfore,
although usable water supply is an increasing function of ca-
pacity up to a point, it increases at a diminshing rate. The
other complicating feature has to do with fiming. If the annual
inflow to the reservoir is concentrated in a rainy season that
does not coincide with the time of year at which irrigation
water is demanded then, clearly, the contents of the reservoir
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.and the amount of usable irrigation water are the same. That
is one extreme. The other extreme occurs when the natural
inflow happens to coincide with the period of irrigation de-
mand; then the reservoir may do no good at all, the water
would be available when needed even without it. In that
case the yield is zero. Of course, zero-yield reservoirs are never
built; they are simply a conceptual possibility. Many genuine
cases lie between these two extremes, and there are patterns
of inflow and demand in which the yield is greater than the
capacity. All this is complicated enough, but the case here
described - of an isolated reservoir operated for irrigation
supply only - is excessively simple. These considerations
male it clear that the relationship between height of dam (which
costs resources) and usable oufput is by no means an easy
one to ascertain.

Current practice avoids determining this functional relation-
ship. Instead it determines one or twoe points on it by postul-
ating a specific height for the dam and then estimating the
usable yield provided by that height by means of quite elaborate
calculations.

The instance of the dam height-usable ocutput relation-
ship is cited to illustrate the complexities hidden in every one
of the performance functions required for the analysis of an
investment project. There seem to be two ways to proceed and
it appears that in practical analysis both should be followed.

One is to impose drastically simplified functional relation-
ships. For example, the relationship between dam height and
average rescrvoir content might be approximated by a gua-
dratic function, and the other relationships would similarly be
held to the simplest expressions that state the problem in a
meaningful way. This procedure would both facilitate empirical
estimation of the parameters required and would simplify the
formal problem of finding the optimal values of the design
specifications. It would also, of course, be extremely un-
reliable.
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But the purpose of the simplified mode! is not to produce
a decision or a design, but rather to establish plausible ranges
of values for the design and operating parameters. When this
has been done the second approach can be invoked. It de-
pends on the fact that the elaborate caleulations required to
obtain a single point on the performance functions can be
mechanized and thereby made quick and cheap. Thus aithough
it may not be possible to write out these complicated functions.
explicitly, or even to manipulate them if written out. it is
feasible to ascertain a finite number of points on any of the
functions. Even these mechanical calculations may be quite
elaborate. In particular, if there is a large stochastic element it
may be necessary to simulate the operation of the investment
over a substantial period of time in order to estimate a single
point on the function. But such simulations are now feasible in
the great majority of practical instances and are rapidly be-
coming cheaper to carry out.

Since it is possible to estimate points it is possible to estimate
differences between points, i.c. first derivatives. And therefore
it is possible to apply any one of a number of steepest ascent
procedures to determine iteratively the solution to any of the
problems I discussed eaxlier. 1 shall forebear to go into details
since the procedures T have in mind are fairly well standardized
and improved ones are appearing constantly. All the proce-
dures have the property of producing the shadow prices re-
quired for testing preassigned target Ievel along with the so-
lution for each target assignment.

I do not wish to give the impression that the approaches
I have suggested solve all the problems of deciding on public
investment. TFar from it. This is a very difficult field with
many, many open questions. To mention only two of the
pressing controversial issues, there is the problem of chosing
the social rate of discount, and the problem of incorporating
uncertainty into decision criteria. Besides, many problems
remain to be solved with respect to the kinds of henefits that
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can be assigned monetary values. What this procedure does is
provide a format into which the best current understanding
of the conceptual issues can be inserted.

You will have noted that I have dealt at least as much with
problems of design as with problems of assessment of efficacy,
my assigned topic. This is because these two problems are
inseparable: a fair apprisal of a project requires a good design,
a good design must be based on the standards to be applied
in making the appraisal. In essence, the designer musl also
be an appraiser; a separate appraiser if there is one, has only
an auditing function.

(31 Dorfman - pag. 19



DISCUSSION

MAIIALANCBIS

I bhave a small question. I believe, at the beginning of your
paper you point out that we are concerned not so much with a
choice of public investment in a completely planned economy but
in an economy in which there is both a private sector, and a public
sector, and these features raise many difficulties; about this I com-
pletely agree. Have the implications of this complicating factor
heen taken into account in your paper?

DorrFMaN

The presence of the private sector is a helpful factor as well as
a complicating one. It helps in the preparation of public investment
programs and their evaluation by providing a set of market prices
for the resources and factors of prodaction needed to construct the
public investment projects and also in many cases for the goods and
services produced by the public investment. The market prices of
the factors required to produce a public investment are, of course,
measitres of the worths of the goods and services that those factors
could produce if they were not devoied to the public investment.
Therefore, they measure real cost of the project, The market prices
of the goods and services produced by the project measure the
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worthwhileness of the resulis. Such valuations are clearly quite
essential to a sound appraisal of the worthwhileness of a propoesed
public investment project, and I think that all project appraisers
should be gratefu! to the private sector for providing them with such
values, T know of no other reliable way of obtaining them. I should
congider the problem of appraising public investments much more
difficult if there were not a private sector that established reliabie
market prices for the goods and services with which they are con-
cerned. )

MAHBALANOBIS

Well, your recollection of the paper must be better than mine.
If T may make a point here, if you are in a mixed economy, when
you are planning investments you would have to take into account
the behaviour of the private sector, which you cannot control di-
rectly but only indirectly, before making your decisions about public
investment. From that point of view, T think the programming of
puliic investment becomes much more difficult than in a fully plan-
ned cconomy in which everything would be decided more or less
on mostly endogenous variables.

DorrMaN

Of course the presence of an unpredictable private sector pre-
sents the project appraiser with certain difficulties, My impression
is that the same difficulties arize in a fully collectivized economy.
In a collectivized economy there would not be a private sector fo
confound and confuse a project designer or appraiser, but there
would, of course, be other bureaus and other administrations within
the public sector. The project appraiser and planner dealing with
undertakings in one branch of a centralized economy, for example,
the branch that has to do with irrigation projects, would have
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somehow or other to foresee plans and responses of the administra-
tors of other scctors of the same cconomy. Any genuine economy
is too large and intricate to be globally planned and globally directed
from one center. I think in fact that it may be easier for a project
planner to predict the consequences of his plans in a competitive
context, such as is afforded by a mixed economy, than to do so
where the sectors over which he has no control are other depart-
ments of a centralized cconomy. The problems of cconomic coor-
dination are always severe, collectivization does not oblferate or
solve these problems rather it places them candidly on the doorstep
of the planners and deprives them of the assistance of decentralized,
on-the-spot, decision makers,

MAHALANOBIS

On the Jast comment of Professor DorrMan T should like to say
that in a centrally-planned economy you could approximate the
competitive equilibrium probably better than you can in a capitalistic
cconomy with many monopolies, In saying this, T am not expres-
sing any political views. I just want to stress my first point about
the difficulty which you may face in a private or free economy
because it is really not competitive, T agree that if a private or
free economy is fully competitive then it has its advantages. I also
agree that there are some difficulties for a centrally-planned economy
to realize something which would be simifar to a good state of com-
petitive equilibtium. Tt is the question of imperfection of competi-
tion which is of concern o me,

Dorrman
1 think that we now understand each other fully. The effective-

ness of economic coordination in a mixed economy certainly does
depend on the extent of the distortions introduced by monopolies
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and other deviations from competition in the private sector. If
the private sector did not exist, those probiems would certainly
disappear, but they would be replaced by other sericus problems,
namely the probiems of placing rational valuations on the goods
and services dealt with in the economy, In effect, there is no com-
petitive sector in a centralized economy; every sector is monopolized
by one government burean or another. Whether a centralized eco-
nomy can, in some manner, simulate the operation of a private
competitive economy is still open to grave doubt — it has not yet
been done,

Whether the difficulties presented by an independent market
sector or those resulting from the lack of free market prices are the
more serious is an empirical problem that 1 am not in a position to
resolve. I am, however, more impressed than Professor MABALANO-
BIs with the inefficiencies that have heen experienced when attempts
are made fe¢ plan an economy without having a frame of reference
such as i3 provided by a systen of market prices.

MAHALANOBIS

I was not referring to a centrally-planned economy of the type
in which there would not be any market. I was referring to a
centrally-planned economy in which everything which a govern-
ment would like to pian, it could, and everything it would like to
leave to a market, it could again do so. 1 was also referring to the
difficulties in an ecenomy in which some particular aspects could
not be planned, becanse of institutional factors,

JOHNSON
There are two comments about the procedure as outlined by

Prof. T}orrMAN in his ingenious paper. It seems to me that you
indicate partly in the manuscript and partly in your discussion
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that the procedures you outline relate essentially to all types of
government investments. By that T mean those government invest-
ments where there is essentially a monopoly, on the one hand, and
no private individual is engaged in such activities — in most eco-
nomies — building roads or schools. The questions that T wish to
bring up with respect to technique relate to those cases in which
the government output is to a degree comparable to private output —
public or private electric power and relative to other forms of energy
such as natural gas.

And the two points are these: first, though it is true that in
making its investments a private firm includes only those returns
which it can capture, many of the kinds of returns that come from
government investments of the external or social sort where the
social and private return diverge, wiil also exist in the case of pri-
vate investment, That is, for example, when General Motors huilds
an assembly plant, there are substantial social gains to the particular
community involved — higher property valaes, various increases
for certain other services and so on. And it seems to me that
the procedure that you outlined tends to ignore these returns in
the case of the private investment and where there is competition
between the public and the private sector not really take them
into account in comparing private and government investments.
If this is true, there is a bias in favour of government investments.

The second point is really along the same lines and this is the
questien, of how one again creates a real competition between the
public and private output, whether it is direct, as in electric power
or somewhat indirect, as between clectric power and natural gas.
How are the taxes paid by the private sector included in the ana-
lysis?  In some industries, such taxes may amount to a significant
fraction of the total value of the output, and here again it seems
to me that this is not taken into account, and you again bias the
decisions in favour of the government’s investments,
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DoRTFMAN

T think that you have raised some very pertinent points which
are not adeguately deall with in the paper. What I contemplafe
is that private investments that are displaced by public investments,
as in the case of electric power generation in the United States where
hoth public and private owners are of substanfial importance, should
be valued in precisely the same way as public investments even
to the extent that one ought not to value private invesiments in the
same way that the prospective investors will. For example, one
should value private investments, using the rate of discount that
you would use in valuing the public investments, normally a lower
rate of discount than private investors employ.

I wounld answer your question about taxes in the same spirif,
Taxes are purely a transfer payment and should be taken account
of in dealing with competitive private investments just as they are
in dealing with public investments that do not gencrate taxes.

Jonnson

Another point relates to the paper, but was not referred te spe-
cifically in your presentation this afterncon Onc of your reasons
for govermment investnents was to improve the distribution of
income by providing goods at low prices (below marginal cost) to
varions low income groups. « Such subsidies in kind are often
more feasible administratively than direct transfer payments, and
are likely to contribute more to general economic adyance ». I don’t
know of many cases in which a government in mixed economy can
produce goods which it can make available generaily only to certain
lower income groups; housing is perhaps one example, but this is
about the only one. Governments can make direct transfer pay-
ments to low income groups on a very broad scale and for all pur-
poscs thal you want to have such payments. Do we want to rely
upon the judgements of the recipients on the ways of expending the
income given to them or do we want them to rely on the decisions
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of committees or of local administrators of public aid on what you
have and how you should spend the income?

Dorrman

The two cases that I had in mind in infroducing that motiva-
tion were public housing and education. In both cases it is ge-
nerally felt that there are very important exfernal economies of
consumption so that not only does the public want to provide those
services to the lower income groups, but also it is the public will
that the beneficiaries of such subsidies spend them on the goods
that they are intended for and on no others. This is candidly a
form of sumptuary legislation in which the community is consciously
and expliciily substituting its judgment for the preferences of some
of its consumers because it is felt that the community as a whole
will benefit from the types of conswmption that are being subsidized.

Koormans

T should first confess that I have to apologize for having read
only one half of the paper. However from the heautiful exposition
that Mr. DorrMaN gave, I understood that his discussion was con-
cerned with evaluating specific projects, one by one, so to say,
or three at a time, and he described TINBERGEN'S proposal of an
iterative procedure by whick to get the optimizing quantities and
their shadow prices in line. My question is, how does the rate of
returnt itself, or if a different rate is apphed to different parts of the
future, how does the sequence of rates of refurn applicable to indi-
vidual one-year periods in the future get determined? Is this also
part of the iterative process of dialogue between the economic plan-
ner and the political decision maker? If so, is that problem not of
a higher order of complexity in the data requircments in that really
all relevant projects, including those likely to be forthcoming from
the private sector of the economy, enter also?
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DoORFMAN

Professor Koormans has asked a very searching question deal-
ing with a very central issue. I should like to try to respond to it
in two stages. First, it seems fo be essential that there should be
some rate of discount to be used in comparing results that mature at
different times, If there is none, inconsistencies wiil certainly creep
into the governments’ investment program. Different and conflict-
ing choices will be made in designing different projects and projects
in different sectors of the economy. In some cases substantial
resources will be expended to secure early accrual of benefits, and
in others, the opposite choice will be made. The wastes resulfing
from such discrepancies can be avoided only by applying a uniform
rate of time preference to all projects, 1 believe that Professor
Koormans would subscribe to that, but then he asks where are the
necessary rates of time preference to come from. The second part
of my response deals with that issue.

In some project planning, in the United States, for example, an
explicitly formulated rate of time preference is incorporated. Morxe
usually there is no explicit rate, but if one reviews the choices
made in the project design, often an implicit rate can be discovered.
The annals of project design and of legislative debate of projects
submitted to legislatures should, I am conjecturing, disclose what
these implicit rates of time discount are. I do not believe that there
is any economic market from whose behavior the social rates of
time preference can be ascertained. As a substitute for such a mar-
ket, T suggest that we review from this point of view the behavior
of governments, and particularly of their legislative branches.

MAHALANOBIS
I should agree with Professor Koormans on technical points

which I may Dbriefly mention; but I have got some peoints of a very
different nature. On p. 4, education has been given as a leading
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example. 1 presume education does inciude science and scientific
rescarch.

DorrMaN

I am afraid that I think that it would strain the conventional
meaning of « education » to use that word to include science and
scientific research. The promotion of science and scientific research
is, of course, an important function of government. These activities
do have important external economies. The discoverer of an im-
portant scientific truth cannot wsually retain the benefits of his dis-
covery even by means of a patent system. This kind of external
economy, however, is sufficiently different from an external cco-
nomy of consumption, as exemplified by tbe benefits to society of
having its members better housed and better educated, so that it
is best to deal with them separately and not to combine science
and scientific research with education for analytic purposes,

MAHALANOBIS

1 meant when education is treated as an item of external eco-
nomies, I simply enquired whether science would be included as
an essential part,

Another point on p. 5 is a practical one. In para g I agree that
governments may invest in uneconomic enterpriscs with the inten-
tion of enhancing the prestige of the nation, which would be undesir-
able, Stec! plants are sometimes mentioned as prestigeous but une-
conomic enterprises. Althongh I have been trying for a long time,
1 have not found any adequate discussion of {he circumstances in
which the setting up of a steel plant would be economic and praper,
I could well imagine that a very smali country like Panama should
not do so. But it would be extremely useful to find out in specific
cases, for example, for Ceylon which has rather a small population,
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or for countries with even a smaller population of two millions or
so, whether it would be advisable to set up a steel mill and this
also in an extreme case when domestic resources of iron or coal are
not available. T am giving this particular example to widen the
scope of the discussion.

I'am in agreement with the use of shadow price in principle.
There is however great difficulty in practice in isolating one project
from another. It seems to me that it is often necessary in making
practical decisions in a country like India, to focus attention not
only on the project but also to consider the external cconomies at
a national level. The time factor also scems to me to be extremely
important, that is, the span of time over which the benefits would
accrue. An inferesting case which I analysed several years ago was
the choice in India between importing foodgrains, or importing fer-
tilisers, or manufacturing fertilisers with imported machinery, or
finally, building machinery in India for the manufacture of fertili-
sers.  The answer would depend essentiaily on the time horizon,

The really important peint which I should have stated earlier,
is where do you want to go and when? We have ta set up certain
targets at the national level which have fo be achieved over a cer-
tain time period, in To years or in I5 years or in 20 years. Without
such targets and the time period over which these have to be
realised, I doubt whether shadow prices would be useful, TFirstly,
a set of target at the national level and secondly a given time period
over which these have to be achieved have to be supplied for opti-
mization.

Dorrman

I think Professor MAWALANOBIS s raising two distinguishable
guestions here. The question of the steel plant is not a particulaly
difficult one. A steel plant may have some external economies, in
particular the educational consequences of helping to train a labor
force which is skilled in working with ferrous metals, A steel plant
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also involves certain external diseconomies because of its impact
on air and water pollution. But these are all so conjectural and so
minor in comparison with the directly measurable cousequences of
an investment in a steel plant that it is best to ignore them and to
analyze a steel plant by a straightforward benefit-cost analysis or,
much the same thing, a capital budgeting analysis. In this way we
could ascertain whether the prospective output was valued highly
enough to justily the required expenditures.

The guestion about time horizons and time periods scems to be
very closely related to Professor Koormans” question, The answer
lies in the choice of an appropriate rate of fime preference which
will allow us to evaiuate consequences that accrue at different times
whether they be expenditures, which normally occur early in the
life of a project, or beneficial outputs which normally accrue over
a very long period of time. The shadow price idea is simply a
device for placing comparative values on consequences which occur
on different dates, They express the importance of targets as well
as the time periods over which they are realized and are not separ-
able in concept from social fargets to be attained by public in-
vestinent undertakings.

MAHALANOBIS

I agree entirely with what Professor DorrmaN had said; certain
value judgments have to be made in some way or other by policy
makers. In using econometric models sub-optimization is also ne-
cessary. The advantage of a complete aggregate model is that we
may be able to reach some of the special decisions when these are
not conflicting. But in making calculations for optimization even
in the case of a particular project, it scems to me that there will
be much gain in objectivity in cheosing the shadow price if we
set up certain targets which lbelong to the whole of the national
economy over a given period of time,
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Dorrvan

1 think we are in very complete agreement whenever there is a
sound way te approximate the consequences of a particular project.
When this is possible those consequences should be inserted in the
calenlations and should be evalunated by means of the shadow prices,
It has been my experience that in practice the only consequences
that you can estimate refiably are those that are very proximate to
the project itself. The more remote conseqnences, which may be
very important in some instances, arc connected with the direct re-
sults in extremely obscure ways that must be left in the realm of
judgment,

MAHMALANOBIS

We are nof in disagreerment, bnt T am suggesting, on the basis
of some of our own experience in India, it would be useful to attach
a time peried for pnblic investments, even in sub-optimization in
the case of a particular project. Without huilding in an assigned
time period, I do not see how we can get a shadow price. Tf we
build in a time period, the solution may differ for 5 years or 10
years or 15 years, then it will be a guestion at a national level what
should be the proper period of time to be taken into consideration.
Whether the decisions are to be implemented by central planning
or by wise decision in a free economy is a separate question; 1 am
simply considering what would be the proper model.

Dorrman
Professor Manaravosis and I have both asserted repeatedly

that we are in agreement, but now I begin to feel that also we are
not understanding each other very well. Professor MaHALANOBIS
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insists that « it would be usefui fo attach a time period for public
investments », Of course it would, and I fail to sce why he feels
it so necessary to insist on this. Every consequence of a public
investment occurs at some date. The importance of that conse-
quence naturally depends on the date or dates at which it occurs.
The time period and time sequence is incorporated in the analysis
by means of the shadow prices which are different for every date at
which something can happen. An event which occurs 10 years
hence will receive less weight in an analysis than one that occurs
5 years hence if the shadow prices for events 1o years in the future
are lower than fhase for events 5 years in the future, and this wili
be the case whenever there is a positive rafe of time discount.

SCHNEIDER

When we consider an economic system which is mainly Dbased
on the principles of a market economy with a public sector, then
I don't sec that the problem of shadow prices has so much im-
portance as it has for exampie in developing countries or in a
centrally planned economic system.

DorEMAN

It is very helpful of you to remind us that where we have market
prices to guide us we have much less need for shadow prices. In
fact, we may have no need at ali. But when public investments
arc being considered, we do not have market prices for all the goods
and services that concern us. In particular we do not have market
prices for events that will occar in the future or for the external
cconomies and diseconomics that will result from the contemplated
investment, '

Shadow prices are required for all the consequences of an invest-
ment undertaking that are not valued in the ordinary markets.
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For example, in designing a road, we may need shadow prices for
the saving of lives or for the saving of time that would result from
designing and building the road to higher standards,

SCHNEIDER

If you would call this additional cost the shadow price, then
I am in agreement with you; T have understood shadow prices ag
prices thal are not paid on the market but which are calculated for
internal deliveries from one firm to another firm,

Koormans

The term and concept of shadow price has caught on very much,
and like Prof. Scunzioir, T am all for its use. 1 would only point
out that the theory on which the concept is based does not cover as
many conditions and circumstances as our tendency to use the term
would suggest, In particular there is the case of choices in which
important indivisibilitics are present. | would surmise that the
concept of shadow prices can be precisely and carefully extended
to such cases, but I have not seen it worked out in the literature.
There is one article by Bauwmor and GoMory (« Econometrica »,
July 1960) that goes in this direction, but it does not go all the way.

Prof. Mamaranopis asked: is there a specific study of a steel
mill from this point of view. 1 may mention a study not of a steel
mill, but of a fertilizer plant - the question of whether in the Latin
American area there should be one, two, three or up to five or six
piants, and if so, for cach number what are the best places to put
them. There is a study by Manng and Vierorisz devoted to this
question in a volume called « Studies in Process Analysis », edited
by Manne and Markowitz {Wiley, 1963). That study used comhina-
torial methods becanse of the indivisibilities of the plants concerned.
Again the shadow price concept has not been fully claborated, and
that is how the reference occurred to me in this context,
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Frisciu

I am glad that Prof. DorrMaN raised the question of what is a
« project », of what is to be understood by the description of a
project. What kind of thing should be included in the project de-
seription?  In my mind there are certain things that can, without
difficulty be included in a project description, and which can be
specified without relating this « project » fo other projects,

The quantity of various types of inputs needed, in order to
carry the project out, the distribution of these inpufs over time; the
capacity increase which the project will cause if accepted, etc., all
these things can be specified perfectly well in the project description
of this individual project. These data arc more or less of the
enginecring kind. But there are other effects of the decision to
accept a project, which can only be described by considering this
project as part of the whole economy, Here is where the economist
come into the picture,

Some of these effects - particularly the indirect ones — are very
difficult to trace. This is just the raison d'é#re of the compicte de-
cision model.

There are good effects and bad effects. You must define the
preferences of the political authority before you can say what is
« good » and what is « bad ». If you really want to go to the
bottom of this description of effects, you will by necessity be led
more and more in the direction of the global model which I pre-
sented.

LEONTIEF

The operational significance of Professor DorrMaN's scheme can
possibly be best judged in terms of the amount and vature of factual
information that would be required for its practical implementation.
He proposes to derive the production function comprising all pos-
sible input tdémbinations that could be used for the manufacture of
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the finished output in terms of which he defines a particular project.
Should these inpuats he described in terms of intermediate or only
primary factors? What source of information can be tapped to de-
ternine prices considered as given in the proposed computations?
In other words, how should the cut off point or poin{s be determined
beyond which he does not intend to push the application of maximiz-
ing procedures nvolving explicit consideration of several well-defined
aiternatives.

ALLAIS

T want to underline only one point. It is in fact very difficult
fo choose the right indicative prices without very close connection
with the market, without the pressure of the market. And I can
give two very striking examples, The first one concerns the cal-
culations of the French National Electricity Board. A few years
ago the engineers were ealculating projects using a very low rate
of interest.  When these calculations had been made they had the
choice between different projects, The rate of interest chosen for
the calculations was something about 3 per cent, I don’t remember
exactly. Later in order to make a final choice, they used a new
rate of interest of 8 per cent, as a result of general insiructions issued
by the Commissariat au Plan. Correspondingly, the result that each
project effectively retained represenied an over-investment. The
final outcome of this error of principle in the calculations was a
waste of resources for the French economy. This waste would have
been avoided if the decisions of the Electricity Board had followed
the rules of the market economy.

The sccond example is the indicative price for coal which the
Three Wise Men designated by the TEuropean Ceal and Steel Com-
munity in 1g57 advised should be used for the energy policy of the
Europe of the Six.  -This shadow price was 22 dollars per fon of
American coal c.i.f. European port. But {our years later the price
was only 12 dollars. If there had heen a real and refiable market,
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such an error could not have arisen. This error was a very regrettable
one, for in the meantime there was an incentive to invest much
money in projects which in fact impled a waste of scarce resources.
Thank you,

Dorrman

I greatly appreciate the comments. All of them are valid and
some deal, of course, with problems that I, mnyself, encountered in
my thinking, but due to defects in my exposition, were not set forth
clearly in my discussion, I share with Professor ALvais and also
with some of the others the feeling that it is extraordinarily difficult
to evaluate projects without heavy reliance on prices established
in markets. I judge that markel prices are much more réliable
indicators of social worth than any shadow prices that a group of
experts or politicians may establish, and I think that the proposals
I have made would not be practical without a substantial substratum
of market prices, expecially those dealing with costs and the vatues
of certain salable outputs. But there cannot be reliable free market
prices in principle for some of the aspects of the kinds of projects
we are here discussing. In particular, this is true of the external
consequences of projects, as in the case of education, and of some
convenieuce aspects like those relating to speed and safety, which
come up in the design of roads, The shadow prices that T am think-
ing of are used to fill in the gaps, so to speak, in the system of
markel prices. Take the market prices where you have them and
be grateful. Where market prices do not exist, we need a device
for estimating social values of types of factors and of consequences
that are not priced on the markets.

I think that this response deals alse with the issue that Professor
LeonTier has raised. T should recommend a very businesslike ap-
proach to implementing my proposal, in effect drawing up a pro
forma profit and loss account for the project being examined. All
inputs used should be included on the cost side, be they interme-
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diate or primary factors, and similarly all outputs produced should
be assigned values; market prices when available, shadow prices
when necessary.

And, finally, if 1 have another 30 seconds, T shounld like fo say
something about the relationship of my thinking with Professor
Frisci’s.  He asserts that one should begin with a social objective
function or some measure of social welfare. My own contribution,
if it be a contribution, is merely to sct forth a way to discover
certain aspects of the social welfare function, T do not feel that we
can begin with it literaliy because at the beginning we do not know
what it 5. We must discover i by trying out proposals and seeing
how the public and pelitical organs react to them, In this way social
preferences will be revealed, and a social welfare function will be
discovered which can be used in designing and appraising mvest-
ment projects.

{31 Dorfman - pag. 38



ON THE CONCEPT OF OPTIMAL ECONOMIC
GROWTH (*)

TIALLING C. KOOPMANS (*%)

Cowles Lowndation for Reseavch in Economics at Yale University
New Maven, Conn, - U.5A.

T. APPROACHES IN THE LITERATURE

"The search for a principle from which an « optimal » rate
of economic growth can be deduced holds great fascination to
economists. A variety of aftitudes or approaches to this pro-
blem can be discerned in the literature.

One school of thought, represented among others by Pro-
fessor BAUER [1957], favors that balance between the welfare
of present and future generations that is implied in the spon-
taneous and individual savings decisions of the present gene-
ration. A policy implementing this preference would merely
seek to arrange for tax collection and other government actions
affecting the economy in such a way as to distort or amend the
individual savings preferences as little as possible.

{(*) This research was undertaken by the Cowles Foundation for Research
in Economics, under Task NR o47-006 with the Office of Naval Researcl,
and completed under a grant from the National Seience Foundation. An
abbreviated version of this paper was presented at a joint session of the
American Eeonomic Association and the Econometric Society on « Inter-
temporal Ecenomice Theory » in the Boston Meetings, December rg63.

(**1 T am indebted to 5. CHakwavarry, B. S, Pueirs and H, E. Scary
for valuable comments,
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Contrasting with this view is the position, expressed among
others quite explicitly by Professor Arrais {1947, Ch. VI, X],
that the balancing of the interests of different generations is an
ethical or political problem, in which the competitive market
solution has no wvalid claim to moral superiority over other
solutions that depend for their realization on action by the
state. A more specific oplimality concept is implied in the
strictures of Professor Harron [1948, p. 40] and of Franx
Ramsey [1928, p. 5437 against any discountfing of futare uti-
lities. These authors leave liftle doubt that they regard only
equal weights for the welfare of present and future generations
as ethically defensible.

The purpose of the present paper is to do some « logical
experiments », in which various mathematical forms of the
optimality criterion are confronted with a very simple model
of fechnology and of population growth, to sec what their
maximization leads to. Ouwr study is similar in purpose to
Ramsey’s classical paper, and fo TINBERGEN's recent explo-
ration [1g60] of the same problem. The underlying idea of
this exploratory approach is that the problem of optimal
growth is too complicated, or at least too unfamiliar, for one
to feel comfortable in making an emfively a priori choice of
an optimality criterion before one knows the implications of
alternative choices. One may wish to choose between prin-
ciples on the basis of the results of their application. In order
to do so, one first needs to know what these results are. This
is an economic question logically prior to the ethical or political
choice of a criterion.

What is a suitable mathematical formalization of the idea
of an optimality criterion? The most basic notion is that of a
preference ordering of growth paths. Such an ordering states
for each pair of alternative growth paths whether they are
equally good, and if not, which is preferred. Indifference, pre-
ference and preference-or-indifference are usually required to
be transitive.

Lil Koopmans - pag. 2
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An important class of preference orderings is that represent-
able (') by a continuous preference function (utility function,
indicator, etc.). A particular function which has Dbeen fre-
quently used has the form

(o]
Uz 5 w7 ula,)

=l

for consumption paths (x,, %,, ...) of infinite duration with
discrete time £=1, 2, .., . This form can be interpreted as
a discounted sum of future one-period utilities u(x,} with a
discount factor of % per period. This form has been derived
by the present author () from postulates expressing, among
other requirements,

(#) noncomplementarity of consumption in any three sub-
periods into which the future may be partitioned;

(b) stationarity in the sense that the ordering of any two paths
is not altered if both consumption sequences are postponed
by one time unit and identical consumptions are inserted in
the gaps so created in each path.

The utility function so obtained is « cardinal » only in the
limited sense that the simple form of a discounted sum is con-
served only by Jnear transformations of the utility scale. T
below we occasionally usc the expressions « utility difference »,
« marginal utility », these must be mterpreted as elliptic

() Cenditions of continuity under which a given preference ordering per-
mits such a representation have been studied by Worp [10437 and by Dn-
BREU {7054].

() Koorwans [1960], especially Section 4.

{41 Roopmans - pag. 3
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phrases referring to a preference indicator of that particularly
simple form., There is no intent to claim that, even in the
absence of risk or uncertainty, there is some physical or
psychological significance to the comparison of utility diffe-
rences in such a scale.

There still remains a logical gap between the derivation
of the above utility function from the postulates referred to
and its use in the present study: For present purposes a con-
tinuous time concept is more appropriate.

2. PLAN OF THE PRESENT PAPER

We shall frecly borrow from PHerrs [1961] and others
mentioned below the assumptions of the main model considered
in Section 4, from Ramsey [1928] a device for maximizing
atility over an infinite horizon without discounting, together
with methods for applying the device, from SRINIVASAN [1462 ]
and from Uzawa [1963] information about the results of
maximizing a discounted sum of future consumption, and from
Inacaxt [1903] results about the generalization of the present
problem to the case of predictable technological progress (*). 1If
this particular brew has not been served before, it is not put
together here for any novelty of the combination. Rather, our
eclectic model appears to have in it the minimum collection of
elements needed to serve the two main aims of the present
paper.

The first aim is to illustrate the usefulness of the tools and
concepts of mathematical programming in relation fo the
problem of optimal economic growth.

The second aim is to arguc against the complete separation

(") Note added in proof: A study by Pucacuev [1o63}, which has
several similarities with the present study, has been hronght io my attentien
by J.M. MoNtTas,

{41 Koopmans - pag. 4
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of the ethical or political choice of an objective function from
the investigation of the set of technologically feasible paths.
Our main conclusion will be that such a separation is not work-
able. Ignoring realitics in adopling « principles » may lead
one to search for a nonexistent optimum, or fo adopt an
« optimum » that is open to wnanticipated objections.

In conneclion with the first aim, Section 3 recalls a few
results of the theory of linear and convex programming in a
finite number of variables, that bear on the problem of opti-
mum growth. The reading of this section is beHeved to be
helpful rather than essential for what follows. Indeed, in most
of its formulations, the problem of optimal growth is a special
problem in mathematical programming. The main new cle-
ment arises from the open-endedness of the future. If one
adopts a finite time horizon, the choice of the terminal capital
stock is as much a part of the problem to be sofved as the
choice of the path. Terminal capital, after all, represents the
collection of paths beyond the horizon that it makes possible,
An infinite horizon is therefore perhaps a more natural speci-
fication m many formulations of the problem of optimal growth,
The mathematical complications so created are the price for
the greater explicitness of long run considerations thus made
possible.

Sections 4-6 analyze a model with a single producible good
serving both as capital in the form of a stock, and as a con-
sumption good in the form of a flow. It is produced under a
constant technology by a labor force growing exogenously at
a given exponential rate. Proofs for many of the propositions
labeled (A), (B), ... in Section 4 are given under the same
label in an Appendix (!).

In Section 7 the findings of the logical experiments of Sec-
tions 5, 6 are examined. The main conclusion is that some

(") Approximate eguivalents of propositions (15}, {19, (13, (1), () were
obtained independently by Davip Cass [1963]. The connection hetween the
limiting case of a zero discount rate and the « golden rule of aecumulation »
(see Section 5) is also observed and discussed in Cass’s paper,
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utility functions that on a priori grounds appear quite plausible
and reasonable do not permit determination of an optimal
growth path even in a constant technology. Tentative and
intuitive explanations for this finding are offered.

Section 8 discusses in a tentative way, and without proofs,
possible cxtensions of the analysis to a changing technology
and/or a variable rate of population growth, with none, one,
or both of these regarded as palicy variables.

3. PERTINENT ASPECTS OF LINEAR AND OF CONVEX PROGRAM-
MING

Let fincar programming be applied to an allocation problem
in terms of the quantitics x;, =1, ..., # of a finite number »
of commodities. Then the feasible set D is given by a finite
number of linear inequalitics

i
(1) S ay = by, L, e, WL
je=t

The objective function, or maximand, is a linear form in the x;,
"

(2) Use Sy
]

The feasible set D is always closed, and may be bounded
(as in Figure 1) or unbounded (Figure 2}.

The range R of the objective function on the feasible set
(the set of values assumed by the maximand on the points of
the set T is an interval, If D is bounded (contained in some
hypercube), then R is necessarily also bounded. If D is un-

(4] Koopmans - pag. 6
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bounded, then R may still be bounded, but may also be
unbounded from below, from above, or both. If R is bounded
from above, an optimal point exists (Figure 2). If R is
unbounded from above, no optimum exists (Figure 3}, Both
cases can arise on the same feasible set D through different
cheices of the maximand.

A highly special form of linear programming has been used
by Kanrorovicn [1g959]. In this case the objective is defined
by prescribing the ratios of the guantities of all desired goods,

[4} Koopmans - pag. 7
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Le., goods entering into the objective, and by maximizing a
common scalar factor applied to these quantities (Figure 4).
This problem can also be formulated in linear programming
terms: One adds to the constraints (1} linear equalities expres-
sing the preseribed ratios, and chooses as a maximand (2) the
gnantity of any one desired good, say.

In convex programming the feasible set is defined by

(3) gi(x, .., x,)20, i=1,..,m,

where the g; are concave (') functions, and the maximand

(4) U L](xl’ trr xn)
p \
| A
\\
) 0
A
736, 16, 5

") A concave function gx, ..., x,) is represented by a hypersurface

=g{¥, ..., ¥, in the space ,oxy o, ®, b that is never « below » any

Y= . pace ¥, A < ¥
of its chords (if the -y direction is « up »).
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is another concave function (Figure 5). The term convex pro-
gramming derives from the fact that the feasible set, and each
sef of points on which the maximand attains or exceeds a given
value, are convex ('j. Linear programming is a special case
of convex programming.

With any optimal point in a convex programming problem
one can associate a hyperplane H throngh that point, which
separates the feasible set from the set of points in which the
maximand excecds its value in the optimal point (H is a line
in Figure 5). The direction coefficients of such a hyperplane
define a vector of relative prices implicit in the optimal point.
One interpretation of the implicit prices is that the opening up
of an opportunity to barter unlimited amounts of commodities
at those relative prices does not allow the attainment of a higher
value of the maximand. Moreover, if the maximand is a dif-
ferentiable utility function, one may be able, by treating utility
as an additional « commodity » and choosing #ts « price » to
be unity, to interpret the implicit prices of the other goods as
their marginal utilitics either directly in consumption, or indi-
rectly through the extra consumption made possible by the
availability of one more unit of that commodity as a factor of
production.

4. A Ong-Segcror MopEL witH CONSTANT TECHNOLOGY AND
STEADILY INCREASING LaBok Forcr

We assume that output of the single producible commodity
is a twice differentiable and concave function T(Z, 1.), homo-~
geneous of degree one, of the capital stock Z and the size of

('} A convex set is a sel of points containing every line segment con-
necting two of ils points.

{41 Koopmans - pag. g
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the labor force L. These assumptions imply full employment
of Tabor and capital, constant returns to scale, and nonincreas-
ing returns to an increase in only one factor of production.
Since capital is treated as a stock of the single producible com-
modity, output is af any time ¢ to be allocated to a positive
rate of consumption X,, and to a positive, zero, or even ne-
gative rate of net investment Y,. Hence, if we use a continuous
time concept, and denote derivatives with respect to time by
dots, we have

(5) XY =¥z, L),
(6) Y, =2, .

F(Z, L} is defined for all Z=o0, L>=0. We assume further
that hoth labor and capital are essential to production, that
either factor has a positive marginal productivity, and that
returns to increases in only one factor are strictly decreasing,

(7a,6)  Flo,L)==0, F{Z, 0)=o

o SE o
) (7¢, d) 5770 8L?>}.
S SE
(7¢, /) 578 =0, N <0

Finally, we assume that the labor force increases al a
constant positive exponential rate %, from a given initial magni-
tude L, ,

(8 a, b) L=L, ¥, 20 .

[4] Koopmans - pag. 10
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The homogeneity of the production function enables us 1v
go over to per-unit-of-labor-force concepts. Calling the unit
of labor force briefly a « worker », let x denote consumption
per worker, y ditte net investment, z ditto capital stock, and

(9) e = T F(iZ, 1)y=F \(f , 1) = F{z, 1}
output per worker. Since we then have

4 (17 ) . - o .

Ly = o (7, Ly =y Ly 2 Loy = (24 + hzg) Ly

the feasible set in the space of per-worker variables x,, 2, be-
comes

(10) ; (1oa) a4 .'et w [y} = ey
F{

10b,6,dY x> 0, gm0, E,given.

The term iz represents the (net) Investment needed if one
wants merely to supply the growing labor force with capilal
at the existing ratio of capital per worker.

To be specific we shall call a path (x, z] satisfying (ro)
attainable (for the given z,), and use the term feasible path in
the wider sense of a path attainable for some z,7>0.

It is implied in (7 ¢) that f(z) is strictly concave M.

() A strictly concave function is one that is strictly « above » all its
chords,

(47 Koofmans - pag, 11
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The per-worker production function (2) is therefore represented
by a curve such as is shown in Figure 6. The curve rises from
the value f(0)=o0 with a decreasing slope. In particular, any
line &z through the origin and of slope X such that o< A< f'(0)
will ultimately intersect the curve and continue above it M,

for any % > o such that o < % < /' (o) there is
a £ > o such that

(11)

{r14) FlE) == %5,

{T1d) /(&) < he for 2 > 2 .

\

16, 6

{'} To oblain (11) suppose that, for some such ), He)z Az for wibitrarily

large values of 2z, Then, by f(o}=o0 and the concavity of f, f(#)zhz for
all 0. But then, for any Z>o0, (7 b) and the continuity of I(Z, L) imply

the contradiction o=17(%, ofs=lim F{Z, L)=lim L]-'({:, 1y Hm ' flz) =
=EN>0. ey [P 1. e 2

4] Koopimans - pag. 12
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If % represents the rate of growth of the labor force, Z repre-
sents a capital stock per worker so large that the investment
required to keep it at the same level absorbs all output, leaving
nothing for consumption. If z,2%, it will therefore be neces-
sary to allow z, to decrease at least to some level below 2. To
avoid the uninteresling complication arising if z,>% we shall
from here on simply define « feasibility » so as to imply
02,53,

Although we have not vet defined a maximand, it may be
observed that the attainable set is now defined in a space
where the « point » is a pair of positive functions x,, z, of time,
defined for o=¢< ec. This is an infinite-dimensional space for
the double reason that we use a continuous time concept and
an infinite horizon. It remains infinite-dimensional if we limit
ourselves (1) to twice differentiable functions 2z, and once dif-
ferentiable functions x,.

5. Tue PATH oF TBE GOLDEN RULE OF ACCUMULATION

To answer an important preliminary question, we first con-
sider a KaNTOROVICH type restriction of the problem to a one-
dimensional one. The latter problem has been formulated and
solved in the last few years, independently and in one form
or another, by (%) ALrais [1¢62], DESROUSSEAUX [1961],
PurLps [1961], JoaN Ropmnson [1962], Swan [r1g6o], vON
WEIZSACKRER [1062].

Remove from the definition of the attainable set the restric-

{1} Due to twice differentiability of the data functions f{#) above and
w{a) below we will not be excluding any optimal paths by that regquirement.
However, a slightly weaker requirement will be found usefal in the Appendix.

() Dates are bibliographical only and refer to the list of references below.
Some of these anthors used semewhat more general models involving an
exponential technological improvement factor in the production function.
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tion that z, is given, thus making initial capital a free good.
Restrict the atfainable set instead by an arbitrary stipulation
that consumption per worker and capital per worker are to
be held constant over time,

x,=x, z=z forall =0,
The new « attainable » sef then is given by
{12 a, b, c) x=f(z)- 2, a0, 0.

Finally, choose 2z so as to maximize x, the permanent level of
consumption per worker. This leads to the choice of that value
% of z for which.

(13 a, b) fi&)=2%, so 2=f3)-213,

where [/(z) denotes the derivative of f(z).

Figure 7 shows the construction. Because, of the essen-
tiality of labor to production, i.e., assumption (% b} as reflected
im (11), there is for any given slope % such that o</2< (o) a
point # for which the tangent to the production function per
worker has that slope. To interpret the condition (13 a) note
that, if we hold L fixed, then by the homogeneity of F,

s _OF(Z, 1) AF(Z, L)
S = SzZ/Ly TNz

{4] Koopmans - pag. 14
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Hence (13) expresses equality, at all times 7, of the marginal
productivity of capital (in producing capitai, say) to the growth
rate ) —- a prescription known as the golden rule of accumula-
tion (%),

Az

iz,

>

6. EXISTENCE AND CHARACTERISTICS OF OPTIMAL PATHS

We now return to the original problem that allows x, and %,
to vary in time and recognizes the vestriction (10 ) of a histo-
rically given initial capital stock, and lock about for a suitable
maximand. We admit to an ethical preference for neutrality
as Dbetween the welfare of different generations. After some
hesitation, we tentatively and arbitrarily resolve another ethical
conundrum by interpreting this « timing neufrality » in a per-
capita sense. That is, we assume first of all that labor force
and population grow in proportion. Furthermore we thus imply

()} Paxres [1g617,

[q1 Koopmans - pag. 15
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that, starting from the golden rule path £, 2 of the preceding
section as a base line, we welcome equally a unit increase in
consumption per worker in any one future decade, say. Mere
numbers do not give one generation an edge over another in
this scheme of values.

The next difficulty we face is a technical one. A previous
investigation by Koormans [19607, continued by Koopmans,
Diamonn and WiLniamson {1662], has shown that there does
not exist a wtility function of all consumption paths, which at
the same time cxhibils timing neutrality and satisfies other
reasonable postulates which all wutilify functions used so far
have agreed with. A way out of this dilemma was shown by
RaMsey {1628]. One can define an eligible set of consump-
tion paths on which a neutral utility function can be defined.
Moreover, the cligible set is a subset of the feasible set such
that the remaining, ineligible, paths are clearly inferior to the
eligible ones, in a sense still to be defined. In RAMSEY’s case,
in which population was assumed stationary, the criterion of
eligibility was a sufficiently rapid approach over time to what
he called a state of bliss. This state was defined as either a
saturation of consumers with consumption goods, or a satu-
ration of the productive systera with capital to the point where
its marginal productivity has vanished — whichever state would
be encountered first, We shall find that in the present case of
a steady population growth the golden rule path can take the
place of RaMsEy’s state of bliss in defining cligibility. Thus
Ramsey’s device can be applied to our case with what seems
a lesser strain on the imagination in regard to situations outside
the range of experience.

We have one more technical choice to make. For reasons
of mathematical simplicity, and at some cost in « realism »,
we shall model cur utility function after the finite-horizon
example of

(14) V= {-T wlxydl

o 0

41 Koopmans - pag. 16
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As cxplained already in Section 1, this simple integration
of an instantaneous utility flow u(x,) implies noncomplemen-
tarity between consumption in any two or more parts of the
future.

We shall assume that the instantaneous utility flow is a
strictly concave, increasing and twice differentiable function
u(x) of the instantaneous consumption flow x. This function
does not change with time, and is defined for all x>0, Strict
concavity implies that we attribute greater weight to the mar-
ginal unit of per capita consumption of a poor generation as
compared with a rich one. To assume #(x) increasing rules
out saturation. TFinally, instead of introducing a subsistence
minimum, we shall require that

(15) lim w(x)= - oo,
X0

a strong incentive to avoid periods of very low consumption
as much as is feasible,

Let si=u(£) denote the instantaneous utility flow derived
from the consumption flow per worker of the path x, =%, 2,= %,
of the golden rule. We shall now work with the difference be-
tween the integral (14) for any given feasible path and its value
for the golder rule path, and study the behavior of this diffe-
rence as T goes to infinity, The following propositions can be
proved (for proofs see Appendix).

(A) Theve is a number U such that
" A
(16) U, = f (w(xpy— w)drgU
0

for all feasible paths (x,, z,) and for all hovizons T.
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Thus, if utility is measured in conformity with (14), no path
is « infinitely better » than the golden rule path. In particular,
no feasible path x, can indefinitely maintain or exceed a level #
of utility flow that exceeds #. Thus the golden rule path con-
tinually attains the highest indefinitely maintainable utility
flow.

(BY For every feasible path, either lim Uy exists (is a
T—co
finite number), or Uy diverges to ~ o0 as T tends to co.

In the first case, we call the path eligible, in the second
ineligible. Then (B} establishes a clear superiority of ecach
cligible path over each ineligible one. On the cligible set we
choose as the utility function

(17} U= j(u {(x}) — i}) al .
0

In propositions (C), (D), an oplimal path is defined as a
path maximizing U on the set of eligible and attainable paths.
It is not hard to find eligible and attainable paths for
every admissible initial capital stock z,. 1f z,2>%, one only
needs to refrain from net investment until the capital stock

7’:,::21_06“ of the golden rule path has caught up with the

given initial stock Z,=2,L,, and to continue along the golden
rule path thereafter. If o<z,<(%, one can through a finite
period of tightening the belt arrive on the same path.

(C) For any inifial capilal stock z, with o< z,=7 there
exists a unique optimal paih (X, 7,) in the set of cligible and
attainable paths. For z,7%, both X, and 7, exhibit a strictly
monotonic approach to X and 2, vespectively, from below if
0< 7, %, from above if 2z, S7. For z,=17, the optimal path
is X,=%, 2,=%2 for all 1, the golden rule path.

[4] Koopmans - pag. 18
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()Y The optimal palh satisfies the condition
(18) u'(x,) ¢, =14 ulx,)

that atl any time the nel increase in capital per worker #ul-
liplied by the marginal wiility of consumption per worker equals
the met excess of the maximum sustainable wtility level over
the curvent ulility lewel,

This condition is similar to the Keynes-Ramsiy condition
[RamsEy, 1928, equation (5)] formulated in terms of absolute
amounts of consumption, and reverts to it for 2 =o0. Kuyngs’
intuitive reasoning in support of this condition carries over
with only slight reinterpretation.

A number of analogous results can be obtained if the uti-
lity of a consamption path is defined as an integral over the
instantaneous utility flow discounted at a posttive instantancous
rate g.

(E) The utility function

[0.0]
(1g) V(o) = [6*0" w(xYdl, where 5> 0,

o

is defined for all feasible paths for which xZx for all t, when-
ever X >0,

Ramsey’s device is therefore unnecessary in this case.
We shall however obtain an economy of notation if instead
of V(p) we use the utility function

e 0]
(20) Uy = /(3""3‘ (w. (x,) — a) dt, >0,

0
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which differs from V{g) by a constant. As before, we shall
write Ur(p) if the integral in (20) extends from o fo T<loo,

The stipulation in (E) that keeps consumption from be-
coming altogether too small is necessitated by (15), merely to
prevent Ug(g) from diverging to - oo as T-+00. However, we
shall for >0 define as the eligible-and-attainable set the set
of all paths with the prescribed z, for which V(g) exists. (E) as-
sures us that no paths worth consideration are excluded from
the eligible set. If z, were to be very small, we could still
allow for growth by taking # correspondingly smaller.

In ithe following propositions (F) through (J) oplimality
is defined by maximization of {20) on the appropriate eligible-
attainable set. It is assumed in propositions (FF), (), that an
eligible-attainable path (£, £} is given, which is under scrutiny
for its possible optimality. The propositions associate with
such a path tentative implicit prices of the consumption good
and of the use of the {identical) capital good. Once optimality
of the path (£, g, is confirmed, these prices arc no Ionger ten-
tative, and generalize o an infinite-dimensional space the idea
of a hyperplane separating attainable from better-than-optini-
ally-attainable programs, illustrated in Figure 5. The (dated)
price of the consumption good is defined frem (20) by

(21) Pt (R,

the present value of the marginal instantaneous utility of con-
sumption at time ¢ if the given path (£, 2,) is followed. The
price of the use of the capital good is similarly defined by

(22) q,=p, &8}

F41 Koofinans - pag. 20
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as the present value of the marginal productivity of capital at
time ¢ mudtiplied by the marginal utility of consumption at
that time. Finally, we denote by

(23)
T
[AJ(D) e ﬁoo(;’) . where Gﬁ.(p} iz / gt (z((&,” — 'zh() difor T = a0,
0
the utility of the path (£, &) under scrutiny.

Propositions (IF) and (G) hold for any eligible-attainable
path (£, 2) and its corresponding prices p, ¢, regardless of
whether that path passes the test for optimality. Propositions
(H), (1) together express that tes.

(F) If (R, %) is an eligible and altainable path, and if
(X, 2,) 15 any path, feasible or not, then

m

(24) Ute) = Oute) = [t — )
0

for 4ll finite T, and for T =0 whenevey the integral converges.

Since both members vanish if x, =%, for all £, this means
that hoth

{1) the utility Uy(p) of the path (x, z,) is maximized, subject
only to the « budget constraint »

T

) A
jsz‘ (ry — @) dt <o,
0

if (x,, z,)=(£,, 2,), and
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(ii) « consumption expenditure at implicit prices »

"
/ Py dl

o

0

reaches its minimum, on the set of paths with utility
Ux(p) equal to or exceeding that of the path (£, %), if
(2, 2)= (£, &)

(G) If (%, 7)), (X, %) are two eligible and atiarnable paths,

o )
(25) /Pt(mf — 2= [(?t(zt —2) — P2 — ;5:)) dt =
0 0

= f(‘?r +f;t) (2g— 2:‘) Al — P2y ;J)

the last term has a limit,

Again, all three members vanish if (%, z,) is itself the path
(%, 2). The inequality in (25), rewritten as

T T

[pf(.fnt + z',_ — ’jl'\t — ;t) dt f—~[g, {2; — 5;3 di<o ,

o 0
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says that, at prices implicit in the path (£, £,), « revenue »
from fotal output minus « rental cost of use of capital » is
maximized in that path.

(24) and (z5) together give rise to Propositions (H), (I), (]).

(H) Let %(p), %(p) be defined as the solution X, 7 of

(26) fn)=h+g f(z)-Iu=x, where o< =h+p<f'(0).

Then if z,=%(p), the unique optimal path is X, =x(p), Z,=2(p)
for all t=o.

e
7arp)z

AZ

Ifs. 8

The determination of z(p) is shown in Figure 8. Because
of the strict concavity of {(2), £(g) and £{g) exist and are uni-
que, and 0= 2(g)< 2{e*)<g for {(0) - 22> prg*=o0, and hence,
since f(z) - Az Increases for 0=<z=4,

(27) @) ={{2(0))- 120 <ap) = & for [lo)=) > p>p"z0
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The constant optimal path made possible by the initial ca-
paths associated with other values of z,.

(I) For all z, with 02,57, the unique optimal path

¢ e

(k, %) 18 wmquely chavacterized by the lwo conditions

(@) lim 2,=2(p),
T

(B) the prices (21), (22) tmplicit in the path (%, %)
satisfy the differential equation

(28) g, +po=0 dorall £=o.

To interpret condition (3), let (x,, z,) be a path which dif-
ters from the optimal path only slightly and only on a short
open inferval &, on which 2,22, (see Figure g ). Then x,
will differ from #, first because the slightly higher capital stock
on I allows a slightly higher product, and secondly because
acceleration of investment during the first part of & and de-
celeration during the second part leads to some postponement
of consumption within <. In the light of (21), (22), the con-
dition says that, for an arbitrarily small difference z, - 2, of
arbitrarily short duration, the utility effects of these two com-
ponents of x,- %, must cancel if the path (%, &) is to be
optimal.

If condition (8) of Proposition (1) is satisfied, the inequality
between the first and third members of (25) becomes

T
(29) [7Jf(mt - %t] dt — puly — 21) =0 .

0
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The interpretation of this inequality is that, in an economy
that keeps its own capital accounts (rather than renting the
capital it employs), the revenue from deliveries to consumption
plus the value of the capital stock at the end T of the planning
horizon is maximized in the optimal path (%, Z,), in comparison
with all eligible-attainable paths. This is so for all finite T,
and in the limit for T-+oc if such limit exists.
Finally, (24) and (29) together yield

T
A

Go) U= 0 [pie— E)dt spien 5
0

If condition (&) of Proposition (1) is also satisfied, then (21)
and Proposition (J) below imply that the price p, associated
with the optimal path approaches zero as i--00. In that case
lliinm pr(zr - #r)=0, and capifal disappears from the accounts
for an infinite horizon. The inequality between the first and
last members of (30) caried to the limit for T—oo then confirms
the optimality of the path (£, %,). In the Appendix we show
that the middle member of (30) also converges. We can there-
fore supplement statements (i), (ii), made in interpreting (F)
above (with T--co) by the statement

(i1i} « revenue from deliveries to consumption

0

/pt ay dt

0
is maximized, on the set of cligible-attainable paths, if
(%, z)= (£, £).

Proposition (J) describes the path characterized by propo-
sitions (H), (I}.
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() In the unique optimal path (%, 7)) Jor any instial
capital stock z, with 0< 2,57, 7,2 0(g), both X and Z, exhibit
4 monotonic and asymptotic approach to X(p) and z(p), respec-
tively, from above if 2o > 7{), from below if 7, 2(6)-

For later discussion, we note from (27) that the asymptotic
level #(p) of consumption per worker, while independent of
the initial capital z,, is reduced as the discount rate is increased.
The maximum of #(p) for g=o is attained at g=o0. We shall
not examine the cases where g=f'(0) - X

Finally, a word about the case where one tries to apply
a negative discount factor p<Co. Writing - p=0, this means
looking for a utility function extending the finite-horizon
exammple

T

Vp{—a)= [e"" afa,) di

0

to an infinite horizon. This is not as far-fetched as it may seen.
After all, we have so far given no weight at all to mere numbers
in comparing generations, If we were to weight each gene-
ration in proportion to its number, and otherwise seek neutra-
lity with regard to timing, the population growth parameter Iy
would take the place of o above.

In order to apply Ramsey’s device in the present case, one
would have to find a feasible path (x,, z,) such that

T
(31) Wi~ 5) = [e"' (zc-(;r:f) — u(mt)} dat

6
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is uniformly bounded from above for all feasible paths (a3, 2%
and all values of T. The following statement says that no
such path exists.

(K) For each o >0, for cach attainable path (x,, z,), where
0 o5z, and for each number N >0, theve exist another attain-
able path (xi.#;) and a number T* such that

(32) W) >N for all  T=T* .

This says, essentially, that there is no upper bound to the
range, on the attainable set, of a wutility function of the type
we are seeking to define. The case g<70 is thercfore analogous
to the case in ordinary linear programming illustrated by Fi-
gure 4. The same difficulty was noticed and discussed by
TiNBERGEN [1960] and by CHAKRAVARTY [1962] in connection
with the case p=0 for a model with constant returns to increases
in the amount of capital alone.

In the present case, the reasons for the absence of an
optimal path for ¢<Co can be illustrated in terms of the path
(%, 2)=(%, &), optimal if g=0 and z,=%. From (21) we sec
that the implicit price of the unit of consumption good per
worker, associated with this path would have to be a constant,

po=u(£) for all ¢,

This means that a sacrifice of one unit in per capita con-
sumption, now made for a short period as a slight departure
from this path, can be taken out by any future generation in
the form of an equal augmentation of per capita consumption
beyond that provided by the path, for a period of the same
short duration. Now if either the discount rate plo, o if p=0
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but some weight is explicitly given to population size, it will
always increase utility to delay still further the time at which
the fruit of the initial sacrifice is reaped.

In the proofs of Propositions (A) - (K), given in the Ap-
pendix, one common characteristic of the problems considered
is repeatedly wsed without explicit mention. At any time in
an optimal path (%, 2,), the capital stock £, is the only link
between the past and the future. This is due, on the one hand,
to the utility function being an integral over time of instan-
taneous utilities (discounted or not).  On the other hand, it
arises from the fact that the feasibility constraint (1o a) restricts
z, but not #,. Hence the function x, is in principle free to vary
discontinuounsly (cven though it is found optimal for it not to
do so). However, %, is bounded by {10 a, ), hence », can only
vary continnously. The resulting property can be expressed
formally as follows: If (£, £,) is an optimal path for given z,,

then, for any T, the path (x}, 2}) defined by

= 1 /:t LS ETef

is optimal for 27 =& .

7. ApjustiNG PREFERENCES TO OPPORTUNITIES

What have we learned from our « logical experiments »?
We have confronted a simple model of production with a utility
function representing a sum of future per-capita utilities, dis-
counted by a positive, zero, or negative instantaneous rate of
discount g, We have found that p=o0 is the smallest rate for
which an optimal path exists.
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Let us assume for the sake of argument that the present
model is representative enough to be looked on as a tentative
test of the applicability of the cthical principles under consi-
deration. Then we have just managed to avoid diseriminating
against future generations on the basis of remoteness of the
time at which they live. However, this close escape for virtue
was possible only by making welfare comparisons on a per
capita basis. If instead we should want fo weight per capita
welfare by population size, then we are forced to discriminate
on the basis of historical time by positive discounting. There
seems to be no way, in an indefinitely growing population,
to give equal weight to all individuals living af all times in the
future.

This dilemma suggests that the open-endedness of the future
imposes mathematical limits on the autonomy of ethical thought.
The suggestion may come as a shock fo welfare cconomists,
because no such logical obstacles have been encountered in
the more fully explored problems of allocation and distribution
for a finile population. It is true that the mere fact that we
are considering an infinite number of people docs not fully
explain the dilemma. For Ramsey was able, albeit by artifi-
cial assumptions, to indicate a fair solution to the problem
for the infinite future of a population of constant size. Our dif-
ficully is therefore connected with the assumption of an inde-
finite growth in the population.

The following reasoning may forther illuminate the reasons
for the nonexistence of an optimal path with negative ¢, As-
sume that o > >f(Z) - 2. (Of course, g= - & would correspond
to equal weights given to the sfilities of all individvals. How-
ever, [(z) - A> -4, and our ilustration is simpler if we do
keep 2(p)< 2 by taking ¢>f(Z) - 4. Consider now an optimal
path for the finite time period 0=¢=T, defined by initial and
terminal per-worker capital stock levels z,=zp=2 both equal
to that level 2 which, if maintained at all iimes, would secure
the maximum maintainable consumption per head. The analy-
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sis associated with the proofls of (H), (I), (]) in the appendix
now indicates that, if the level # is prescribed only for =0
and ¢t=T, the optimal path bulges out toward the level of #(p),
as indicated in Figure ro. The interpretation is roughly as

Z(p)

N

follows. The negative discount rate gives the greatest weight
to the per capita utility of the last generation living within the
planning period [0, T]. In responsc to this weighting system,
the optimal path provides for a reduction in capital per worker
(a « disinvestment » in a per capita sense) during a terminal
segment of the planning period, in order to allow for high
consumption at that time. To make this possible, all preceding
generations make a sacrifice. For the first generation, this
takes the form of heavy investment needed to increase the
capital stock more than in proportion to population growth.
For the intermediate generations, it consists in approximately
maintaining the capital stock — by continued proportional
growth — at a per capita Jevel in excess of that which would
maximize per capita consumption.
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Now if T is increased, the benefitted generation becomes
a more and more distant one. If T=co, there is no benefitted
generation, and the limiting position of the curve in Figure 10,
while mathematically well-defined, merely describes a path of
indefinite and fruitless sacrifice.

The problem appears in even sharper light if technological
progress is also recognized. A study by Inacaxr [1g63] uses
a Coee-IDouGras production function

F(Z, L, t) == const. & Z*L.1-*

subject to exogenous technological progress at the constant pro-
portional rate 3, an instantaneous atility function

2 s
(33) w () = j log s — log 2

exhibiling suitable behavior for large values of x, and a labor
force growing exponentially at the rate A, Among other re-
suits, INAGAKT finds that, for the integral V(g) as defined in (19)
to canverge on the counterpart of our path (x,, z,) ={£(g), £(g)),
it is necessary that
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Let us assume that RaAMSEY’s device can be used also in this
case, and that it would again merely result in adding the bor-

B

derline value ¢= mto the set of discount rates defining a

atility function for which an optimal path exists. Then a pre-
dictable positive lower bound to the rate of technical progress,
valid for an indefinite future period, precludes application of
the ethical principle of timing neutrality in terms even of per
capita utility — not to speak at all of weighting generations by
their numbers.

Thus, if in the face of technological progress we want to
hold on to the idea of maximizing a utility integral such as (33)
over time, we must invent a discount rate ¢ satisfying (34), or
its equivalent for another production function, Such a discount
rate might just have to be a pragmatic one having no basis
in a priori ethical thought. While it might well be a result,
conscious or unconscious, of political processes or decisions, it
would have to be revised upward if it is estimated that techno-
logical progress will accelerate to such an extent as to « over-
take it », and could be revised downward if it is expected that
progress will slow down.

One might instead conclude that the whole idea of maximiz-
ing a utility infegral is not flexible enough to fit the inequality
of opportunity between generations inherent in modern techno-
logy. Two alternative notions have been partially explored
by the present author, using a discrete concept of time. In
onc of these [Koormans, 1960, see also Koormans, DiaMonn
and WILLIAMSON, 1g64], the utility function of a consumption
path x;, =1, 2, ..., can be defined by a recursive relation

Uy e, ) = V), Ulma, w50 .2
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in terms of a one-period utility function #(x) and an aggregator
function V(wx, U). This formulation allows the {scale-invariant)
discount factor

( SV(u, U))
SU gea=atx), U=Ulx, x .00

associated with a constant path fo mcrease or decrease with
the level x at which the path proceeds. The second alternative
[KoorMmaNns, 1962] is an attempt to cxpress formally the idea
of a present preference for flexibility in future preferences be-
tween different commodity bundles of the same timing, or
between physically the same bundles spread out differently
over time, or between bundles differing in both respects.
Further analysis will be nceded to determine whether the first
idea is sufficiently flexible to enable us to avoid the difficulties
we have encountered, or, if not, whether the second idea can
be made workable.

&. TrcHNICAL PROGRESS AND POPULATION GROWTH AS PPos-
siLE Poricy VARIABLES

So far we have treated both technical progress and popula-
tion growth as exogenously given. It should now be recognized
that both variables can be, and are in many countries, influ-
enced by public and private policies and attitudes. Technical
change is furthered by government conduct or support of re-
search and of education, by the tax treatment of depreciation
and obsolescence, and by business policies with regard to
research and development. Population growth is influenced
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by expenditures for public health, by family allowances, by
government policies toward family planning, and by general
cultural and religious attitudes toward the idea of population
control. Tu addition, both variables are in part endogenously
affected by the level of income.

Both possibilitics of partial control raise new conceptual
problems in formalizing the idea of optimal economic growth,
In the middle of the scientific explosion, it is hard to assess
whether technological progress can go on forever, so that also
its rate can be raised or lowered forever. Tt is conceivable that
a higher rate of discovery and invention in the present will
entail a lower rate of progress at some later time when the fund
of knowledge usable in production nears completion. Anocther
consideration is that technological progress raises fransition and
dislocation difficulties that affect the relative welfare of different
individuals within the same generation,

The possibility of influencing population size raises the
question of the value of population size in itself — ag disfinet
from the question of the weight given to numbers in aggregating
utility over generations, discussed above. It should be noted
that all utility functions discussed in this paper imply neutrality
with regard to population size as such. The question is of some
nnportance because a different attitude might lead to a different
balance between the « value of numbers » and the loss of per
capita income that may result from an increase in the ratio of
population to land and/or other resources. This problem did
not come up in the more formal analysis of the preceding section
because the assumption of constant returns to proportional
increases in both labor and capital precluded the recognition
of resource limitations.
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APPENDIX

A 1, NOTATIONS

Instantaneous discount rate . . . . @g= -0
pA

Exponential growth rate of labor force

At time 1 Lnlegrated

absolute per worker aver time
{per worker)

Consumption flow . . . . . X, X,

Capital stock . . . . . . % 2

Labor force . . . . . . . L,

Production function . . . . F(Z, L) f(2)

Utility . . . . . . . . w{x) U, V, W

Derivatives with respect to time are denoted by dots, 2,= iij—; ,
df A

other derivatives by dashes, {{z)= o (%)= e

~ generally denotes optimal paths and their asymptotic levels.
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A 2. ASSUMPTIONS

{a)=(8) L,=1, ¢ for all £Zo0, where o< < f{0),
) Z
(b)=1{q) F(z, 1L)=L j(T--):L f(2) for all L>»0, Z=o0,
(¢) flo)=o0, f(2)>o0, {" ()0 for o=z,
{d)=(rz @) {or each 27>0 such that o< A<f'(0) there is a 7, >0
such that f{&)}=AZ, (the subscript X of % is
omitted in what follows),

{e) w (%)>0, w”(x)< 0 for o< x<low, lim wulx)= - oo,
X0

A 3. SOME IMPLICATIONS OF FEASIBILITY
Given the initial stock z, of capital per worker, the attain-

able set of growth paths (x,, z,) is now given, in terms of per-
worker variables, by the requirements that, for all o,

(35a} @, >0, z;Z 0,

(350} #; is continuous,

(35)
{35¢) 2;,, m; are differentiable to the right,
(35d) «,t and q,t are continuous to the right,
(36) %t 2 =He) - ) z=glz), say,
(37) 2, Is prescribed, where o0<(z,<% .

The feasible set is the union of all attainable sets with o<z, =<%.
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We note that, by Assumption (¢}, both the feasible set and
the attainable sets are convex, and that the function g(2) defined
in (36) is strictly concave. Since g(z) vanishes for =0 and for
g=§%, it reaches its maximum £ in a unique point £, so that

(38) (384) %:"q{g) > g(2) for all =z :,/_-;, where 0 <z <7,
3 A ~
(380) ¢'(z)> g(2) == 0> ¢'(z*} whenever o £z <z <2®zs .

From (35 a), (36}, we have
(39) Zrw g glz)

and hence for all feasible paths, using (35 4), (37), and the
fact that g{z)>o0 only for o< 2<(%,

(40) 0< z,Z& for all fZo.
Here 0=z, has been ruled cut because it would not allow the

positive consumption x,. for t"22¢ required by (35 a).

A 4. A BASIC INEQUALITY AND ONE APPLICATION

The concavity Assumption (e) of u(x) implics that

{41) w(x) — w(x®)Su'(x%) (x-x*) for all x, x*,
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and the concavity of g(z) implied in Assamption (¢} and (36)
that

(42) gz} - g2)=g (2% (z-2%) for all 2, 2%

We shall make many comparisons of utility integrals for

feasible growth paths (x,, z,) and (#7, %), based on (41) and
on either (38) or (42). To avoid repetition we state this com-

and g is as yet unspecified.

(43)

s s

ile)= e (ufa (o At = [eeton) - dr=
T v

T

:j et u'(a ) {(glz,) — glz )~ Z+ 4;‘) ot =
I

(43 a] e i e

xf e u(w)(gld—glz) dt- et ulae Y e-ad) -+

T ' '
T d .

+. / 137 (e"ef- W 1"’:‘))- (2p2) dE =
b

- |

= Jeet[w'{e ) (g’(zﬁ)——p) + ey {2, — 25 dbf —

i

g

- ]e—uz Wl (2~ 20)| -
o
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If T* =00 the validity of {43) depends on convergence of the
integrals involved.

One application of {43) will be used repeatedly. We define
a bulge in a growth path (x,, 2} as an interval [T, T*] such that

(44a) o=T < T w0, 2z,==2p=2z% say, and

{(44) (448)  cither 2* Sg(s) and 7, < 2% for T < « T¥

= T

or 25> 2(e) and z >t for Tt T,

where the definition {206) of £{p} is extended to all values of g,

(45 (450) g{2() = ¢ for g(&) < < glo)

ZLL'

-~

e R e
¥

prERE

e [P,
\.{_..w..___._._.__
-

B [,
~

—_
i

G L
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Figure 11 shows z, for a path with two bulges, both denoted
[T, T*]. The cffect on the utility integral of « straightening
out» a bulge is found from (43) by taking z;= 2%, x=x*= g(z%),
and satisfies

(46)

P e
—_ [ et {ua,) — u(w®)) di = — /(@) (7" — o) / et (z, - 2Nt > 0

0 .

it 2%72(p), because in that case g'(2*)-¢ and z,-=z* are
opposite in sign. If 2¥=gz(g), and if for instance z,<z*
for T<#<_T* as in the second bulge in Tigure 11, we can
by suitable choice of a number z**< £(p) write the left hand
member of (46) as the negative sum of two such integrals,
one comparing (x;, z}) defined by z;=max {z**, 2} with
(x*, 2%)=(£(p), £(g)) on [T, T*], the other comparing (%, z,)
with (x*%, z%%), where x*¥==g(z**}, on an interval [T¥*, T*¥**]
such that T<{T¥*<T***T*  Since of these integrals the
former is nonpositive, the latter negative, (46) is valid also if
g*=2(p). We thus have

LeEMMA I: For any g, a path {x,, z,) optimal on any finite
or infinite time interval cannot contain a bulge.

This conclusion, and the inequality (46) on which it is

based, remain valid for T* =oc and g=o if the definition of a
bulge is extended to read « (44 b) and either (44 4) or (44 a} »,

/ oo . . . .
(44 @) o= ToT¥ =00, 20, z,==2%, and if s==0 then Jim z,==2",
- >0

as illustrated in Figures 12 (p=0) and 13 {g>0).

f4] Koopmans - pag. 41
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z¥

N — S

Fig. 12 FiG. 13

A 5. INFERIORITY OF INDEFINITELY FLUCTUATING PATHS
IF o550

We define the asymptotic range of the path (¥, z,) as the
nonempty closed interval

(47) (00, L==lim inf z,, 7 =lim sup 2 .
= = Theo 2T Toseo 0

A positive length T - ¢ of the asymptotic range Implies that z,
continues to fluctuate between any neighborhood of ¢ and any
neighborhood of €, infinitely often, and for arbitrarily large £.

LeMMA 2: If p50 and if {<(§ for the aliainable path (x,, 2,
then there exists for each N™>0 an aitainable path (x;, 2y) and
a Tx»0 such that

’
(48) Ui(s)= }mt (wf) — wiwd)) dt< N for all T>T, .

0

[4] Koopmans - pag. 42
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For the proof of Lemma 2 we must strengthen (46) to
obtain a positive lower bound on the gain Uy (p) associated
with the « straightening out » of a bulge [T, T¥]. Tor this
purpose we choose an interval [z,, z*] such that

(49) (a) {2y 2% g and either (b) (o)< za o1 (¢) %< 2(p),

which is always possible. If for definiteness we assume (49 ¢),
we have from Assumption (c) of Section A 2

(50) gl -ezg ) gy >0 for zugrse

Now z, has infinitely many bulges [T, T*} with the pro-
perties

{51) ap = gpe = 2%, 2,52 forsome te [T, T¥] .

Becausc of the continuity of z, we can for each of these choose
an interval [t, 1%] such that, if we write 2% - 2,52 ¢,

2 T 83T and 2, = 2,52, 2o = 2% - ¢ for A A
. i

z Tzc {

o

Zfp)

/

*N
Y <

S e e —

G, 14
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The construction is illustrated in Figure 14. Since the last
inequality in (46) holds also for all subintervals of [T, T*],
we have from (52), (50), if a*=2g(z*} and p=o,

- o
— G Uls(o} == — j et (u(mt) - u(m*)) di > - u'{a¥)y / (2p— 2%} dt >

e v

> {a®) ye (x5 1),

since 20 and #'(x*) v>>0. On the other hand, we have from
(52}, (39) with x,>0, (36) and (38 ) that

¥ ¥

&= /z.tdt<[g(zt) df < (%) 2
whence % -t~ e/£2>0 and

(53) — Ui (o) W (x¥) y /i oo,

Finally, we define the feasible path (x7, 2}) by (36) and

zigmax {z, 2% for 0Zt<STy, £j=2, for £>Ty,

subject to a later choice of Ty in such a way that Zp =z*. Then

Ty
e Unp (p) 2 o | @m0t ('H-(.'I:,_} — 1!(;:!,'"5')) dt > nyp, 2%, where 2% > o,

0

[41 Koopinans - pag. 44
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it #nr denotes the number of completed bulges in {0, T'}. But
lim #¢ =o¢ because there are infinitely many bulges in
T30

fo, o], Hence the choice of Ty such that nq ZN/a* estab-
lishes Lemma 2 in case (49 ¢) holds. The proof from (4q9 b) is
similar.

A 6. PRrOOFs FOR A ZERO DISCOUNT RATE (p=0)

Proof of (A). In (43 a) lake g=0, z}=4, so x,=£=g(2).

Then if we write w(£)=4, w'(£)=d ,

e

~
fi

(54) U 22 /’(u{.l;,) - ?7\ dt = ' {2, — 2w) g’ - 2

EN

by (38), (40), regardless of T, T*, hence also for T=o0.
Proof of (B}, We distinguish threc cases regarding the
asymptotic range [¢, §] of the given path (x, z).
Case (1), {¢<C. In this case we have from Lemma 2 and
from (54) applied to (2% 2t), for any N>o ,

T T
U, = j {wlw)) — (@i} di + [ (u(m*;‘)—-?a.) dt<—N+tu -

0 0

Ea )

for all T=2Tx. In this case, therefore, U, diverges to -2 as

T-soc,

(4} Noopmeans - pag. 45
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Case (2), {=0+2. For definiteness assume £<7% and let
&-F=2 e, Then ¢>o and there exists T<"oc such that

(55) S=fte=g-¢e forall =T .

If now in (43 @) we take p=o0, z =8, x ;= £==g(3) for all £=0,
then,

) E
(56) TUW;f[@mwg4ndhg% /wug_ﬁﬁ#+er-5*;§ﬁ
" e

o (I =T+ 5,

where by (38), (40},

A A ~

P {(\,' . (;j(; — g(z — :)) >0, oo -

uy

Hence Uye = Uy + Uy, diverges to - o0 as T*-»o00 in this case,
and by similar reasoning in the case £<7¢, hence in the entire
Case (2).

Case (3), {=¢=2. In this case clearly

(57) lim 2z, == i .

T+eo

It follows from the third member of (54) that
GpizUp k8« 2y

{41 Koopmans - pag, 46
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is a nonincreasing function of T. Hence (; either possesses a
limit for T-»00 or diverges to -oo. In view of (57), the same
must then be true for Us.

This completes the proof of statement (B). In addition,
we have found

LeMMA 3: If p=o0, a necessary condition for eligibility of
the path (x,, z,) is that (57) is satisfied.

Proof of {C). An optimal path (£, £,) is now defined as
one that maximizes

o0

(58) U = [ (ulaey) — 1) it
0

on the attainable-and-eligible set. A beautifully simple proce-
dure uscd by Ramsey in his slightly different problem can be
adapted to the present problem as long as g=o.

From Lemmas 1 and 3 we conclude that, in any optimal
path, £, exhibits a nondecreasing, constant, or nonincreasing
approach to lim £,=% according as 2,<(8, =% or >>£. This

00
establishes the second and third sentences of statement (C)

with the term « weakly monotonic » substituted for « strictly
monotonic ». Now consider an attainable-eligible path (x,, z,)
for which

{59) z=z%8 for T<E=T*, where T<IT*.

Then, along the lines of (56),

[4] Koopmans - pag. 47
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e
Uy 223 / (ﬂ(af't) - z‘?) di = 2(1 —T) (g(z*) — ?) <0
"

by (38 a). It follows that the path

(®p &) for ot =T

. 2= i
(:',Ct_'_.l‘:}:_,,- , (','r_'_)l.:é:qr) for 1 =t y

is likewise attainable, and indeed eligible and preferable to
(%, z,), because it achieves a utility

U*=U +,U* =Up + U Up + Ui 40U =U .

Therefore (59) cannot occur in an optimal path.

It follows that, if 2,748, an optimal path shows a strictly
monotonic approach of £, to the value z; =2 for 0<¢t<"T, where
T=oc. We shall call any eligible path with that property a
superior path. To complete the proof of the second and third
sentences of (C) we only need to show that for an optimal path
T=oc. This is best obtained as a corollary of the proof of (D).

The proof of the first sentence of (C) will also be combined
with that of (D).

Proof of (D). For all superior paths we can now make a
useful change of the variable of integration in (58) from ¢ to =,
Since, by (36), z,= 2 for ¢z T implies x,= %, u(#,) =1, we have
for all superior paths, using {36),

1>

wl @y ) 1t Fulw)) —
(60} U::[ ’” zﬁf () __dz

vf()

[4] Koapmans - pag. 48
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The unknown function is now x(z), defined, like #(z), on the
interval z,<z<(%, or on #< 2=z, as the casc may be. The
advantage from the change of variables lics in the fact that
only x(z) itself, and no derivative thereof, occur in the inte-
grand in (60). Hence (60) is maximized on the set of superior
paths if and only if x(z) is given a value £*(2) such that the
integrand is maximized for almost every value of z in its do-
main. This requires £¥{z} for almost every z to equal the solu-
tion x=#(z) of

(61) (2 (g(z) — .'1:)) == — w(T) .

,\?-—-g/Zﬂ) Xz} Fa>7
/ N

I
|
I
I
!
|

/‘ gz
x(z)ifz<Z

e, 15
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Figure 15 shows the determination of x= #(z) for the two cases
z< % and z7>Z. Tt is easily seen from the diagram or analytic-
ally, using Assumptions (c), (d}, (e}, that a function £(z) can
be uniquely determined from (61) for all values of z on 0<(2Z%,
so as to be independent of z,, continuous and increasing for
all z, and differentiable for £744. In particular,

(62) m a(d) =0 , 2@ = x =gz .
=30

Moreover, since any feasible x, is by (35 ¢j continuous to the
right, and since for any superior path £(2) is continuous and
monotonic, £%(z) must be continuous to the right if 2,72, to
the left if 2,22, Hence #%{z)= (z) for every value of 2 in ifs
domain, and the asterisk can now be omitted from £#%(z2).
Once #(2)} has been determined in the manner indicated,

one reintroduces the time variable £+ #(z} by

z " # " A

= gly) — ()

The function #(z) and its inverse &, are monotonic and differen-
tiable with the proper range and domain in each case because,
by (61) and the monctonicity of #{z),

§E) — P2} == ﬂ'(w(z)}ﬂs 7

(4] Koeopinans - pag. so
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Hence #, is monotonic and differentiable. In order to see that
Te=oc whenever z,52, one readily computes from Tavror
expansions of gz} - g(2) with respect to z - &, and of g(#({x))—%
with respect to x ~ &, that

lim g z)uch gz) 2(4)fi(m) x ’
P gz w'()

a negative real number. It follows that
. A . Lal . Fal . -~
iz, <z, o {z)umoo, M zy>2, Hm f2)s=co

fad A
B0 240

Therefore T =oco, The proofs of (C) and (D) are thereby com-
Plete.  In addition, we note that #(z) is differentiable also for
= é’_

A 7. PROOFS FOR A POSITIVE DISCOUNT RATE (0<Cp<_f'(0) -~ A)

Proof of (£). Let (%, 2,) be a feasible path with x,zZ@ >0
for all £. In {43) we insert #f==2, zi==2 < £ such that g(&) =«
Then, if w{x)s=w, ()=,
0=Z T T* < oo,

e
°= / e (ula) —w) di = Ve (5) — (ufe) (0" — 0 ) 5

v

ik

<u' - |g@) — ol - (Bl) (0T — eeT¥) o' 2 (e-e¥ f e ™)

hence lim Ve (g) =0 whenever gl»o.
T, Teo

(4] Koopmans - pag. 51
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Proofs of (F), (G). These propositions express, and pro-
vide cconomic interpretation for, the incqualities (43) if we
take T=o0, T#-o00, and if the « candidate-optimal » path
(%, #,) is substituted for (% #}). This is seen by reference to
the definitions (21), (22) of the implicit prices p,, ¢, of the con-
sumption good and of the use of the same good as capital good,
respectively,  Proposition F represents the first inequality in
(43 @), which does not require feasibility of (x,, z,). The inequal-
ity in Proposition G is obtained from the fourth member of
{43 a) by using (42), the equality through integration by parts.

Proofs of (1), (1), (J). DProposition (I} states two condi-
tions («), (B), as necessary and sufficient for the optimality of
a path (£, %). We shall first look at the implications of con-
dition () in isolation. Called the Euler condition in the « cal-
culus of variations », this condition is, for a path denoted
just (x, 2),

(64) q,+ ]:’;t = u'{x,) (g’(zt) - 9)—|— w'{a,) - #;m=0 for all t>o,

Together with the identity (36) this condition leads to the system
of differential equations

(65a) z,==g(2) — 2,

(65) _ o t>o0,
(650) @rm=— o () — 1)

w” (2,

for the solution of which we have a prescribed initial value
z, of z,, but as yet no given value of x,. TFigure 16 partitions

[4] Koopmans - pag. 52
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)2>O /‘;"<O
Z<o z <0
x>0 X <o
Z 20 zZ>u
_ z
z{p) 2\
Ifig. 16
X, &(2)
;/{)) A . U YO
5 LA _
z
“o
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the quadrant x>0, z=0 according to the signs ol #, %, that
follow from (65). Tigure 17 sketches the trajectories of the
point (x,, z) starting from arbitrary initial values (%, z,)-
Each trajectory is defined as the solution x(z) with x(z,)=x,,
or 2(x) with z{x,)=2,, of the corresponding differential equation

6 de _ wilo) ge)—w odr o wl) gle) e
O I I T CR 7 e

respectively, obtained from (65) by climination of £. Any seg-
ment of any trajeclory defines a path optimal on a suitable
time interval with prescribed initial and terminal values z,, ¢
of z,. If we prescribe only z, and examine the trajectories for
varions x,, we find that there is one unique value £, of x,
which together with gz, identifies a trajectory {shown in the
diagram as a heavier linc) that meets condition () of Propo-
sition (I) of an asymptotic approach, for £-00, to (£(g), £(2))
as defined in (6o), Proposition (H).

We now denote the path resulting from that particular
choice £, of x, by £, §). If 2, 2(p), the initial consumption
flow &, leaves room for growth in the capital stock per worker,
and both £, and £, increase with ¢ to appreach their asymptotic
values £(p), #(p), respectively, as t—oo, M z,>2, both £, £,
decrease, and approach the same asymptots from above. Fi-
nally, if z,=2(g) we must have £,=£(p), % -=£(p) for all 0.

Since £, approaches the positive number z(g) as t—o0, p,
is by its definition (21) asymptotic to e~ u(£(g)). Hence, in
(30), lim polzy - Ze)=0 by (40), and (£, £, is optimal.

T-300
Moreover, if (x, z,) differs from (£, £), we must have x,7%,
for some £, because in the contrary case (36) and z,= £, would
imply z,=2, for all £. But then, by the attainability condi-
tion (35 ¢), we have a strict inequality in (24) and, by (25),
a strict inequality in (30), hence {x,, z,) is not optimal. There-

[4] Hoopmans - pag. 54
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fore (£, 2,) is uniquely optimal for the given z,. This comple-
tes the proof of Propositions (H), (1), {J)-

For completeness we consider two additional questions, If
(x,, z,) is eligible and attainable, we have from (2)

® v T
/Pr'”f’t it = / P (.G’(.Zr)‘ét) flt:}(f’x glz) + ’vr) dt = py 2
‘() 0 l[)

Examining the behavior of p, and 7‘)‘, for t--=¢ one finds from
this formula that all the integrals occurring in statements (i),
(ii), (i) interpreting (F) and (I) converge for T-oc,

Finally, what rules out the trajectories in Figure 17 for
which z,7%,? Those with x, & reach the boundary z=0 at
some finite time, making it impossible to satisfy both (65) and
{35 a) for all 0. Tor each ¢ with o x" <%, there s a
unique altainable path (x}, #;) satisfying (65) for all Z2o, but
in such a way that lim x;=o0. This must entail either the

f>o0
incligibility of (x%. 2%), or the unboundedness of p associated
with that path by (21), because otherwise (30) with (x5 =5 pi)
substituted for (#, £, p,) would imply the optimality of a
path (x7, z}) already proved nonoptimal.

A 8. TROOES FOR A NEGATIVE DISCOUNT RATE (p<.0)

We shall need the following lemma.

LEMMA 4. I ¢(x) is a positive and nonincreasing funclion
of x defined for all x>0, and if x, is a posilive integrable func-
tion of t on the interval [T', T*), TVWCI?, such that

[} Koopmeans - pag. 35
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280
F.l“]
(67) f’ﬂfdt (T, — TNZ |, where £ >0,
T
then
T
. 1 . .
(68) f o) dt > (T, — T) o(2F)
']'1

Fhen {0) =0, p(o0)=1, and, from (67) and x, >0,

Ty ] 2% oo
(69) E;j}:f;[@dm:‘mdﬂmp:/;dﬁwwfkdpmy
Ty 0 0 2k
>0+ 25 (1= p(2§) ,

Likewise, from the nonincreasing property of ¢(x)

Ty 2
: /(@yﬁu o [@ due

T, 1
i ;

iw&du@ﬂ

(70)

v(28)2 —, {70) implies (68).

Since, from (69), |

[4] Koopmans - pag. 56
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Proof of (K}, We again distinguish the three cases with
regard to the asymptotic range of z,, used in the proof of (B).

Case (1), §£<<€. In this case Proposition (K) is equivalent
to Lemma 2. :

Case (2), {=b(=(w2. TFor definiteness assume {<8 and

I+o0

(71) g-qese,Sz-2e for 12T,

and at the same time large enough for there to exist an attain-
able path (x}, 2}) on [0, T] such that z,= 2. +&. For =T we
choose (x}, 7,) according to

(72)  H=gde =z, xi=ag+p(e) —g(,) for all £2T.

Then, (x}.2%) is attainable throughout, and from (42), (71),
for {=T,

(73) - x,=glz}) - gla)z= g (2) (2 2)2g/(8 - &) » e==0>>0,

Hence, for T< T*<ec and - piEc >0,

- o
74) W €)= [l () ) ez o [y (o7t
T ',i'
o
> e"T] w'(xt) di

On the other hand, by (36), (40 a), (71),

[a] Koopmans - pag. 57
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e e

(7%) fm? dt = / §(=7) df + 2 — &

i T

(T =Dy 2t 25 (TH1) 5

provided T* - Tz and §-&+2e. It follows from (75) and
Assumption (e) that x and »'(x*) when substituted for x, and
¢(x) in Lemma 4 satisfy the premises of that lemma on the
interval [T, T*]. Hence, from (74), (68),

r W (—0) =2 -—2{- 0 - ?.(«'(2.’:1'\,! +- 4g) - {T* - T} o7

from which (K) follows directly. The proof for §<7¢ ig similar.
Case (3), ¢=E=2. For any >0, subject still to later
choice, there now exists an integer T such that

(76) geZz,Sg+e for 22T .
It will be useful to write wWeu{ -~ 0) as the difference of
two integrals

ré e

(77) P W (-6) == /e” (:u ay) wu /e“' ~u d'r‘ =

"

Taking first the second term we have, from (43 @) with x, =2,

(36) and (38 a).

4] Koopmans - pag. 38



SEMALNE D'ETUDE SUR LE RULE DE 1L ANALYSE HCONOMETRIQUE ETC. 283

o [k

A, n Al d A
Mg (=0) 5w | / e (glz) — & - ALTESRY . f eot 5 @-2) di ==
i b
i i
(78) i | g - ) T (2~ D) 0 [ ot (z,~ By dt| =

~ e - o * ~ e
s (eol' 4 O o (e° e e(:’i)) w2 e g0

For the first term in {77) we choose an attainable path
(+5 ) which for =T is given by

Py

(7o) T=t<T 1, Z=z+n, Zi=0, xi=gle+n),

A

{700y TH-1=t<T¥, zim('l‘*mx)(.'z\--;—-r,}-;- Birmags — 2=t , i =) -2 +

(79) N J
+ T+ 1)z 2+,

(790} TF£H, 2y =2y, Zi=2, Ty =Ty,
1

where 7=23¢ and the number T#* T -+ 1 are still subject to later
choice. In addition, T should be sufficiently large that, besides
(76), there exists an attainable path (x7. 27) on [0, T] such that
Zy, =E+0

To obtain a lower bound on the first term in (77) we note
that, in view of Assumption (¢) and (38 &), there exist num-
bers 7,0 and >0 such that, whenever 0<{v=v, .

{80) lz - 8|=w implics o=g(#) - gla) =y .
Hence, if 0<n<n, and o' z=u{g{E +7,)), we have from {79 )

and (38 b), in analogy to (78),

(4] Koopmans - pag. 50
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)
(81) U (~0) > u [e”t ((/( 1)~ g(2))dE Zugyn® ot (9T go) -

>~ o nEo—t e ™

For T* - r=4<T%, x| varies and must be boxed in. If
0<le e, <IN, we have from (79 b), (38),

~

x¥zmin {g(:"v &, ) g{z + ‘%)} Eo::x =i+ g, F Y, E z*

where €,, ¥, are chosen small enough to make #*>0. Then,
because (%} decreases with x,

u =max %% (7,-\‘ E>14, ’1’}() > “L*) o for T* - 18T,

We therefore have from {(7g b), (80),

-
(82) vUeon) 2 [ oot ) (gt - 96~ 2
g

Zo~w oy nt e b - () e TED

Pulling together these inequalities we have, for any T#¥2>T*

from (79 ¢), (77), (78), (81), (B2), since w'=u' >,

(4] Hoopmans - pag. 6o
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It is now possible, within the restrictions already imposed, to
choose first 7 and then e small enough to make A0, next to
choose T to correspond to & according to (76), and finally,
given N>0, to choose T* large enough to make

W’l‘w( O) = Wl( - U) + '1‘“]'1‘&:( U);VVT( - 0) 4 Ae " N
for all T**=T*

(4] Koopumans - pag. 01
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DISCUSSION

Dorpman

T feel very strongly moved to express my admiration for
Prof. Kooryasns’ paper. As Dr. Jorwson might have said, its pro-
fondity is equalled only by its ingenuity. And it reaches some re-
markable and exceedingly significant conclusions.

It is important to point to two quite strong assumptions on
which the conclusions rest. One of them is that Prof. Koormans has
replaced the three factors of classical economics — land, labour and
capital — by a two factor model. He omits land. The technical
effect of introducing land into Prof, Koormans' model would be to
change one of the essential mathematical fimetions. Since land is
in virtually fixed supply, it would no longer be permissible to think
of constant returns to scale to the two variable factors, T can only
conjecture the consequences of that change, but perhaps it would
strengthen the moral case for saving on the part of the present ge-
neration because they will be better endowed per capita with the
third factor than future generations if population continues to grow.

The other strong assumption made by Prof. Koormans is that
capital does not depreciate. T think it was Ricarpo who originally
defined land to be the original and indestructible powers of the
soil. We have since generalized this concept {o mean the original and
indestructible power of anything that we inherit. The findings
of capital theory indicate that if cither of those two adjectives is
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the more important, it is « indestructible ». Whether a good pos-
sesses original powers or not is a matter of the past, which is now
dead, From the forward looking point of view, the essential dif-
ference between capital and land or natural resources is that land
does not requirc mainfenance, bul capital does, so that what
Prof. Koopmans has been calling capital here might really come
closer to being a kind of land or what would be from the point
of view of future generations an increase in their supply of natural
resources that they inherit from both their forebears and from
nature itself.

Depreciation can be allowed for in this model by reinterpreting
equation {10 @), the basic feasibility equation on page 11. We need
only think of Prof. Koormans' ) as being composed of ), +2,,
where ), is the rate of population growth and A, is the rate of
capital deterioration. With this amendment, would not this samsz
anaiysis apply to an economy in which population grew and capital
deferiorated?

However this may be, the fact that capital depreciates does go
against the strong conclusions that Prof. KoorMans arrived at be-
cause it means that an increment to the capital stock cannot be
infinitely productive becanse it will decay, and it may carry with it
a responsibility for permanent maintenance in the face of diminishing
returns and perhaps also of diminishing marginal utility in the
U functions. In that case, an cconomy can reach a state of capital
saturation in the sense that, although the utility per capita resulting
from an increase in the stock of capital does not fall to zero, it
falls so low that it does not exceed the social cost of maintaining it.
This consideration may lead to some changes in your conclusions
and help avoid some of the problems created by the infinite horizon.

Koornmans

I agree fo the comments made by Prof. Dorrman that this exer-
cise simplifies matters a great deal by ignoring land and deprecia-
tion of capiial. lLand would undoubtedly become a problem if
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population were to increase to such an extent that just space on
which to exist would become very scarce, and it might actually be-
come a problem well before that. It scems however that technology
has so many possibilities for food production that are less land-
intensive than the ones that are now being used, :hat there might
be at least a temporary offset in techrological Progress,

As to the assumption that capital does not depreciate, I think this
is a difference in degree but not in kind. As Proi. DorrMaN indi-
cates you can indeed reinterpret 3 as the sum A=)+ X, where
A, refers to population growth and X, lo capital depreciation,

MAzLINVAUD

I should like to argue that Prof. Koormans has been quite wise
in these kinds of simplifications, We are certainly not living in a
one commodity world in which capital would not depreciate, But
some of the difficulties of intertemporal choices will appear with
full clarity in very simple models. At the present stage of our
research we are therefore justified to study carefuily and exhaustively
such simple models.

In particular it seems to me that difficulties occurring in more
complex models have not been fully understood in their natures,
because several sources of complications mixed their effects, and
the origin of each new result was not clear, From the point of view
that interests Prof, Koormans, I do not think we should reach dif-
ferent qualitative conclusions if we introduce many commodities, if
we assume that capital depreciates, or if we take into account the
fact that land is not reproducible.

PASINETTI

I have very much enjoyed Prof. Koormans' skilful, elegant and
perspicuous analysis. Yet, T find it hard to accept his conclusions,
which seem to me best summarized by the title of his section 7

(4] Koopmans - pag. 67



292 PONTIFICIAL ACADEMIAE SCIENTIARVM SCRIPTA VARIA - 28

(« adjusting preferences to opportunitics »). Prof. Koopmans has
found that the traditional approach to optimal growth (which con-
sists of maximizing utility over time, by accepting a certain rate of
discount of utility, called p, as given by individual preferences) can-
not always be applied. More precisely, he has found that it can be
applied only when the time horizon considered is finite. When time
is allowed to run from o fo oo, then p<o becomes impossible
(although p>>0 still remains possible) because there simply would not
exist a utility function to be maximized,

Thus — Prof. Koormans concludes — the open-endedness of the
future imposes limits on individual preferences. e seems to be
so surprised and even so afraid of this result as to prefer, at this
point, to begin to speculate on the meaning of all this.

I would suggest that the mathematical exercise should be com-
pleted, by allowing time to run from -—oc to 400 {and not only
from o to +oo). I may add perhaps that to consider time as running
from —oo to -+oc does not mean allowing time to ran in reverse.
It simply means puiting ourselves in a slightly different position with
respect to the one Prof. Koormans has chosen. Tngtead of saying,
as he does: suppose we begin our process of maximization at time
zero, whatever happened before; we say: sappose that optimization
has been taking place since the bheginning of time. {This, by the
way, appears to me a more logical approach to take in the context
of Prof. KoopMans' stationary society). Now, if we allow time to
run from —oo to 4oe, it is casy to see that, in a stationary econoImic
system, also p>0 becomes impossibie. The only value of o that
makes any process of utility maximization over infinity possible is
‘o:-O.
Prof. KoopMans might be even more surprised. For, by following
his arguments, we should conclude that individuals have not even
a limited inter-temporal preference choice: they have no choice at all.

But is it so? This conclusion — it seems to me — is fallacious,
althougl of course the mathematical results are correct. And the
fallacy stems from not bringing out explicitly the implications of the
following theorem: on the optimum growth path (by which I mean
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Prof. Koormans' « gelden rule path »), the rate of interest of the
economic system is determined independently of consumers’ utility
functions. This theoremn follows from Prof, KooPmans' own analysis,
For, on the optimum path, the rate of interest must be equal to the
natural vale of growth (which, in the particular case of a stationary
economic system, is equal to zero).

Bui this simply means that individuals’ preferences are not a
determinant of the optimum rate of interest. It does not mean (as
Prof. KoormMans seems to fear) that any restriction comes to be im-
posged on individuals’” preferences. To argue otherwise would sound
to me rather similar to saying, in the usual case of a one-period pro-
blem of utility maximization, that the fact that market prices are
the same for all consumers imposes restrictions on individual prefe-
rences,  Traditional economic theorists have sofved this problem a
long time ago, by referring their analysis only to what happens at
the margin. Individual preferences are accepted for what they are,
however different from one individual to another they may be, Yet,
given these preferences, each individual will push the consumption of
each commodity to the point at which the ratios of marginal utilities
are equal to refative market prices. This means that we can make
definite stateinents about ratios of marginal utilities, without impos-
ing any restriction on utility functions,

Our case is similar, Consumers’ preferences may be quite dif-
ferent at different levels of consumption, at different times, and for
different individuals. Any social preference function expressing ail
these preferences inay be equally different; and it must be accepted
for what it is, without any restriction. Yet, if behaviour is to be
rational, the consumption of each commaedity will be distributed over
time so as to equate maerginal intertemporal rates of substitution in
consumption to the externally given rate of interest. This is all we
can say.

Professor Koormans’ results have been obtained because he has
added something else. He has imposed on uiility functions af all
levels (and not anly at the margin) the restriction that utility always
differs by ¢ at any two adjacent points of time. This restriction js
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arbitrary, and has no justification; and I would interpret the resulis
of his mathematical analysis as simply showing the impossibility of
such an arbitrary restrictionn. T should conclude, therefore, that the
misunderstanding has arisen from having introduced a p into the
analysis at all, For, this has meant introducing exactly what Prof.
Koopmans has been afraid of, namely restrictions on consumers’
preferences,

Koormans

I do not understand the operational meaning of Prof. PasINETTI's
suggestion fo maximize utility over a period from —oo to +co. The
following comments apply therefore to maximization from o to oc,
although T may thereby fail to do justice to PAsmNETTI'S thought,

In the sentence in which Prof. PASINETTY refers to the « golden
rule path », he uses the term optimum in a sense different from mine.
If an optimal path is defined as one that maximizes a atility function
of the type I have discussed, the golden rule path is optimal only if
both (a) the initial ratio of capital stock to labor force happens to
coincide with that characteristic of the golden rule path, and () the
chosen utility function has no discounting (p==0). If both these
conditions are satisfied, the golden rule path is optimal in my sense
as well, and as PASINETTI observes the interest rate g+ equals the
exogenously given growth rate ) of the labor force. However, if even
only one of these conditions fails fo hold, the optimal path, if one
exists, differs from the golden rule path, and the interest rate differs
from ) most or all of the time, and is determined by the interplay
of preferences and production possibilities T have analyzed,

Finally, Prof. PasivErTi's analogy with the one-period problem
of utility maximization misses {he main point of my paper, In the
one-period problem with a finite number of commodities, an optimal
consumption choice is bound to exist if the wtility function is conti-
nuous (a slight restriction on preferences!) and the opportunity set
closed and bounded, In the infinite-horizon case, there is a new
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mathematical situation, and the existence of an optimal program is
found to depend on a stronger restriction on the utility function nsed.
To facilitate analysis, I have studied this restriction only within the
class of stationary and additive per capita utility functions, expres-
sible as a swin of future per capita utilities derived from a constant
one-period utility function #(x) and discounted at a constant rate ¢.
Within that arbitrarily chosen class, an optimal path is found to
exist if and only if gZ20. The question of cxistence of an optimal
path is so far unresolved within the wider class of continuous but
not necessarily stationary or additive utility functions. It is plausible
to assume that within that class there will again be a subclass for
which, in a given technology, no optimal path exists,

MoRrISHIMA

Your argument is based on the assumption that the rate of
growth of population is constant. This, together with others, implies
the uniqueness of the Golden Rule path. Suppose, instead, that the
rate of growth of population is an increasing function of the con-
sumption per capita until it reaches a certain level, after which the
population growth-rate will decrease, Then there are possibilities
of multi-Goiden Rule paths. You shall have t¢ be concerned with
the comparison between Golden Rule paths (the best Golden Rule
path, the second best Golden Ruie path and so on) and also with the
locality of the stability of the best Golden Rule path.

You treat capital and labour in an asymmetric way: capital may
be unused if too much capital is available, while labour is fully
employed throughout the whole process. May I say that a certain
degree of optimality has already been presupposed in your as-
sumption of automatic maintenance of the full employment of la-
bour? Is the full employment of labour maintained even if labour
is treated in the same manner as capital, i.e. if there is a possibility
of unemployment of labour?
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KOOPMANS

I want to thank Prof. MorisuiMa for the information he gave
us for a model in which the rate of population growth is a function
of consumption per head, initially increasing and thereafter decreas-
ing. This is, I think, a realistic generalization thal it is important
to have,

On his second point, the asymmetry in ireating capital and labour
with regard to disposal, 1 would agree that that is something not very
consistent in the paper as presenied. I do not think it has affected
any of the results in any of the optimal paths heing considered —
paths in which at all times the capital stock is faily used as much as
the labour force (1)

MANALANOBIS

T am very deeply impressed by the approach and the broader
results of this paper. It seems to me that although a very simple
model has been used on, if you like, somewhal intuitional grounds,
the conclusion seems to be extremely important from the point of
view of the underdeveloped countries, The conclusion ta which I
am referring is that neutrality regarding timing between generations
is not possible, the very nature of the process of development or of
industrialization discriminates in favour of future generations, Thug
I am taking to be a basic point, on page 28, the argament that accu-
mulation of capital, permitting a higher output of consumption goods
in later years must discriminate in favour of future generations, The
broad conclusions may have important educative effects regarding
programmes in underdeveloped countries,

I'am not going into details of technical arguments, but suppose
instead of the ene commodity model we have three types of capital

("} Note added after the conference; In the corrected version of the
paper printed in the volume, disposal of capital use has been excluded.

(4] Koopmans - pag. 7z



SEMAINE D'ETUDE SUR LE ROLE DE L ANALYSE ECONOMETRIQUE krc. 207

goods producing three types of consumer goods; the basket changes
but there need not be any change in the total aggregation of capital
goods which goes on increasing. The one-commodity model seems to
me (o be illustrative, and the conclusions may remain valid even
i we have many commodities.  This question, of course, cannot be
settled without going through the full exercise of rigorous analysis.

There are three points which have been summarised in sections.
5 and 6. The point about open end I think has been clearly brought
out and is logically valid.

[ am repeating the question again: whether one commodity or
many commodities would affect that result, Theoretically some pre-
ference functions may change, The order with which Prof. Koop-
waNs starfed, that pattern of ordering, may aiso change. But I
think Prof. Koormans took care to point out that some kind of
good ordering is ali that he was keeping in mind.

A further point which is discussed on page 3z, that it is likely
that technological advance would continue; even il it slows down,
even then, from the poinl of view of the present generation, the
discrimination would be in favour of future generations. The que-
stion of basic decision is not whether the hundredth generation from
now would be in a somewhat less favourable position; the decreasing
return in terms of generations may be there even if the technological
advance continued at the same rate. I do not see this as a very
important consideration for present decisions.

This particular paper seems to me to be of value because of
the wider implications of this Study Week, It is not a Study Week
arranged by a specialist econometric society but by the Pontifical
Academy of Sciences. My interest, as T have continually stressed,
is in the broader implications. And from that point of view I wel-
come this paper as likely to have a very valuable educative effect.

It is more difficult to speak on the question of population size.
1t may differ from country to country, Prof. Koormans has pointed
out that where the density of population is extremely small, there:
may be some advantage in increasing their number, but where the
density of population is high the position may be different
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KooPMaNS

I share the beliefs expressed by both speakers, Prof. MAHALANCBIS
and Prof. Marinvaup, that the one-commodity study, one-commaodity
model does a service here in isolfaling just those problems that come
from the open-endedness of the future. Considering those apart from
o'%nr complications which arise in two- or more-commodity models,
1 used the term « belief » becanse I do not feel that a stronger term
«can be used at this point, One would want to go on to two- and
more-commodity models to examine wlether that belief is valid but
this is my present state of espectation,

On the question that Prof. MadaraNosis raised about flexibility
in the ordering, that idea is merely mentioned at the end of my
study. T have given some thought to the possibility of working from
an ordering which has built into it the possibility of its own revision
at a later time, and more particularly an ordering in which the
decision maker is willing to make a present sacrifice of immediate
satisfaction in order to leave open more doors in the future, He may,
for instance, prefer to build a capital stock of such a nature that it
«can be applied to a wider range of different kinds of production,
even though that kind of capital stock would not be the most econo-
mical one if the composition of production in the future were already
fully specified. For somewhat longer-range planning this seems to
me a matter of practical importance. My speculations on this are in
a reference at the end of my paper, identified by the year 196z, and
they did not carry very far. I believe that from the formal point
of view it is a difficult matter to formalize this idea. 1 do find that
the need for such an idea is strong enough to justify further forma-
lizing effort in that direction.

Fisuer

Prof. Kooraans has as always presented us with an illuminating
and beautiful piece of work. I am, however, disturbed a bit at the
cconciusions that he wants to draw from it. He has shown that there

{4} Koopmans - pag. 74



SEMAINE D'ETUDE SUR LE ROLE DE L'ANALYSE ECONOMETRIQUE kTc. 200

may be severe conflicts between our ethical notions and the analysis
of certain kinds of growth models. His conclusion is that we must
«change our ethical notions. My preference would be to say that there
is something wrong with the model. In either case a good deal of
further thought seems called for. More particularly, one frequently
in the theory of optimization over time encounters peculiar difficultics
when one uses an infinite time horizon. Now, in fact, the device of
the infinite horizon was probably originally introduced because the
choice of a finite horizon is an arbitrary one and because with a finite
horizon one has difficuity in deciding what to do about terminal
capital stock, Infinite horizons were, however, introduced primarily
as a convenience. They have in several contexts now been shown
to lead to difficulties all associated with divergence of the improper
integral obtained in the problem, Now this suggests to me that
infinite horizons are not in fact the convenience they appear. The
obvious conclusion from Koopmans' paper, therefore, scems to me
to be that one ought to abandon the use of infinite horizons — not
that one ought to abandon certain ethical notions.

Now, of course, this may be wrong. Tt may turn out — and
Prof. Koopmans assures me that it does — that even with a finite
horizon one has similar problems which are not so severe, In that
case, it may not be worth dropping infinite horizons. Still, the role
of this sort of analysis is surely to tell us how one can best achieve
-one’s cthical and social ends. Tn the course of analyzing that, it
may turn out that such ends are unachievable. In such a case, one
has to moderate one’s ends. The usual circumstance, however, is
that one's ends are not achievable in the sense of being contradictory
whereas Prof. Kooryans has shown that our ends may be unachie-
vable in the senge that no solution io the problem exists — that the
whole analysis breaks down if one insists on certain kinds of ethical
goals. This sort of circumstance does not persuade me to give up
my ethical goals, but rather to refine the mode of analysis. 1 can
understand that the end result may be that T will have to give up
scerfain goals as unachicvable, but the demonstration of that ought
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to be that they are unachievable and not that the problem becomes
ifl-defined.

Despite the fact that I am unable to agree completely with Prof.
Koornmans’ conclusions, however, T should like to state that his paper
like that of Prof. Marinvaun is a pleasure to read and to listen to,
The two papers set a standard that one wishes all the other papers.
and discussion in this Study Week had met,
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ORrAL PreSENTATION (¥)

I may be brief on the motivations for this paper after what
was said by Professor Koormans. Like him, I wanted to
understand better the logical problems raised by choices be-
tween intertemporal program and, in particular, to deal, as
rigorously as [ could, with the case when the utility is defined
over an indefinite future. Moreover, I wanted to explore the
relations between various particular models, proposed by Ram-
SEY, TINBERGEN, RAnNER and Srintvasan, all dealing with the
choice of optimal programs, but starting from different hypo-
theses.

In this oral presentation, I shall briefly survey the various
sections of my paper.

After a short infroduction in section 1, section 2 defines the
model. Like Professor Koormans, I am dealing with a world

(*) Le texte de la présentation orale est reproduit A titre de résumé en
langue anglaise du mémoirg presenté a partic de la page 9.
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in which there is just one good that can be used either for con-
sumption or as capital in production. Notwithstanding differen-
ces in notation, my model is very similar to his. I am, how-
ever, considering a discrete time represented by the index
t=0, 1, 2 ... ad infinitum,

C, is aggregate consumption during period ¢, i.e. from time
¢ to time £+ 1. Similarly N, measures the labor services pro-
vided in period . Equation (1), page 11, defines per capita
consumption ¢, and per capita input of labor %, Capital at
time ¢ is denoted as K,, and the stock of good available at
time ¢ before consumption as S,=K,+C,. One constraint of
the model specifies that the initial stock is equal to a given
number S;.  Another constraint results from the production
function, namely equation (6).

Among all programs which are feasible, I am using the
same kind of utility function as Professor Koormans does,
except that, in some parts but not everywhere in my paper,
I am taking the per capita labor input as an argument of the
utility function, thus allowing the amount of labor services.
provided to be determined simultaneously with consumption
by the choice of the optimal program.

In order to.make possible a choice among infinite programs.
T am not using the technique presented by Professor Koopmans,
but relying on the criterion given by my definition 1, page 17,
namely:

A feasible program ¢! is optimal if there is no value of T
and no other feasible program ¢ such that the inequalities (14}
and (15) be simultaneously fulfiled.

Taking this as a definition, I am avoiding considering in-
finite sums that might not converge.

Section 3 is devoted to the determination of sufficient con-
ditions for a program to be optimal. At this stage the model
remains general except for some assumptions on the production
and utility functions, notably that they be concave and possess
partial derivatives.
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In the derivation of these conditions, inequality (z1),
page 20, plays an essential role. It permits a comparison be-
tween a feasible program # and another feasible program
@+ 8 ¢2; it might be written as:

i

BUs S (28K, + BN, — 2,88,
20

%, B and Jr depending on the values of the variables in ¢.
The coefficient ) being non-negative, # is optimal if the
a,'s and s are equal to zero and if 5 S;=0 for any T and
any feasible program ¢ +&# such that #=T would imply
& U, zo.

This is essentially what proposition 1 amounts 2. 1 first
define as « regular » a feasible program for which the «,’s.
and f3,’s are all zero; this is equivalent to requiring that the:
cquations (22) be fulfiled. T then specily a condition 1 that
automatically implies the condition quoted at the end of the
preceding paragraph, Condition 1 requires that, in ¢, the-
marginal utility of consumption be positive at all times and
that there exist a number & larger than 1 such that, at least for-
large ¢:

<
(23:' (I 'i'_f’ﬂ() %""’"t““ ,.>~; /"

*E+l

' being the marginal productivity of capital at time £, Pro-.
position 1 states that a regular program that satisfies condi-
tion 1 is optimal. '

Let me point out here that any regular program would ap-
pear as optimal if time were restricted by a finite horizon T and
if the values of both S, and S; were taken as boundary cons-
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traints. Condition 1 is specific te the consideration of unlimited
prozrams.  We shall have occasions to sce in the following
examples that it is not vacuous.

We may also observe that the equations «, =0, 8,0 imply
together with the equilibrivm condition at time ¢ a set of dif-
ference equations which may vsually be solved recursively for
all C,, K,, N, starting from any given allocation of §; between
Cy and K,. Thus, the regular programs gencrate a one pa-
rameter family of programs, the parameter being C, {or equi-
valently X, S, being given). Typically, one and only one
program of this family will meet condition 1 and therefore be
optimal. A possible computational procedure would be first fo
determine fhe regular program corresponding to any fixed
initial allocation, and then to find by trials and errors the initial
allocation that leads to fulfilment of condition 1.

Before turning to specific examples, we may look at the
economic interpretations of equations (z22), stating that the «,’s
and 3,’s are all zero, and of condition 1.

The first equalion (22) may be written as:

{24) T4 f = (x+8) (x+%,) {1-+wu,)

f' being the mareginal productivity of capital, or the equili-
brivm rate of interest, € the social rate of interest used for the
discount factor of the ufility function, =, the rate of increase
of the population, and #, the rate of decrease of the marginal
ut/lity of consumption. This equation exhibiis in a suggestive
way the three components which explain the equilibrizun rate
of interest. It is similar to relations recently put forwards by
Sir Roy Harron and Professor Racnar FrIscH.

Condition 1 implies that the equilibrium rate of interest be
larger than the rate of increase in the stock of good S,, and the-
refore that the present value of S, decreases to zero with ¢

[57 Malinvaud - pag. 4
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In section 4, I present an application of the above analysis
to an aggregate version of the model recently built by Rov
RADNER.

Population and labor input increase at a constant rate.
The production function is such that S, appears as a CoBs-
Doucras function of N, and K, with neutral technical progress
expanding at a constant rate. The period utility function is
proportional to the logarithm of ¢,.

In this model, the recurrence equations {22) can be solved
explicitly to give equation {43). The regular programs are
thus determined. For instance, the diagram here shows the
evolution of K, for three programs satisfying equation {43)
but starting from different initial allocations, the consumption
Co increasing when we pass from program 1 to programs 2

and 3.

Programs 1 and z are feasible and therefore regular,
Program 3 is not feasible since K, becomes negative after
some time. Program 2 is definitely prefered to program I be-

(5] Malinvand - pag. 5
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cauge it gives a higher value for C, at all times. However, if
the total period considered were restricted to a horizon T as
shown iu the diagram, programs 1, 2 and 3 would appear as
optimal, each one with respect to an appropriate terminal con-
dition on K.

1f the social interest rate e, used in the defnition of the
utility function, is positive, then conditien 1 is satished by
the regular program #? that gives the highest value to C,. This
program #° is therefore optimal. Its optimality may still be
proved directly for the case e==0. But, when the social rate of
interest e is negative, no program is optimal.

For instance, program ¢° is preferred to the program ¢!
exhibited on the diagram. However a better program can be
found as follows when ¢<o: up to time T, seclect a regular
program close to #? but allowing a little higher value of K,
and thercfore a little smaller value of C,; at time T take an
extra consumption by reducing Kr to its value in /2, there-
after continue with program #?, The program thus defined is
not optimal either, because one would prefer to postpone ever
farther in the future the time T at which one switches back
to 7.

In section 5, I consider the case in which the production
function-would simply imply a fixed capital-output ratio. The
determination of regular programs then boils down to the so-
lution of a recurrence equation on ¢,.

Choosing a type of utility function proposed by R. FriscH
and more recently used by J. TinpERGEN, I find that an optimal
program exists only when the social rate of interest ¢ exceeds
a positive minimum that may be of some 10% per annum.
This suggoests that, in the programming of future development,
one can hardly avoid taking into account the decrease in the
marginal productivity of capital, unless one discount heavily
against the future.

[5] Malinvand - pag. 6
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Section 6 is devoted to the case of a linear utility function,
a casc that is often considered, for instance when one chooses
to maximize a discounted sum of the future consumption
stream.

The formulas found in section 3 are no longer applicable
as such, because the solution of the recurrence equations leads
to non-feasible programs. However, the general approach can
be maintained if one infroduces upper and lower bounds on
consumption per head ¢, and labor input per head 1.

Depending on the values of the parameters, the shape of
the optimal program varies a great deal. 1 consider precisely
a few cases which may be of some interest. For instance, if
the initial endowment of capital is small and if leisure has some
value even when consumption is at its minimum, the optimal
program may imply that the labor input be not pushed at its
maximum in the first periods, but be increased progressively
as capital accumulates, consumption being nevertheless kept at
its minimum until a sufficiently high capital stock has been
reached (see figure 5 in the text).

Notwithstanding the fact that it permits interesting insights,
the assumption of a linear utility function is not quite satisfac-
tory. 1In all cases, the optimal program exhibits some discon-
tinuities in its time shape, discontinuities that go against com-
mon sense. For instance, consumption may switch in one
period from its minimum to its maximum value.

This unsatisfactory feature is partly due to the simplifica-
tions made in the model, notably to the assumption of a one-
commodity, one-sector world, and to the assumption of inde-
pendence among the utilities for different periods. However,
optimal programs in more claborate models would present si-
milar, even though less extreme, discountinuities as Iong as
lincar utilities would be assumed. The unescapable conclusion
seems to be that, for the problems considered here, one must

{51 Malinvand - pag.
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take into account the decrease in the marginal utility of con-
sumption,

I end up, in section 7, with the model first studied by
Ramsey. T there show that my freatment with discrete time is
really quite similar to the one proposed by Ramsey for a con-
tinuous time model, and to the one exposed by Professor Koop-
MANS a moment ago.

{51 Malinvgud - pag. 8
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1. InTrRODUCTION (1)

La programmationr économique nous ameéne souvent a con-
sidérer des problémes d’optimisation portant sur plusieurs pé-
riodes. En particulier, tout choix d’investissements suppose la
prise en compte des conséquences futures de nos décisions pré-
sentes. Les modeles économétriques qui servent & éclairer ce
choix font done intervenir un nombre plus ou moins éevé de
périodes.

Or il subsiste d'importantes lacunes dans 1’étude théorique
de ces problémes d’optimisation intertemporelle. Par mangue
de principes bien établis, le praticien qui doit choisir et résoudre
un modéle hésite souvent sur les formalisations et sur les hypo-
théses simplificatrices 4 retenir. IT connait mal, notamment, le
caractére plus on moins limifatif des conditions terminales qu’il

5§

est amené 4 poser.

Le présent mémoire a pour objectif d’aider & 1’édification
d’une théorie qui puisse servir de guide aux travaux de pro-
grammation. Afin d’éliminer & ce stade des complications qui
ne sont pas inhérentes 4 1'optimisation intertemporelle, je me
contenterai d’une formalisation purement globale dans laquelle
existera un scul bien produit. En revanche, j’introduirai une
suite illimitée de périodes de maniére & n’imposer a priori
aucune condition terminale et 4 éviter ainsi un certain arbi-
traire,

() Les recherches gui ont abouti A ce texte ont fait I'objet de conférences
i PEcole Nationale de la Statistique et de 1’Administration Economique
ainsi qu'a I'Ecole Pratique des Hautes Etudes ¢n mai et juin 1963.

[5} Malinvaud - pag. y
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Je rechercherai d’abord une définition el une caractérisation
des croissances optimales. Puis je présenterai une méthode qui,
au moins en principe, peut suffire & la détermination de la
croissance optimale. J’examinerai ensuite quelques cas parti-
culiers qui ont ét¢ envisagés dans la littérature économétrique.
Je montrerai alors qu’on ne saurait se contenter de formulations
dans lesquelles soit la fonction d’utilité, soit la fonction de
production seraient linéaires. Je traiterai enfin de deux modeles
proposés respectivement () par R. Ranner (1962) et F.P. Ram-
srv (1928).

2. LE MODELE

Soit une collectivité n’effectuant aucun échange avec I'exté-
ricur. Son déveleppement futur est décrit pour une suite de
périodes séparées par les instants £=o0, 1, 2 ... ad infinitum.
L’instant #=0 correspond & I'époque actuelle, on plus précisé-
ment & I'époque initiale d'un plan de développement. Par con-
vention, la période ¢ est celle qui s'écoule entre les instants
teti+rT.

L’'évolution future de la population est considérée comme
une donnée exogene, résultant de perspectives démographigues
indépendantes de la croissance économique. Soit P, la popu-
lation prévuc pour I'époque f.

Désignons par N, la quantité de travail a foarnir pendant
la période ¢, et par C, la consommation qui sera effectuée du-

("} Les véférences sont rassemblées & la fin du mémoire p. 78.

{5} Malinvaud - pag. 10
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rant cette période. Le travail d’une part, le bien produit et
consommable d’autre part constituent les deux seuls biens intro-
duits dans le modéle. Ils sont 'un et I'autre parfaitement homo-
génes. Dénotons par #, et ¢, le travail et la consommation par
personne, soit:

C
’(I) n, m———'—,—r— (,:m?;f«

Nous admettrons l'existence d’un maximum #, 3 la quan-
tité moyenne de travail par personne, et celle d’un minimum
¢, & la consommation par personne. En d’autres termes, nous
admettrons que la croissance future doit satisfaire aux inéga-
lités suivantes:

(2) 0 =7 5 M

‘(3) cf >.. CHT

ny et ¢, étant deux nombres non négatifs donnés,

Soit K, le capital & l'instant ¢, ¢’est-d-dire la quantité du
bien produit qui est mainfenue dans le systéme productif pour
participer 4 la production durant la période ¢. Soit Q, 1a pro-
duction nette de cette période; (), est disponible & l'instant
£+ 1. A cef instant, I'équilibre entre les ressources ef les em-
plois pour le bien produif et consommable s’écrit:

{4) K +Q,= KH-I 4 Copy

I5} Malinvaud - pag. 11
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A Tinstant o, le stock disponible du bien consommable est
donné. Désignons le par Sy et éerivons la condition d’équilibre:

(5) Sp=Ko+Cy .

Pour représenter les contraintes techniques sur la produc-
tion de la période £, nous admettrons Uexistence d’une fonction
de production (1):

(6) Q=1 (N, , K)

J; étant une fonction donnée qui a priori peut varier d’une pé-
riode & une auntre. Nous supposerons que f, est définic pour
toutes valeurs non négatives de N, et de K,. Dans la suite,
nous n’aurons pas besoin d’introduire Q, explicitement. Nous
remplacerons les égalités (4) ef (6) par la suivante:

(7) Co =K -+, (N, K.

Nous appellerons « programme » £ une spécification des
valeurs données aux grandeurs N,, C,, #,, ¢, et K, pour les
instants successifs (=0, 1, 2 ....). Nous reptrerons différents
programmes par des indices supéricurs. Ainsi #' sera le pro-
gramme correspondant aux valeurs Nj, C}, n/, ¢ e« K!,

{*) Cetle représentation des contraintes techmiques cst évidemment guel-
gue peu yestrictive. Avee un modéle dans leguel le nombre de biens serait
quelcongue, on pourraif représenter les produits intermédiaires et les pro-
duits en cours de fabrication par des biens particuliers. Définir les contrain-
tes techniques & Vintérieur de chague périsde n'itroduirait alors aucune
restriction réelle. 1l en va différemment avee un modele purement global. La
formulation retenne ici snppose gue la production de Ja période ¢ est disno-
nible en totalité & la fin de la période et pourrait éventuellement étre con-
sonymé.

[5] Malinvaud - pag. 12
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Nous dirons qu'un programme est « possible » §’il satisfait aux
confraintes définies par les conditions (1), (2), (3), {(5), {7
et par la suivante:

{8) K =o0.

Le choix d’un plan de développement se tradnit dans ce
modéle par la détermination du programme qui peut étre con-
sidéré, en un certain sens, comme « le meilleur de tous les
programmes possibles »,

Pour donner une signification & cette expression, définissons.
tout d’abord « I'utilité » du programme pour la période t.
Nous admettrons que cette utilité dépend seulement de la con-
sommation et du travail par personne durant la période en
question (1); ce sera unc fonction U,l¢c,, »,) qui, en principe,
pourra varier d’une période i une autre.

Sous une réserve qui sera examinée ci-dessous, I'utilité du
programme entier sera définie par !'expression:

(9) U = § U e, »)
0

dans laquelle v est un nombre positif, constitvant un facteur
d’escompte grice auquel sont combindes les utilités U, relafives.
aux différentes époques. Nous l'appellerons « facteur d’es-
compte normatif » et nous Iui ferons correspondre un « taux
"intérét normatif » e défini par la relation-

(IO) Y=

(') Les préférences relatives & la périods ¢ seront ainsi indépendantes des
valeurs prises par la comsommation et la quantité de fravail pendant les
périodes autres gue 7, La nature de cette hypothése a été prévisée par G, Di-
BREU,

[5] Malinvand - pag. 13;
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Aves la formulation générale présentée ici, l'introduction
du facteur d’escompte v est évidemment inutife puisqu’une
modification dans la définition des U, raméncrait 'expres-
sion (g} & une autre semblable dans laguelie y' aurait disparu.
Mais la forme (g) facilitera 'application des résultats généraux
au cas dans lequel la méme fonction U(c,, #,) sera retenue pour
représenter les utilités relatives aux diverses périodes. Seul ce
cas sera examiné dans les applications qui seront faites du mo-
dele général (1)

I introduction d’un facteur d’escompte différent de 1 peut
d’ailleurs sembler contestable pour des raisons plus fondamen-
tales qui prennent tout leur sens quand la méme fonction
Ulc,, #,) s'applique A toutes les périodes. Sans doute convient-il
d’ailleurs de distinguer deux situations différentes.

5l s’agit de décrire la croissance d'une société libérale, la
fonction d’utilité doit représenter & 1'échelle macroéconomique
le résultat des choix individuels (?). Depuis BSHM-BAWERK il
est admis, comme une loi psychologique, que les individus ont
une préférence naturelle pour le présent et qu'ils attribuent
dans leur choix une pondération d’autant plus faible aux épo-
ques futures qu’elles sont plus éloignées dans 'avenir. Si nous
adinetfons cette these, qui n’a d’ailleurs jamais été établie de
facon parfaitement convaincante, nous devons naturellement
introduire dans la fonction d'utilité un facteur d’escompte v
plus petit que un.

Mais il s’agit ici de décrire les choix collectifs d’une éco-
nomie planifiée et on peut trouver moins de raison a la présence
d’un factenr d’escompte. On a fait valoir que I'utilité infervient

(" Une utilité de la forme
(o0}
St U ey, n)
=0
a ét¢ dite « stationnaire » par T. Koormarns {1960) gui a discuté !a nature
des préférences représentables par des fonctions de ce type.

) On connait la gravité des problémes d’agrégation qu'une telle repré-
sentation pose.

151 Malinvaud - pag. 14
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seulement pour les décisions de 'époque initiale; d’autres dé-
cisions seront prises dans 'avenir qui se traduiront par une
révision continuelle du programme choisi & Porigine. II peut
dés lors sembler naturel que I'on attribue dans les choix pré-
sents la pondération la plus élevée aux conséquences immé-
diates, qui ne pourront guére étre évitées. Cette argumentation
ne semble cependant pas trés forte. On peut préférer une éthi-
que collective selon laquelle toutes les époques et toutes les gé-
nérations recevraient la méme attention dans les choix actuels.
Notre formulation ne l'interdit évidemment pas. Il suffit de
prendre y =1 dans Pexpression de U.

Certains économistes estiment que, pour combiner les utili-
tés relatives aux diverses périodes, on doit tenir compte des
effectifs des populations qui en prefiteront. Ces économistes
préferent a Vexpression (g) la suivante:

[+]
{17) zE-o v P U (e, m)

{Comme ci-dessus, la distinction n’est réelle que si la méme
fonction Ulc,, n,) est retenue pour les diverses périodes). Le
choix entre (g) et {11) pose une question d’éthique sociale sur
laquelle il est difficile de se prononcer a pricri. Le lecteur qui
a une préférence pour 'expression (11) pourra adapter sans
peine les résultats présentés ci-dessous. Nous nous en tiendrons
dans la suite & des fonctions d’utilité définies conformément a
Ia formule {g).

Toutefois cette formule ne serait satislaisante que si était
établie la convergence de la somme infinie qu’elle fait interve-
nir. La convergence est assurée dans certains cas présentant
de l'intérét: par exemple si y est plus petit que 1 et si les fonc-
tions U, sont uniformément bornées, inférieurement par un

nombre U, et supérieurement par un rombre Uy, En revan-
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che, cette convergence n’est pas réalisée pour divers cas con-
sidérés dans la littérature.

Aussi devons-nous éviter d’introduire Yexpression (g) telle
quelle dans la définition des programmes optimaux, Pour tour-
ner la difficulté, la seule solution consiste sans doute & limiter
la comparaison & une période finie, celle s’écoulant de I'instant
6 a4 un instant horizon T. On considérera alors l'indicateur
d’utilité:

Tl
(12) U= 3 1" Uiley, n)
=0

et on s’imposera de ne comparer un programme donné gu’a
certains programmes qui lui sont au moins équivalents pour
chacune des périodes i partir de linstant T,

La méthode la plus simple, et la plus courante, consiste a
ne comparer que des programmes absolument identiques &
partir de I'instant T. C’est ce que Yon fait en particulier quand
on fixe a priori la valeur terminale du stock de bien consom-
mable, soit:

(]3) ST = KT + CT B

Mais le caractére peu satisfaisant de cette méthode est bien
connu. Elle ne donne aucune garantie que ce stock Sy soit
approprié pour le développement économigue aprés Uinstant T
Aussi retiendrons-nous ici un principe plus souple. Nous
comparerons un programme donné & tous les programmes qui
donnent les mémes valeurs aux utilités U,{c,, %,) des périodes
postéricures & T, D’ailleurs il n’y a aucune raison a priori pour
se fixer un horizon T particulier. C’est pourquoi nous adopte-
rons la définition snivante pour les programmes optimaux.

[51 Malinvand - pag. 16
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Définition 1. Le programme #' est optimal s'il est possible,
t 8’il n’existe aucune valeur T et aucun programime possible #
tels que d'une part:

Tl
(14 U —H, :12:0 1 Uele, n} — Uy (e}, nf)] > 0

et d'autre part:

(15) U, (¢, n,) = U, (&, #1) pour tout ¢t = T.

En somme, un programme possible est dit optimal si on
ne peut 'améliorer sur toute période finie sans en réduire I'uti-
lité & un moment au moins aprés cette période.

It est clair que, si la somme infinie de l'expression (g) con-
verge pour tous les programimes possibles, et si un programme
possible particulier maxime %, alors ce programme est optimal
au sens de la définition qui vient d’étre donnée. A priori, nous
n'avons pas la certitude qu'un programme optimal maxime %
quand la somme infinic converge. Si cette propriété parait
souhaifable, il faudra !’établir dans les cas particuliers con-
sidérés,

Pour déterminer les programmes optimaux, nous allons en-
core poscr une hypothése générale sur les fonctions de pro-
duction et d’utilité.

Hypothese 1. Les fonctions f, (N, K} et U, (¢, n,) sont
des fonctions concaves (). Elies ont des dérivées premiéres

() Une fonction g{x, ¥) est dite concave si guels que scient les nombres
', 2%, ¥t et ¥ et quel que soit le nombre g compris entre zéro et wn, I'iné-
galité suivante est satisfaite:
gloe #'+ {1—a) 2% oy (—a) ¥70 2 o gleh, ¥)+ (1—a) gl#? ¥
Si elle existe, la matrice des dérivées secondes d'une fonction concave est

négative semi-définic.
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3[8 PONTIFICIAT ACADREMIAE SCIENTIARVM SCRIPTA VARIA - 28
que nous désignerons respectivement f, ., f,., U’ et U,,.
La dérivée U’ n’est jamais négative.

Supposer l'existence de dérivées dans le modéle macroéco-
nomique considéré ici n’introduit aucune restriction sévére. La
concavité des fonctions de production et &'utilité est une hypo-
thése habituelle. On sait qu'elle cxclut les cas dans lesquels
les fonctions de production impliqueralent des rendements.
croissants.

Le modéle qui vient d’étre défini est extrémement simple,
It comporte cependant deux biens: le travail et le bien consom-
mable, biens dont les quantités ne sont pas données a priori
mais doivent étre déterminées quand le programme optimal est
recherché. En un certain sens, ce modéle n'est donc pas pure-
ment global, Son ¢tude peut déja faire apparaitre les problémes
que souléverait la solution de modeéles moins agrégés.

Par ailleurs, il peut sembler assez adéquat pour la premiére
phase des études dans la recherche d'un plan de développement.
Le probléme consiste bien alors & déterminer, dans leurs gran-
des lignes, les évolutions futures du capital, de la production,
de la consommation et de la durée du travail,

Néanmoins, de nombreux modéles considérés dans la litté-
rature sont encore plus simples en cc sens qu’ils considérent
comme unc donnée exogéne 1'évolution de la quantité de tra-
vail N, ou méme qu’ils ne la font pas intervenir du tout. la
solution de notre probléme s’en trouve grandement facilitée.

Pour le montrer, nous examinerons aussi un modéle général
simplifié dans lequel le taux d’activité u, sera une donnée exo-
géne. La fonction de production pourra étre écrite simplement
fi (K;) et la fonction d'utilité U, (¢,). Nous remplacerons alors.
I'hypothése 1 par la suivante:

Hypothese 2. Les fonctions f, {K,) et U, (¢} ont des déri-

vées premieres {', et U’, jamais croissantes. La dérivée U’, n’est
jamais négative.
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3. CARACTERISATION ET DETERMINATION DES CROISSANCES OPTI-
MALES

En vue de dégager une méthode pour la détermination des
croissances optimales, nous allons rechercher certaines condi-
tions soffisantes pour gu'un programme soit optimal. Nous.
dégagerons de la sorte des propriélés de certains programmes.
optimaux, propriétés auxquelles nous pourrons doaner une in-
terprétation économigue.

Etudions tout d’abord quelles relations existent entre deux
programmes possibles. Désignous par N,, C, ... ete. ... les
valeurs des différentes grandeurs dans le premier programme
et par N;+8 N, C,+8 C, ... ete. ... leurs valeurs dans le se-
cond programme. Tenons compte de 'hypothése 1.

En vertu de la concavité (') des fonctions U, et f,, nous
peuvons écrire les inégalités snivantes:

(16) §U, = U, 8¢+, 8n,
et
(17) Bf, =1 EN+ f 8K, .

("} Pour toute fonction g{x, ¥) concave et dérivable, on a

g sgdx + g by,

Dans I'inégalité qui a servi & définir la concavité de glx, 3) prenons en
effet ¥'=x48 %, Y=y +8y, =2 1=y, Linégalité s'éerit alors:

o €ncore ;]

La relation annoncée s’obtient comme limite de la précédente guand le
nombre ¢ tend vers zéro,
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Reportées dans 1'équation (12) définissant %z et dans la con-
dition d’équilibre (7), ces inégalités impliquent:

o
= s S U, 3G U, oN
=0 Py ¢ "
et
(x9) 8Cu = P ENA+ T+ ) 8K -8 K, .

De plus, Ia donnée du stock initial S implique:

(20) 5Co= -8 K, .

En reportant les relations (19) et (20) dans l'inégalité (18) et
en tenant compte de ce que U’,, ne peut pas étre négatif, nous
obtenons:

, -y L
(2]:) OKL{-[\ = gﬂi _P:Ufc + E;Ui'!-l,ﬂ (I'i'./;]() 1OK£
'.‘, , T(H , , { Y \ ..
-;-I-P— i +FMU“'§’C'}:'N1 EN,"—-—A,)___ UTCO S.,.
¢ t+i ; P,

formule dans laquelle Sy est égal 4 K, +C, et représente le
stock de bien consommable 4 'horizon T.

L'inégalité (21) s'applique quelles que soient les valeurs des
& K, &N, et de & 5. Pour que le programme ¢ soit optimal,
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il suffit que le second membre de (21) ne puisse pas étre po-
sitif; ¢’est-a-dire que, pour tout T:

1} les coefficients des & K, et des & N, dans {21) soient nuls;

2) et qu'il n’existe aucun programme possible donnant, & par-
tir de T, des valeurs aux utilités U, au moins égales & celles
que donne ¢, mais comportant un stock Sy plus faible,

Notons ici que la condition (1) seule suffirait si nous avions
fixé le stock terminal Sy, La condition (2) est propre & Iétude
des programmes & I'horizon iliimité. Négligeons la pour le mo-
ment; et étudions ce qu'implique la nullité des coefficients des
&K, et des &N,

I.a condition (1) s’écrit:

, ’ P
Ui o (T + g = (146 Ptl U,
- P
el ==+ U,

égalités dans lesquelles intervient le taux d’intérét normatif e
défini par la formule (r0).

La condition d’équilibre (7) et les deux égalités {22} pen-
vent Etre considérées comme constituant un systéme d’équa-
tions de récurrence sur les grandewrs C,, N, et K,. Plus préci-
sément, fes trois égalités en question peuvent généralement étre
résolues pour donner N, C,,; et K, | en fonction de C, et de K.
Pour chaque valeur donnée Cy, et pour la valeur correspondante
Se- Gy de Ky, il existe donc en général des suites de valeurs
Cy N, K, satisfaisant les équations de récurrence.

Nous pouvons conjecturer qu'un programme optimal est dé-
fini par celui qui, de tous les programmes possibles satisfaisant
les équations de récurrence, comporte la plus grande valeur de
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fa consommation initiale C;. Nous allons en effet obtenir une
propriété assez analogue. Pour en préciser le sens, posons
d’abord la définition suivante:

Définition 2, Un programme est dit « régulier » s’il est pos-
sible et g’il satisfait les équations de récurrence définies par la
condition d’équilibre {7) ef les égalités (22). Un programme cst
dit « végulier maximal » $'il est régulier et si aucun programme
régulier ne donne une valeur plus forte & C,.

Posons également les deux conditions suivantes:

Condition 1. Le programme /@ satisfait la condition 1 si
U, =0 pour tout £ et §’il existe un nombre % plus grand que 1
tel que, au moins & partir d’une certaine valeur de #:

"

Lk

i+l

(23) (4 fd

Condition 2. Etant donné deux programmes réguliers quel-
conques ¢! et 42, I'indgalité C} = C2 implique S| =< S pour
tout 7.

TEtablissons le résultat suivant:

Proposition 1. Un programme régulier # qui satisfait la
condition 1 est optimal.

Supposons en effet qu’il n’en soif pas ainsi. T doit exister
une valeur T et un programme possible #+8& # tel que & U,
soit positif et que & U, ne soit négatif pour aucun ¢ Z T. En
vertu des épalités (22), de I'inégalité (271) et du fait que U'ye
ne peut étre négatif, U, ne peut étre positif que si & Sy est
négatif.

Par ailleurs, 1'inégalité (16) implique:

(24) V. 8C+U 6N, > o pour tout £ 2T

fn
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et la condition d’équilibre (19) peut étre écrite:

(25) 88t S/ N+ (14F,) 8K, .

Comme les U’ sont positifs, les équations (22) impliquent:

, U
(26) =1+ ) —fj—f’i

fe

La premiére équation du systéme (22) implique aussi que 1 4 f .
soil positif, de sorte que I'inégalité (24) peut aussi s’ écrire;

P BNy S (141, 3C, pour tout £ > T .

En combinant cette inégalité avec l'inégalité {25), nous obie-
nons:

(27} 88,4 £ (41,0 88, pour tout # > T .

Comme & Sy est négatif, il en résulte que tous les & S, sont
négatif pour ¢ Z T. Soit 0 la valeur de ¢ & partir de laquelle
I'inégalité (23) s’applique, si cette valeur excede T, ou 0=T
dans le cas contraire. Les inégalités (23) et (27) impliquent:

pout tout £ > 6.
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55
Comme h est plus grand gue 1, "‘;‘3’.‘"“§ tend vers - o¢ quand ¢
=0

croft indéfiniment ce qui contredit le fait que S,+& S, ne soit
jamais négatif, (Les conditions (3} et (8) impliquent bien 5, = o
pour tout programme possible). Cette contradiction compléte la
démonstration de la proposition 1.

Pour déterminer un programme optimal, il suffirait en prin-
cipe de trouver un programme régulier qui satisfasse la con-
dition 1. Mais cette recherche serail assez laborieuse si on
n’avait aucun fil directenr. En prafique, il peut étre plus simple
de rechercher d’abord un programme régulier maximal, et de
vérifier ensuite qu’il satisfait la condition 1. La proposition
suivante suggére que cette maniére de faire sera généralement
efficace quand la condition 2 est satisfaite.

Proposition 2. Si la condition 2 est satisfaite, un programme
régulier maximal est optimal dans 1'ensemble de tous les pro-
grammes réguliers (1).

La démonstration est immédiate. Supposons en cffet que #
soit un programme régulier maximal et #2+8& ¢ un programme
régulier qui lui soit préférable. Par hypothése 8 Cy= 0. De
plus on établit, comme au début de la démonstration de la pro-
position 1, que & Sp<0. Mais ceci est contradictoire avec la
condition 2.

La condition 2 peut sembler un peu difficile & vérifier. Il
est donc intéressant de connaitre des hypothéses sous lesquelles
elle est bien satisfaite. Posons:

Hypothése 3. La production s’effectue & rendements cons-
tants, c’est-A-dire qu’il existe des fonctions ¢, (x) posstdant
des dérivées ¢, décroissantes, et telles que:

<
(25) Ao k) =0 ()

S—

() La définition 3 introduit, entre les programmes possibles, un ordre
partiel. T1 se pourrait donc a priori gu'un progranune régulier non maximal
soit optimal. Mais cela semble pen vraisemblable.
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Les utilités de la consommation et du travail sont additives,
c’est-a-dire qu’il existe des fonctions V, (c,) et W, (n,) telles
que:

{29) Up ey nd=V, {c)~W, (n) .

Ces fonctions sont dérivables; V7, est positive ef décroissante;
W, est non négative et non décroissante.
Nous pouvons démontrer le résultat suivant;

Proposition 3. Si "hypothése 3 est satisfaite, la condition 2
Iest aussi,

Considérons en effet deux programmes réguliers / ot  + 34,
et démontrons que € C, 2 o et & K, < o impliquent & N, = o;
8C 20 8K, ;=0 et 88, =o0. La condition 2 sera
bien alors établie puisque 8 Cy = o implique & K, = o0 en vertn
de 1égalité (5).

Nous avons ici:

, K, , , ,
Ty =% N, L S =9

Les égalités {22) peuvent alors étre écrites:

E 4 P 4t Vf
(30) =1+ s)—J‘__)T : \_];:
K, ,
(31) U _FTRH W
. rifh 1+w, V,
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1} Pour obtenir & N, = 0 a partir de 8 C, 2 0 et & K,
supposons & N, > o. Alors & ( ) < 0. Dans I'¢galité (31),

le membre de gauche aura avec #+3 # une valeur plus
faible (*) qu'avee . Mais dans le membre de droite de (31),
W, =0 et 3V, = o0 Cette contradiction implique bien
&N, = o.

2) Comme 8 N, 0 et 8K, <o, alors 85, { = 0 en vertu de
I'inégalité (z25). (Les égalités (30) et (31) impliquent
1+f, >oetf 2 o).

3) Pour établir & Cz 1 20 ot & K = o, il suffit de montrer

t+i

alors directement de & SH,I,EO. E:»upposons:. donc 5 Cr o
ct considérons deux cas:

a) Si © Iﬁ—f
lit¢ (30) ne peut avoir avec #+3 # une valeur plus faible
qu'avec /. Mais dans le membre de droite 8V';20 et V', 0.
Nous obtenons bien une contradiction.

K
b) Si 8 [—f} > 0, considérons 1’égalité:

<o, alors le membre de gauche de l'éga-

Ny
w
, 1+1 t
(32) f i (I +e)- P V:‘,+l

() La productivité marginale du travail £, est en cliet wne fonetion

Ky
croissante de ; N

K,
5i nous désignons par » le rapport N, et si <o, nous pouvons vérifier
les inégalités snivantes:

So—g' xS o en vertu de la concavité de la {fonction .
Done: @—xp = @+6 o—g(x+Ex) .
Mais aussi:
¢etB g WAB >+ e (¥+8 %) (05 ¢)
puisque: & ¢’>0 et #+8&ax>o0.
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Elle est contradictoire avec les inégalités & f' >0, & V' ;>0
et 8 W, = o. ‘
Ainsi, nous avons démontré la propositien 3.

Terminons cette étude générale par quelgnes remarques.,

1. Nous avons prété attention & des conditions suffisantes
pour gu'un programme soit optimal. Nous pourrions chercher
a généraliser quelque peu ces conditions. Ainsi, supposons que
dans le programme possible # considéré N, soit égal & my P,
pour une certaine période. On ne peut alors envisager que des
variations & N, négatives. Dans les conditions suffisantes pour
que ¢ soit optimal, I'inégalité

Pl

1 £+1 7y
P& U.',H

U = (1 4e)

[E3 N

doit remplacer F'une des égalités (22) pour cette valeur de ¢.
IYune manitre générale, on peutl toujours se reporter i I'inéga-
lité (21) pour appliquer le type d’analyse présenté ci-dessus a
des cas qui ne respectent pas exactement les conditions que
nous avons retenues.

De méme, si les dérivées des fonctions U, et f, sont conti-
nues, la réalisation des conditions marginales (22) est néces-
saire pour I'optimalité de tout programme possibie # qui soif
tel que 'on puisse encore définir un programme possible en
modifiant isolément chaque N, et chaque K,, et ceci a la fois
dans le sense de la baisse ou dans celui de la hausse, En effet,
la différence entre les deux membres de 'inégalité (21) est un
infiniment petit du second ordre par rapport aux & N, et aux
K,

2. Nous pouvons donner une interprétation économique des
conditions marginales introduites ci-dessus.
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Supposons U’ . positif et considérons le taux =, de crois-
sance de la population et le taux #, de décroissance de 1'utilité
marginale de la consommation:

U;c T Ut;-l [
(33) u, = w Ll
+1,¢
La premiére des égalités (22) s’écrit:
(34) THfw = (14e) (1+7) (1+u,) .

La productivité marginale du capital, pour la période #, ¢’est-i-
dire le taux d’intérét durant ceite période, doit satisfaire une
relation particuliérement simple contenant trois termes dépen-
dant, le premier du taux d’intérét normatif, le second du taux
de croissance de la population, le troisiéme du taux de décrois-
sance de I'utilité marginale (%).

Les deux relations (22) impliquent aussi:

c'est-d-dire 1'égalité de deux taux marginaux de substitution
entre Je travail et le bien consommable, substitutions envisagées

(") Des relations analogues ont été obtenues récemment par divers auteurs.
Voir par exemple R. Triscu {1g62).
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du point de vue de la production d'une part, du point de vue
de la consommalion d’autre part.

Enfin Vinégalité (23} de la condition 1 implique que la
valeur aclualisée & l'instant o du stock de bien consommable
disponible a l'instant ¢ tende vers zéro quant ¢ augmente indé-
finiment. Soit en effet s, cette valeur actualisée, Par définition:

l.a condition 1 énonce que, au moins & partir d'une certainc
valeur 8 de £, le membre de droite soit inférieur ou au plus

I
égal & un nombre - plus petit que 1. It en résulte que
(36) O 5 S5 g

Par suite s, tend bien vers zéro avec {.

3. Nous avons considéré ici le modele dans lequel les quan-
tités de travail sont déterminées de maniére endogéne. Nous
pouvons aisément adapter les résultats aw cas dans lequel ces
guantités de travail seraient données de maniére exogéne.

Dans I'inégalité fondamentale (21), il n’y a plus heu de
faire intervenir Ie terme en & N,. La seconde des égalités (22)
disparait donc. Les équations de récurrence qui définissent les
programmes réguliers comprennent I’égalité (7) et la premiére
des égalités (2z). Elles peuvent généralement étre résolues pour
donner C,,,; et K, en fonction de C, et de K,. Avce ces mc-
difications, les propositions 1 et 2 restent valables.

L'hypothése 3 peut étre notablement réduite. Il suffit de
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supposer que les fonctions f, (I,) et U, (c,) ont des dérivées
décroissantes et que U’, est positive, La proportion 3 reste alors
valable elle aussi.

4. Un Mopkre pE R. RADNER

La méthode proposée ci-dessus est en général trop labo-
rieuse pour étre appliquée telle quelle sur des modeles abstraits;
car on ne peut pas obtenir explicitement la solution des équa-
tions de récurrence. Toutefois, R. RADNER (1g62) a proposé
pour les fonctions de production et d’utitité des formes analyti-
ques qui facilitent beaucoup les caleuls. Nous allons examiner
brievement la version la plus agrégée de son modeéle. Ceci nous
permettra de vérifier comment s’applique la méthode en
question.

RapNEr considére le cas dans lequel la quantité de travail
serait donnée de maniére exogéne. La population croftrait & un
rythme constant, de méme que la quantité de travail. La méme
fonction d’utilité s’appliquerait & toutes les périodes; elle serait
linéaire par rapport au logarithme de la consommation. Le mi-
nimum vital ¢,, serait pris égal i zéro. Enfin, 'output total
K, +Q, obéirait & une fonction de Cosp-Doucras A progres
technique neufre et de rythme constant. Ces hypothéses s’ex-
priment par les égalités suivantes:

P=(r+wy P, N,=(1+v) N,
(37) U, {¢)=alog c,+b
(38) fr N K+ K=q, N% K (1+0)
i, Y, 4 b, gy, «, B et 0 étant des nombres fixes.
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-

{Le modele n’est réaliste que si v = =, sans quoi la quantité
de travail par personne croitrait indéfiniment).

Si B est plus petit que 1, ce que nous supposerons, ce Mo-
dele satisfait Ihypothése 2, et méme I'hypothése 3 modifiée
comme il a été dit & la fin de la section précédente.

Tes expressions analytiques retenues sont évidemment res-
trictives. Avec la fonction (37), 1'utilité croft indéfiniment avec
la consommation. Toutefois, cette forme peut sans doute con-
venir pour des collectivités qui auraient un niveau de vie bien
supéricur au minimum vital et encore éloigné d’un niveau de
satiéte.

La fonction de production (38) a une forme inhabituelle.
Elle implique pratiquement gue la production netfe ait & tout
moment un maximum qui serait atteint pour une valeur du
capital assez pen supérieure & cclle observée effectivement.
Pour fixer les idées on powrrait retenir par exemple les valeurs

. 3 I3 s,
suivantes des constantes o= _- et B= e La productivité¢ mar-
2
. . . . ! .
ginale du capital serait égale alors a - pour uil cocfficient de

K . . .
capital h—o égal A 3. Le maximum de la production nette serait

w0
. oKL, I3
afteint avec un coefficient de capital o égal A ?) m24,3. Ces
prAY ..

ordres de grandeur ne semblent pas invraisemblables a priori.
1’expression (38) peut encore étre écrite:

fr (Nr; Kr) + K, =hy w K l{i
avec les constantes A, et p définies par:

hy=qy N§ pe=(r 4+ v)* (x+0)
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On en déduit:
(39) I+ ftk - i’jho ! Iqj -1

Par ailleurs, Ia forme retenue pour la fonction U implique;

U _rocy
U’ _‘PHI ’ Cr

(23}

Ainsi, les conditions marginales (22) deviennent:

g C|'+
(40) I+ /f’|( s (1 + E) ""'t':""i

!

O Encore:;

Sy, KB

(41)

De méme, la condition d’équilibre (%} devient:

(42) Co v K =hy it KPP
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La récurrence définie par les égalités (41) et {42) prend une
forme particuliérement simple, du fait que ces deux égalités
impliquent:

Coor + Ky

K,
01 €ncore.;
!&:.}' 5 l((+1 +TB
C, Craa
Posons
I
4 s
! '\llfd'
et éerivons
Ky Ko
Cra G
dont la solution est immédiate:
( K_ K _1-3
43) O G
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Les programmes réguliers sont les programmes possibles qui
satisfont les égalités (43). Pour qu’une valeur de C, corresponde
& un programme régulier, il faut donc que le membre de droite
de ces égalités ne soit négatif pour aucune valeur de #, ¢’est-i-
dire que:

pour tout £ .

Or % est supéricur & 1, du moins si § est plus petit que 1T +4e¢,
ce que nous supposerons. La solution des équations de récur-
rence (41) et (42) définira donc un programme régulier si:

K, I
B
Ca = .ri —_x

i

AT
La valeur C; qui correspond au programme régulier maxi-

mal est alors définie par I'égalité

En reportant cette valeur dans 1'égalité (43), nous trouvons
que, dans le programme régulier maximal le rapport X,/C, est
consfant:

(44) (oA
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Il en résulte que 5,/C, est aussi constant. En vertu de ['éga-
lité (40), nous pouvons écrire:

La condition 1 est donc satisfaite, et le programme régulier
maximal est optimal, si le taux d’intérét normatif e est posi-
tif (4.

Pour déterminer comiplétement le programme régulier maxi-
mal, reportons (44) dans (41). Nous obtenons une équation de
récurrence sur K, seul, soit:

(45) K=y (g KP .

Définissons %, et % par les égalités:

-

(46) K, = ui=F £

4
4o 1

. . a
1) Pans un programme l'égllh(f—l' non maxlma], (431} PB‘th [JOS()I' '(—, m
.

avec un nembre ) positif, L’égalité (43) s'écrit mlors:

K, 1+
C, -1
et I"égalité (40) unphque
A+ n‘ -
“*(I m) - B P

Comme 7 est plus grand que 1, cette guantité tend wvers § qui est plus
petit gque 1 par hypothése. La coadition r ne peur donc étre satisfaite par
aucun programme régulier non maximal,

[5] Malinvand - pag. 33



330 FONTIFICTAE ACADEMIAE SCIENTIARYM SCRIDTA VARIA - 28

ot

1

-1

(47) == (B h,) LB B
Nous vérifions tout de suite que I’équation (43) implique:
{48) Royyq = [‘f'] kY

la grandeur %, obéit donc & une loi de récurrence trés simple.
Sa valeur & Pépoque f est une moyenne géométrique de sa va-
leur & I'époque ¢ - 1 et d'une valeur fixe k. Elle tend progres-

sivement vers k. La rapidité de cette tendance dépend du coef-
ficient 8 puisque 1'on déduit de (48):

P &
{40 log = = B! jop =
(49) == Blog =
1
A tifre d’exemple (1), retenons « e P {571 v=1% ef

1
0=0,5%. Le coefficient n1-8 est alors approximativement
égal a 1,037, La croissance limite du capital et de la consom-
mation s’effectue an rythme de 3,7% par période.

Sile taux d'intérét normatif est nul et si est égal & 3,

Q.

h

() Comme le montre la formule (38), le coeffivent de progrés technique
s'appligue 4 Voutput total et non A la production nette. I1 convient donc
de retenir pour lui une valeur plus faible gue celies adoptées habituellement
pour caractériser le développement de Ja production nctfe.
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& . ) N :
le rapport -~ est approximativement égal 2 1,26. Tl aurait
suffi que le capital initial fut supérieur de 269%, pour que la
croissance s'effectue de fagon strictement proportionnelle au
taux de 3,7% par période. Méme avec un coefficient de capital
initial de 3, écart entre k, et & n’est plus que de 39, aprés 10
périodes, comme le montre 'application de la formule (49).
Enfin, le taux d’épargne nette limite est de 13,4%.

s . . K, .
Sile taux d’intérét normatif est de 10Y%, et si Q( est égal

Lt

Y . . . N
a 3, le rapport 5 est approximativement égal 4 0,76, Le
6

capital initial excéde celui qui conduirait 4 une croissance opti-
male strictement proportionnelle. Le taux d’épargne nette li-
mite n'est plus que ¢,2%.

Log Ct

20 |

30

20 +

Frgs. 2

La figure 1 représente I'évolution de la consommation
dans les deux programmes régulicrs maximaux COLTespPON-
dant anx valeur o ef 10% du taux dintérét normatif. La
seconde permet une consommation supérieure de 40% dans
la premitre période; mais elle a pour effet une consommation
inférieure de 8%, dans le régime asymptotique.
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Retournant aux formules générales, nous observons qu’a
la limite le capital et la consommation globale croissent & un
taux constant égal a

o i

(x+v) TP (x+8)-F — 1.

La consommation par unité de travail tend de méme a augmen-
ter au taux

wifi-1 A
(t+v) P (1+8)1-F— 1.

Si la fonction de production satisfait I'hypothése des rende-
1
ments constants, ce dernier taux est simplement de (1 +0)1-8 ~ 1;

g . 6
it différe peu en pratique de oy

Soit p, la productivité marginale du capital, on le taux
d’intérét, de la période £

La formule {40) montre que 1+, est égal au produit de
I+t par le facteur de croissance de la consommation globale.
A la limite 1+p, tend vers

1

1+p=(1+ep'P

infin, nous pouvons vérifier que la croissance asymptotigne
pour laquelle la consommation se situc au niveau le plns élevé
est justement celle dans laquelle le taux d’intérét normatif est
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nul. (Le taux d’intérét g, est alors égal au taux de croissance
de la consommation globale). En effet, comme i ne dépend

pas de 7 et que %, tend vers %, le niveau de a croissance asymp-
totique de la consommation varie comme

1

(0 — 1) (B A) P

(voir formules (44), (46} et (4%) ci-dessus). Il varie donc aussi
comme

&
(1 —vB) TP

La dérivée par rapport & v du logarithme de cette expression
est égale i;

— B

TR

Elle s’annule justerment quand v =1.

L’étude qui précéde a permis de caractériser les program-
mes réguliers maximaux. Dans quels cas ceux-ci constituent-ils
des programmes optimaux? Nous avons déji observé que la
condition T éfait satisfaite quand le taux d’intérét normatif était
positif. Nous avons donc déterminé un programme optimal
pour toute situation dans laquelle il en est ainsi. Afin de mieux
comprendre les complications qui apparaissent quand le taux
d’intérét normatif est négatif ou nul, essayons d’examiner di-
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rectement ’optimalité des programmes réguliers maximaux
dans le cadre du modtle de RADNER.

Nous devons donc comparer le programme régulier maxi-
mal, que nous désignerons par #%, avec un programme possible
qui, 4 partir d’'un certain horizon T, donne aux U,, ¢’est-a-dire
aux consommations C, des valeurs au moins égales & celles
que leur donne % Nous avons déja vu que, pour que cet
autre programme donne une valeur supérieure a Uy, 1l fallait
qu’il donne une valeur plus faible & Sy. Le probleme consiste
donc & tronver la réponse & la question suivante: Lst-il pos-
sible d’obtenir, au moins 4 partir d'une certaine époque T, la
suite des comsommations Cy, Cy,; ... ad infinitem, & partir
d’un stock de bien Sy plus faible que Sy? Si la réponse est
négative, nous savons que #* est optimal. Si elle est affirma-
tive, nous savons que /% n’est pas optimal, car on améliorerait
ce programme en augmentant la consommation de Sy~ Se pen-
dant la période T, sans la modifier dans aucune autre période.

Pour répondre 4 cette question, considérons la relation qui
existe entre les variations 8 K, et 3 K, ; du capital lorsque ’on
passe du programme #* i un autre programme possible
¥ 18 o qui assure Ja méme consomimation o 41 dans la pé-
riode 7+ 1. Placons-nous dans le cas on & K, est négalif.

Partons de I’égalité suivante qui exprime la condition d’équi-
libre & l'instant £+ 1:

{50 Serr=ho M K] .

Comme la dérivée seconde de KP est croissante et que & K, est
négatif, nous pouvons écrire:

5 (B— A
(51) SKypr = S0y = Bl pt KP1SK, + {’(2’) hy ut KB-2(3K )
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Nous savons aussi que la différence entre les deux membres de
Pinégalité peut étre rendue aussi petite que Yon veut si & K,
est pris suffisamment petit,

Par ailleurs, les équations (50) et {44) impliquent que,
dans le programme #o%;

(1+¢) Koo =0 k! K?

Nous pouvons done réécrire (51} sous la forme:

Moy 3K, e @—9) (81{,)2

e =( TE = " W
K¥ K 2 Ky

Cette inégalité implique que 3 K, soit négatif, car 3 est plus
petit que 1. Elle implique aussi:

MK, 1 SK, | (149 —8 3K, |®
(52) g |20 2 iz |

. . . 7] [N . .
Considérons maintenant Ia suite des tfi_%‘ a partir de
Pinstant T. Si cette snite peut étre choisie de maniére A ne
jamals dépasser Ja valeur 1, la réponse & la question posée est
affirmative, et #* 1n’est pas optimal. Si non, la réponse est né-
gative, et /#* est bien optimal.

1) Sile taux d’intérét normatif n'est pas négatif (e = o), alors

augmente au deld

o e . 5K
quel que soit ¢ Ky<Co, la suite des _,@_f
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de toute limite en vertu de I'inégalité (52). Cette suite finit
donc toujours par dépasser la valeur 1. Le programme ré-
gulier maximal étudié ici est optimal.

2) Sile taux d’intérét normatif est négatif (e<Co), alors on peut
prendre & Ky suffisamment petit pour que

ARy r SK,
" <R
T4l T
et, a fortiori, que
SKyes SKy
K* K
42 T

et ainsi de suite. Le programme #* n’est donc pas optimal.

Que se passe-t-il quand le taux d’intérét normatif est né-
gatif? Nous pourrions alors vérifier sans trop de peine qu’an-
cun programme possible n’est optimal.

Les raisons de ce fait peuvent paraitre plus claires si nous
considérons le programme possible /% +8 # qui est apparu
préférable au programme /% dans la démonstration précé-
dente. Ce programme permct les consommations C, pendant
toutes les périodes sauf la T-tme, et permet Cy+ (8 Kql pen-
dant celle-ci. Mais, supposons qu'au lieu de consommer
|5 K| dans la période T, on envisage de 1'utiliser dans la pro-
duction et de consommer dans la période T+ 1 le produit sup-
plémentaire qu’il permettra d’obtenir. L’inégalité (52), jointe
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au fait qu'il existe une proportion constante entre C; et K,
montrent que:

13Ky, ] 15K, |
*é",;“lf““““ > (1 o)
T+1 T

Ceci implique que ['opération envisagée est avantageuse du
point de vue de V'utilité %, ;.

Ainsi, bien que & chaque moment le stock de capital existant
dans le programme régulier maximal soit surabondant, 4 aucun
moment on a intérét 4 en consommer une partie, car il est tou-
jours préférable de reporter & plus tard cette consommation.

En somme, I'étude du modile de RADNER comporte deux
conclusions qui pourraient avoir une portée générale.

I. Sionn’y prend pas garde, la formulation du modéle peut
conduire & des situations dans lesquelles aucun programme
optimal n’existe. Tl semble que cette particularité se présente
surtout quand la fonction d’utilité attribue une grande impor-
tance au futur, ¢’est-A-dire quand le taux d’intérét normatif est
faible (négatif dans le cas présent).

2. En revanche, on peut parfois définir des programmes
optimaux dans des cas dans lesquels la fonction d’utilité 7,
ne converge vers aucunc valeur finie quand T croit indéfini-
ment. Nous I'avons vérifié ici puisque nous avons trouvé un
programme optimal pour le modéle comportant un taux d’inté-
rét normatif e nul.
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5. CROISSANCES OPTIMALES A COEFFICIENT DE CAPITAL FIXE

Les équations de récurrence qui interviennent dans la défi-
nition des programmes réguliers prennent une forme plus simple
dans deux cas que nous allons considérer successivement: celul
dans lequel la fonction de production f, est linéaire, et celui

dans lequel 1'utilité U, est linéaire.
Si la fonction de production s’écrit:

(53) fo (N, K)=a, N+ b, K,

avec des coefficients numériques fixes a, et b, les équations

de récurrence (22) peuvent &re écrites sous la forme:

: P :
Um,c(I +o) = (T + a)-__‘:r_l Uic

i)
(54) , . ‘

Eles ne font plus alors intervenir la grandeur K,. On peut donc
en général les résoudre par rapport aux C, et N, & partir d'une
valeur donnée de C,. En principe, la deuxiéme équation de (54)
détermine N, en fonction de C,. Si unc solution explicite de
cette équation peut étre obtenue et reportée dans la premicre
équation, alors celle-ci définit une récurrence sur la seule gran-
deur C,. La détennination des programmes réguliers est donc

grandement facilitée,
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Malheuresement, une fonction de production du type (53)
ne peut offrir qu'une représentation trés médiocre des contrain-
tes techniques. Elle suppose la constance des productivités mar-
ginales, constance contraire aux résultats de nombreuses études
économeétrigues,

Toutefois, on admet assez souvent que la main-d’oeuvre
est surabondante dans les pays peu développés, et que la pro-
duction vy est proportionnelle 4 la quantité de capital disponible.
Nous allons nous placer ici dans cette perspective et retenir pour
la fonction de production l'expression (53) avec une valeur
nulle de «,. Nous allons done rechercher des croissances opli-
males pour une économie peu développée dans laquelle le coef-
ficlent de capital peut étre considéré comme fixe.

La deuxiéme équation du systéme (54) montre qu’alors
Iutilité marginale du travail doit étre nulle dans tout pro-
gramme régulier. On ne perd dés lors guére en réalisme & éli-
miner complétement du modele la quantité de travail et & refenir
une fonction d’utilité U, qui ne dépende que de ¢,.

Pour déterminer les programmes réguliers, il suffit de con-
sidérer la condition d’équilibre

(55) Coa=+b)K,~ K,

el 'équation de récurrence:
{56) (t+ 6y U, = {1+ ~“--‘~U,

La résolution de (56) donne la suite des C, en fonction de C,.
La suite de K, est ensuite facile & obtenir griice & I’équation (55).
Pour que la solution ainsi trouvée convienue, il faut encore
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vérifier qu'elle satisfait les contraintes, et notamment qu’elle
ne donne pas a certains K, des valeurs négatives.

Nous allons appliquer cette méthode & une spécification par-
ticuliére du modéle: celle dans laquelle Ja populaiion crottrait
de maniére exponentielle, le coefficient de capital serait le
méme pour toutes les périodes, et 1'utilité marginale U, serait
de la forme:

I’1’ (Cz} = (Gt Gm)*u

avec un coefficient # positif et au plus égal & 7 (la grandeur Cpy
définit commme ci-dessus le niveau minimum de Ia consomnnuon
par personne). Nous remplacerons donc b, par la constante &
et écrirons:

P,=P, (x+)

avec un nombre 7w fixe,

Le modéle ainsi défini a ét6 déid considéré dans la littéra-
ture économique (1), La forme retenue pour la fonction d’utilité
est due &4 R. Frisca. Elle semble devoir bien convenir, au
moins en premiére approximation, pour les économies qui sont
encore trés éloignées d’un quelconque niveau de saturation.

Avec cette spécification, Iéquation (56) s’écrit:

(Gz’vl-l - Cm) =& (Ct - Cm)

{1}y Voir notamment J. Tisnrrces (1960). ainsi qu’'une note de M. Bor-
180X, Taur d'épargne optimal dgus une doonomic en développernent (3
novembre 1661),
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o Gtant la constante définie par:

. (I + &)
(57) S RS

En conséquence 1'évolution de la consommation obéit a:

(58) (Cr - Cm) =0 (CO - Cm) .

Désignons par k, le capital par personne (K,/P). L’équa-
tion (55) implique:

146
1+

Rymm Ry b Gpa

qui §’écrit encore:

(kl-i-l - kﬂz)mﬁ(k( - km) - (CH—I - Cm)

8 et k,, 6tant les deux constantes définics par:

ﬁ' = (E’ - I) km = Cm
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En tenant compte de Végalité (58), on tronve aisément la soli-
tion de la récurrence sur &, - k&, soit;

‘11

I

(59) ();’L . km) = iﬁl (‘I‘:n - km) M e

v désignant le rapport «/f. La formule (50) s’applique pour
toute valeur positive de ¢ si p differe de 1. Nous étudierons
ci-dessous le cas dans lequel v serait égal & 1. Pour ¢=0, la
formule (59) doit étre remplacée par:

(60) by =2 — ¢,

Il nous reste & vérifier que ces formules ne conduisent jamais
a une valeur négative pour Z,. '

Efant donné les ordres de grandeurs que peuvent prendre
en prafique b, w et ¢, nous admettrons que @ et B sont plus
grands que 1.

Comme ¢, ne peut pas é&tre inférieur i Cs 1l faut que &,
soit au moins égal & k,,; sans quoi e, -k, tendrait vers - oo
et %, deviendrait 6t ou tard négatif. Nous supposcrons donc
que le stock initial permet au moins une consommation par
personne égale & ¢, et un capital par personne égal i k,,, soit:

(61} SG :-; PD (Cuz + km)
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ou encore:

On peut facilement voir qu’il n’existerait aucun programme pos-
sible si cette condition n’était pas satisfaite.

Nous considdrerons encorc trois cas suivant que ¢ est plus
grand, plus petit que 1, ou égal & 1.

Premier cas: wWor1.

La formule (509} montre alors que a~* (%, - %,,) tend vers
- {¢y - ¢,,) quand ¢ augmente indéfiniment. La grandeur a™* £,
tend vers la méme limite. Pour que %, ne deviennec jamais né-
gatif, il faut que ¢, soit égal & ¢,,,.

Le scul programme régulier est donc celui dans lequel:

Gy :"Cm ki’$ km + Bt (k{] - kln)

La consommalion est maintenue continuellement & son nivean
minimum. L’économic accumule du capital indéfiniment au
rythme le plus élevé possible.

Ce programme régulicr est le seul programme possible si
Jeg=k,,; Cest-A-dire si S, est juste égal & Py (¢, + k). Clest
bien alors aussi le programme optimal.

En revanche, si S, excéde Py (¢, +%,,), &y excede k,,. Le
programme régulier n’est évidemment pas optimal. De plus,
aucun programme n'est optimal. La situation est tout a fait

m
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comparable & celle que nous avons rencontrée dans I’étude du
modele de RADNER pour le cas dans lequel le taux d’intérét
normatif ¢ est négatif.

Second cas: p=1I.

St est égal & B (c’est-d-dire si =1}, la formule (59) doit
étre remplacée par:

(k: =Ry = c"V‘r[("‘j'.:) = k) -, - Cf”)]

Il ne résulte que (k, - %,)/t &' tend vers - (c, - c,) quand ¢
angmente indéfiniment. Pour que %, ne devienne jamais néga-
tif, il faut que ¢, soit égal & ¢,. Il existe donc un seul pro-
gramme régulier. Si 83=Py (c,,+k,,) c’est le programme opti-
mal. Sinon, il n’existe aucun programme optimal.

Troisiéme cas: p1.

Dans la formule (59), le second ferme de I’expression entre
crochets décroit él partir de la valeur - (¢q-c,,) pour ¢=1,

et tend vers ). Pour que £, ne devienne jamais

négatif, il faut ct 11 sufﬁt que I'expression entre crochets ne soit
jamais négative, donc que:

R (60 - ﬂm) R a

(62) (ko - km) e T -

— {J.
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En remplacant %, et &, par leurs expressions et en tenant
compte de la définition de g, nous pouvens transformer cette
inégalité en la suivante:

% (S, b
(63) Eo ™y = (1 - %) {"1"_;;' h ‘{3)“:“'“—]':‘ Cm]

Le programme régulier maximal donne évidemment a

5

¢y~ ¢, 1 valeur du second membre de cette inégalité, et a
R "
Ry~ ki, la valeur T (cg—¢,). La formule (59) montre

qu'alors (k- k,) croit en progression géométrique suivant:

(64) (kr - km) =a! (’1‘1‘0 - km)

La consommation et le capital suivent deux évolutions analo-
gues comme le montrent les égalités (58) et (64).

Pour ce programme régulier maximal, on a:

P ke
(4 /) -—Smimm(I-]-é)waﬂm et e
SM—! t+1 -

Quand # augmente indéfiniment, cette expression tend vers
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La condition 1 est satisfaite, de sorte que Ie programme en ques-
tion est optimal.
A titre d’exemple, retenons les valeurs suivanies des di-

1 .
verses constantes: b= T correspondant 4 un coefficient de
capital de 4 et & une productivité marginale du capital de 25%,

I
T ggcormspondant a un rythme de croissance démographique

IG . LA
de 2% par an et y= T3 correspondant 4 un taux d'intérét nor-

matif de 10%. Admettons encore deux valeurs pour le coeffi-
clent #: la valeur 0,6 qui a parfois été proposée, ct la valeur 1
qui correspond A une fonction d*utilité logarithmique. L'appli-
cation de la formule (57) conduit 4 des valeurs de « égales res-
pectivement & 1,19 ¢t & 1,17, Le rythme de croissance de Cm Cpy
serait de 19% par an si » valait 0,6, ct de T1% par an si
était égal & 1.

Il nous faut examiner maintenant quelles valeurs des para-
métres conduisent & une valeur de v plus petite que 1. ID’aprés
la formule (57), @ est plus petit que B si (1)

. T+ b =
(65) L ( el )

Le taux d’intérét normatif doit étre positif si Putilité U (c,)
est proportionnelle au logarithme de ¢,. Il doit étre supéricur
. . 1 1

4 une valeur voisine de 8,5%, si b= —4 T = el #=0,0.
Quand la formulation du modele suppose que I"accumula-

tion du capital n’entraine aucune décroissance de sa producti-

vité marginale, le taux d’intérét normatif doit étre suffisamment

(') On peut cbserver gue c’est aussi Ja condition pour la convergence
de I'utilité (Lfl‘ d’un programme dans lequel (¢, ¢,) croif an taux ¢.
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¢levé pour que I'on soit en mesure de trouver un programme
optimal, Ceci n’est évidemment pas une raison pour rejeter une
éthique sociale qui impliquerait un tanx d’intérét normatif fai-
ble, et par exemple un taux nul. Les résultais obtenus suggd-
rent au contraire que 'hypothése de constance de la producti-
vité marginale du capital ne peut étre maintenue que si le taux
d’intérét normatif cst notablement supéricur & la borne infé-
rieure de I'inégalité (65). Quand les principes éthiques qui pré-
sident aux choix collectifs ne satisfont pas cette condition, une
détermination valable du programme de croissance suppose la
prise en compte du fait qu’'une accumulation accélérée du ca-
pital se traduit nécessairement par une certaine diminution de
sa productivité marginale.

Cette conclusion pourrait étre évitée grace i une modifica-
tion de la fonction d’utilité. Il nous suffirait d’introduire un
niveau de satiété pour vetrouver un programme optimal (V).
Mais les résultats obtenus alors n’auraient sans doute pas gran-
de signification, car ce programme dépendrait dés les premitres
périodes du niveau auquel serait fixé la satiété. Tl semble bien
irréaliste de faire dépendre la croissance de pays peu dévelop-
pés d’hypothéses sur I'importance de la consommation qui leur
apporterait la satiété.

() J. Tmpurexn et FLC. Bos (1962) ont étudié le cas dang lequel il
existerait une consommation de satiété ¢, et Pwilitd marginale serait de
la Torme: ’

{J’ ((“(_) o= lﬁ{v—:‘i}’u

Ey oy

1ls ont montré que, dans le programme optimal, ¢,--¢,, croissait suivant une
cotrbe logistique, Tls ont noté toutefois que, &l & ¢tait nul, le taux d’épargne
devait prendre des valeurs trds Glovées,

{37 Malinvand - pag. 53

23



354 PONTIFICTAE ACADEMIAY SCIENTIARVM SCRIPTA VARIA - 28

O. FFONCTIONS 1Y UTILITE LINEAIRES

Les équations de récurrence (22) prennent une forme parti-
culitrement simple dans le cas ot Vutilité U, (¢, , n,) est une
fonction lingaire de la consommaftion et du travail par personne.
Nous allons examiner ce cas qgui peut étre intéressant en Iui-
méme et qui présente un avantage du point de vue méthedo-
iogique. Il nous conduira en effet 4 étudier comment adapter
les procédés décrits ci-dessus au cas dans lequel les contraintes
sur la consemmation cof sur le travail deviennent effectives.
Nous poserons donc:

(606) Uyle, o ny=y, ¢, v, n,

les v, et v, étant des constantes données non négatives.

A vrai dire une fonction d'utilité de ce type est assez par-
ticuliere. Elle suppose que le taux marginal de substitution entre
consommation et travail est indépendant de la consommation
obtenue et du travail fourni. Elle suppose de méme que le taux
marginal de substitution entre les consommations de deux pé-
riodes différentes est indépendant des niveaux auxquels s’éta-
blissent ces consommations. On peut douter a priori qu’un cri-
tere de choix présentant ces caractéristiques soit vraiment adé-
quat. Nous allons voir en effet qu’il conduit 4 des programmes
optimaux pen satisfajsants.

Cependant, dans la littérature sur le développement écone-
mique, on prend souvent comme critére une valeur actualisée
de la svife des consommations fufures par personne, ou des
consommations futures globales. On se référe hien alors a4 une
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fonction du type (66) dans laquelle les v, sont nuls ef les '
sont tous égaux ou proportionnels aux populations P,.

Avec la fonction d'utilité refenue ici, les équations de ré-
currence (22) deviennent;

, e P
S (N, ) = (1 + ) W{i‘r‘

(67)

E)
Sy NLKY = (149) Y S
) Yer I

Elles ne font plus intervenir que les variables N . et K, relatives
a une méme période el n’établissent plus une récurrence vé-
ritable,

Pour déterminer un programme régulier, il nous suffit en
principe de résoudre, dans chaque période, le systéme (6%7) par
rapport & N, et K, et de déduire C, de la condition d’équilibre
relative a linstant £, A partir de la seconde période, le pro-
gramme régutier ne dépend donc plus de la valeur du stock
initial S,.

Ce paradoxe tient au fait que, le plus souvent, les opéra-
tions décrites ci-dessus ne définissent pas un véritable pro-
gramme régulier. Les valeurs trouvées pour certains des C, sont
négatives, ce qui est coniraire 4 la contrainte Gy = Cpye

Dans ces conditions, on ne peuat cspérer obtenir un pro-
gramme optimal en utilisant seulement les équations de récur-
rence qui supposent la réalisation d'égalités marginales. 11 faut
tenir compte plus directement des contraintes sur ¢, et n,.

Afin d’aboutir 4 des résultats soffisamment précis, nous al-
lons restreindre quelque peu la géndralité du modéle. Nous
supposerons que la population croft & un rythme constant.

P=P, (1+w)
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qu’il n’y a pas de progrés technique et que la production s’ef-
fectue & rendements constants, Nous poserons:

K,
N,

Jf Pppsend

et nous édcrirons:
f{ (Nrf Kr} ::Ni ¢ (x.t)

¢ étant une fonction donnée. L'hypothése 1 implique que ¢ ait
une dérivée ¢ qui soit une fonction jamais croissante de x,.
Afin d'éviter des complications supplémentaires, nous suppose-
rons que ¢ est une fonction décroissante de x,. Nous admet-
trons que l'utilité U, est la méme fonction pour toutes les pé-
riodes. Comme nous pouvons la multiplier par une constante
positive quelconque, nous écrivons:

(68) U, {e, #)=c,~vn,

v étant un nombre donné non négatif. Enfin, nous préciserons
les contraintes sur ¢, et #, en fixant un niveau de satiété cy 2
la consommation et un minimum & la quantité de travail:

(69) Com 5= € 55 Cu

(70} M, =, Sy

no==

G, Cm, My, el my étant quatre nombres donnés,
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Dans ces conditions, nous pouvons écrire;

1] ’ i
S =9 Sy =9 —ay
i I
Utc justingi Utw = ¥
Nous poserons encore:
(71) e (1e) (1) .

L’inégalité de base (21), qui nous a servi pour comparer les
utilités 20y de deux programmes possibles, devient maintenant:

n

(72) P, 80U, 3 2t (o, 3K, + 8, ON,) — 2T 5,
=0

%, et 3, étant définis par:

(73) =g (%) - AT
(74) Bre=g (x,) - ¥, i),

Les égalités (67) impliqueraient que @, et 3, soient nuls.
Mais on observe que ces égalités sont incompatibles en général,
car il n’y a aucune raison pour que les deux équations en x

¢ (x)=)h-1
et

¢ x)-x g (H)=hy
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aient une solution commune. Chacune d’elles a une soluiion
aun plus; en effet ¢ (x) est continuellement déereissante par
hypothése et @ (x) - x ¢ (x) est continuelfement croissante puis-
que sa variation dans tout intervalle infiniment petit (x, x + dx)
est égale A Ia quanfité positive - x do’ (x). Désignons par x;
la solution de la premidre équation, ¢l elle existe. Clest la va-

>

I .. .
leur du rapport 3y pour laquelle fa productivité marginale du

capital est égale & A - 1. Désignons de méme par xy la solution
de la deuxitme équation, si elle existe. C’est la valeur du rap-

EEd

port 57 pour laquelle la productivité marginale du travail est

égale &4 Av.

Notons immédiatement que «, est positif quand x, est infé-
rieur 4 g, négatif dans le cas contraire. De méme §, est néga-
tif quand x, est inférieur & xy, positif dans le cas contraire.

La condition d’équilibre a I'instant ¢ s’écrit ici:

(75) Cr =K =K+ Npg (%)

ou encore:

C m
{26) T+%) M=o @)+ae — 0+ )
", 7,

Nous devons repérer la valeur  de x qui correspond & un pro-
gramme dans lequel I'utilité serait continuellement égale 4 son
minimum {¢,=c,, et %, =), Nous pouvons de méme repérer la
valeur 7 correspondant & un programme dans lequel 1'utilité
serait continuellement égale & son maximum (¢,== oy el 5, =2n,,);
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la valeur xy correspondant & c,= ¢y el 5, = 1my; et la valeur x,,
correspondant & ¢,=c¢,, ct n,=mn,. Il résulle de (76) que ces
valeurs, si clles existent, sont solutions respectivement de:

c )

gy - me =@+ 2§ olm,) — 7, = (1 +7c)i’i

(77) o e
_ £ I

( (P("I") = w &= (L4 ) “;;\L O (@) = T By == (T +7) H“

N M

s

De méme, nous pouvons déhnir ®, et &, comme les valeurs
que prend x dans la premiere période si ¢, ot n, sont fixés d'une
part a c,, el ny, d’aufre part & cy et u,,.

{:—-8) T SU Crn = \{30 Oy
" Il . a T s--—-—.._ e "S"""' - —_—
I [ ?'?M n M 1 o M n‘m

#, est évidemment plus grand que &,

Pour une étude compléte du probléme qui nous intéresse
maintenant nous devrions examiner de nombreux cas suivant
les positions respectives des valeurs: v, xn, %, %, %, o 20 &y,
Nous nous cn tlendrons & trois qui suffiront sans doute pour
illustrer la détermination et les caractéristiques des programmes
optimaux.

Si @, #ait inférieur A w, il n’y aurail ancun programme
possible. Si & était supéricur & &, un programme optimal serait
aisément défini, programme dans lequel la consommation serait
constamment ¢égale 4 son maximum et le travail & son mini-
mum. Ces deux cas ne sont guére intéressants. Nous suppose-
rons done 2 > el & < L.
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o

et @, n'existaient pas: &< xy;

1) Premicr cas: xn" ¥ g k< %y {0U, plus généralement, si %y

P () —w, @) >Av; et glw) - w2 (T4 7)) car/ ).

Sie»0, un programme oplimal /% est défini comine suijt:

~— La quantité de travail est continuellement maintenue i
son maximum (7, =1, pour tout #).

= La consommation est mainfenue i son minimum {¢,==¢, )
tant que

-~
5 [ Cor

(79 S T N

3
Py my

simultanément x, =, croit.

S, est défini par:
(80) Spmtag Py %0 ¢ (%,)]

— A partir de Vinstant 4, ol #; 2 xx, %, prend la valeur
%x; la consommation par personne prend dans la période ¢,

la valeur ]-55 — ny Xx et dans les périodes suivantes la valeur ¢*
f
définie par {"):

T v - . U
(81) (J =+ TE) C¥ *[CP(.‘LK) - L\}(] Hng -

(") On peut vérifier que la valeur de la consommation par personne dans
la périede #, est inférieare & ce qu'clie est dans les périndes suivantes.
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Les évolutions de ¢, et x, sont schématisées sur la figure 2.

Pour démontrer que ce programme est possible, il nous
suffit de vérifier que @, croft avec ¢ et finit nécessairement par
atteindre x. (Les égalités (79), (8c) et {81) établissent que la
condition d'équilibre est bien satisfaite & chaque instant).

Des dgalités (77), {79) et (80), on déduit aisément:

(82) (147 (- w)=ele, ) - e, ] - [el@) - mal.

Or ¢(x) - nx a la dérivée déeroissante ¢'(x) - 7. Pour toule
valeur de x inférieurc & 2y, cette dérivée cst plus grande que
@ {xg) - me=h 1 - meme (T+w). Comme ik, - & est positif:

(83} am @ e (g #) > E (g )
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La différence #, - %, est bornée inférieurement par un nombre
positif tant que @ <Cxk. Ainsi, @, croit ef finit certainement par
atteindre xp.

Le programme % est aussi optimal. Soit en effet un autre
programme possible #%--8 ¢, Nécessairement, & N=<o pour
tout ¢ et & K=o pour tout ¢-¢,. Or >0 pour tout ¢; «, >0
pour tout &{, et o=0 pour tout {zf,. 1’inégalité (72) im-
plique done Py & Uy s - 07 8§ Sy

Admettons mainfenant que le programme #% +& & donne
a l'utilité au moins la méme valeur que ©% 4 partir d’un cer-
tain instant T que nous pouvens supposer postérieur a 4,
Pour que & Uy soit positif, il faudrait que & Sy soit négatif. Mais
nous allons montrer que ceci n’est pas possible, ce qui établira
Voptimalité de g%,

En effet, en verta de la concavité de la fonction de produc-
tion, nous pouvons éerire, pour tout =T

8 S:"Ll 'f‘-: [:Ii 'i‘ C?’(xl{)} 5 I{f F [(.P(xl{_) xK CP’(.‘AZK)] 5 N', .

Par ailleurs, pour tout 7.

Or &N, est nécessairement négatif, et & K,=85,-&C,. Par
suite de Ia définition de % et du fait que Xx< X, NOUS POUVONS
éorire;
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Cetle inégalité montre que & S, sera effectivernent négatif pour
tout £ = T.
Enfin, comme S, =(x+7) S, quand ¢ = T.

Comme ¢ est positif, cetie inégalité montre que la valeur abso-

88 o el e it nécessa
lue de 5 croit au deld de toute limite, et finit nécessaire-
ment par dépasser 1. Ainsi S;+¢ S, devient négatif. Le pro-
gramme % + 8 @ n’est pas possible.

Nous n’examinerons pas ici ce qui peut se produire quand
le taux d’intérét normatif est nul ou négatif. Ceci nous entraf-
nerait trop loin, Nous retrouverions des situations comparables
A celles déerites 4 propos des deux modéles précédents.

2) Second cas: Xy<, Xyl Xw Ky .

La détermination du programme optimal devient plus dé-
1.

X . )
N atteint avant xx la valeur xy qui permet

une consommation maximale avec un travail par personne égal
A 7. Nous ne procéderons pas ici & une vérification précise de
optimalité du programme que nous allons définir, Quelques
indications saffiront,

Tl est clair quiune fois %y atteint 'accumulation du capital
doit permettre une réduction de la quantité de travail par per-
sonne. Suivanl quelle évolution cette diminution va-t-elle avoir
licu?

Pour découvrir la réponse & celte question, nous pouvons
comparer le programme optimal #% & un autre programme pos-

licate si le rapport
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sible #% 4 & 42 qui attribue les mémes valeurs A la consomma-
tion (& (;[":-o). La variation de I'utilité de la période ¢ scra:

(84) YU = 13N,

La condition d’éguilibre 4 l'instant ¢ et la concavité de Ia fone-
tion { impliquent:

51!{1 (I+ffk)6Kf+f;N5Nf

IYou:

U, < l;";_,,t SKpgy = (1 + ,,{)81{
o |
et pour Iutilité ..
- 1p
(85) P, %"L{‘.;:——vz)\ tin, 0K, -—-l.)\mw—\K.i.
; T-1,N

les coefficients v, étant définis par:

T4
(86) b=
foax T
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Le programme #* que nous cherchons sera vraisemblable-
ment tel que tous les ), soient nuls A partir du moment od ¢,
atteint son niveau maximal c¢y. Examinons donc ce guw’impli-
que la nuilité de ces coefficients.

Les productivités marginales [, el fi dépendent seule-
ment de x,; de sorfe que les égalités 1v,== 0 établissent une ré-
currence sur les x,. Une méthode graphique peut servir a la
résolution de cette récurrence. Sur une figure portant les x en
abscisses, soit I', et I'; les courbes représentatives des fonctions
g=log (1+Fx) - log & et h=log fx. Pour gue i, soit nul, il faut
que A(x,) - hix, ) =glx,); cest-d-dire que I'accroissement de
i entre £~ 1 et ¢ soif égal 4 la valeur de g en £. La figure 3
ci-dessous illustre comment les valeurs successives des x, peu-
vent &tre déterminées.

Comme la courbe I', coupe 1'axe des x au point d’abscisse
xe et que 1Y est continuellement croissante, la grandeur x,
croit continuellement et tend vers .

Les x, une fois déterminés de la sorte, on peut utiliser la
condifion d’équilibre (76) comme une récurrence sur les gran-
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deurs #,. Le travail par personne n, tend vers la quantité p*
définie par:

; £
o) — ®may =2 (14 %) 3

M
1?.<

La grandeur #, doil décroitre de my vers ™,

infin, Yévolution de K, peut étre aisément déterminée puis-
que K, =P, x, n,. Le capital par personne x, #, doit croftre a
partir de la quantité xy ny ponr tendre vers xg #*, (On peut
effectivement vérifier que xy 7y est plus pelit que x, #%; mais
Je n'ai réussi a démaontrer ni que n, déeroit continuellement de
nyp & 7%, Nl gue x, #, croit continuellement de X, 9, & Kag ).

La figure 4 ci-dessous représente ’évolution de la consom-

I, 4

mation et du travail par personne, ainsi que celle de x,, dans le
programme qui vient d’étre déterming.

Il resterait a vérifier que ce programme est bien optimal
guand le taux d’intérét normatif est positif. Nous ne le ferons
pas ici; car ce serait un peu fastidicux,
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3) Trotsidme cas: Lyl el Xxt X

Revenons-en 4 une situation analogue & celle du premier
cas, xg Clant mférieur & xy. Mals supposons que la producti-
vité marginale du travail serail infériewre 4 v, si, dans la
premiére période, la consommation éail maintenue 4 son mi-
nimum et le travail & son maximum. Le programme gui a fait
I'objet de la figure 2 n’est plus nécessairement optimal. 11 se
peut que Iutilité soit accrue si on rédnit le travail fourni dans
la premiére péricde et que I'on retarde corrélativement le mo-
ment auguel la consommation par personne passera de ¢,
ac¥.

Sioune telle éventualité se produit, il semble clair que, dans
le programme optimal, le travail fourni sera inférieur & my 1,
depuis linstant £=0 jusqu'ad une certaine époque 6, que la
consommation par personne restera fixée 4 son minimum jus-
gqu’a une époque £y postérieure 4 ¢ et qu’elle passera & la valeur
¢ A partir de la période {;+ 2.

Afin de faire apparaiire des conditions suffisantes pour
optimalité d'un programme #%, nous allons comparer ce pro-
gramme & un programme possible #* + & ¢ choisi de telle ma-
niére que:

SC,=o0 pour #<9
SC,== 3N, ==0 pour 0<isi,
SNJ = 0 pour £ 1,

En opérant comme pour la dérivation des formules (21) o
(85}, on obtient:

0 50
87) PSS 3 1y SK, e 5Ky +
i o
ey
LT RN VD B L
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les coefficients «, et 1, étant définis par les formules (73) et
(86). De plus, on sait que:

11
SRy 1T (0 0750 Koy

£:=041

Des conditions suffisantes pour Ioptimalité de #% semblent
donc étre définies comme suif:

1) les p, sont nuls pour = 0
2} les «, sont nuls pour t >k

3) I'égalité suivante est satisfaite:

ty

(88) S TT (x b Spe) == vifemttl

=041

Il serait fastidicux de vérifier que, si le taux d’intérét nor-
matif est positif, un programme possible qui satisfait les con-
ditions 1), 2) et 3) est effectivement optimal. Contentons-nous
de quelques remarques.

La condition 1) est wne égalité marginale traduisant le fait
qu’il n’est pas avantageux de réduire le travail dans la période
-1 pour 'augmenter dans la période ¢ de telle facon que le
capital K, ; restc inchangé. 1’égalité «, =0 implique qu’il n’csi
pas avantageux de réduire la consommation de la période #
pour augmenter celic de la période #+1 sans modifier X,, .
Enfin, Iégalité (88) implique qu’il n’est pas avantageux d’aug-
menter le travail durant la période 0 pour augmenter la con-
sommation dans la période £,+1 sans diminuer le capital &
Iinstant £,+ 7.
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11 n'est pas trés aisé de déterminer un programme possible
qui satisfasse les conditions 1), 2) et 3). Néamnoins, on peut
observer que ces conditions pertant uniquement sur les varia-
bles x, et que 1'égalité (88) peut s'éerire:

4
(89) 3 (@) + b = og %

faeq

g et & étant les deux fonctions introduites ci-dessus et repré-
sentées sur la figure 3. De plus, la condition d’équilibre im-

plique:

s
{90) (T+m) o, = ¢+, —(1+ % ;’"— pour ) < /<7,

M

On pourra dés lors opérer de la maniére suivante;

— Utiliser la récurrence (9o) en sens inverse pour calculer les
valeurs des %, & partiv de x; ., =x, £y ¢tant supposé connu
(Faire comme si cetfe récurrence s’appliquait pour £=10
et ¢==1).

— Déterminer la valeur de #, - 0 & partir de laquelle le membre
de gauche de I'¢galité (8g) excéde la quantité log A v.
(Pour ce faire, on pent utiliser les courbes représentatives
de la figure 3).

— En retenant provisoirement la valeur obtenue pour x,, uti-
liser en sens inverse ia récurrence

(91) Bl = h(% )= glx)
pour déterminer les valeurs antérieures de x,.
[5) Malinvaud - pag. 6y
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A Taide de la condition d’équilibre {76), déterminer par
récurrence en sens inverse les valeurs de w, & partir de

ty,, = #a (en retenant ¢, =c,).

4

Utiliser la définition des x, et les valeurs obtenues des »,
o I,
pour en déduire les valears correspondantes de P
f

Choisir la valeur de 4, el réviser en hausse par approxima-
tions successives les valeurs de %, et de s de telle maniére

K, # s . o
que Dot -, que Pégalité (8g) soit satisfaite exacte-

a e
ment, que x,  soit inférieur & xx ot 7 inférieur a4 ny et que
5 Yot dy a5 . yofite o :
hix,, )~ h{xg) soit inféricur & g(x,,,). (On profite allm.s de
ce que Végalité (go} ne s’applique ni pour £=1{,, ni pour
l{fi‘f:? {]).

L'évolution du programme optimal est schémalisée sur Ia

figure 5. Le cas étudié ici correspond & une situation dans la-
quelle le capital initial est pen important. Néannoins 'accu-

i5]

X
K
S ——
| *
1 ) c
! !
i .
! i
I !
i
| m :
1 1
I 1
! 1
1 1
1 ] I
t 1 ! nM
] ¥
] 3
i
' :
1 H
1 i
| i
1 i
] i
6 7, ¢
G, 5
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mulation du capital n’est pas poussée dés le début au rythme
le plus élevé possible. Au début la productivité marginale du
travail serait trop faible. Bien gue pauvre, la collectivité pré-
fere ne pas travailler au maximum possible.

On peut observer que la valeur x , est inférieure & la va-
leur xy pour laguelle la productivité marginale du travail est
égale 4 Av. En effet, 2{xy)=log hv. L'égalité (8g) implique
alors:

plx,, 4 Rz = kixy) .

Or, par construction, g(x,,,) excéde A{x, ) k(x). Par suite
hixxs) excéde A(x,,  ); et xx excede x,,,. Il se peut donc trés
bien que le travail fourni par personne soit égal & #y dés 'ins-
tant o, bien que %, est plus faible que xy.

Quelgu’incompléte qu’elle soit, celte étude du cas dans le-
quel la fonction d’utilité est linéaire doit suffire 4 illustrer une
méthode qui convient pour la détermination d’un programme
optimal.

Elic montre aussi le caractére pen satisfaisant d’upe for-
mulation dans laquelle les utilités marginales ne dépendent ni
de la consommation ni du travail fourni par personne. Dans le
programme optimal, la consommation subit des sauts brusques
qui s’accordent mal avec la notion intuitive d’une croissance
harmonieuse.

Il semble que 'on devrait se méfier, méme pour les appli-
cations, de modeles dynamiques dans lesquels la {onction &
maximer est purement linéaire. T.es solulions obtenues avee de
tels modéles dépendent fortement des contraintes imposées aux
variables sur lesquelles porte la maximation (icl ¢, cm, #y,
et ). Or il y a toujours un certain arbitraire dans le choix
de ses contraintes,

Bien entendu, si les conclusions auxquelles nous sommes
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parvenus sont aussi tranchées, ¢’est que nous nous sommes
contentés d’une représentation frég sommaire des contraintes
techniques. Considérant un modéle avec deux secteurs,
T.N. SriNtvasaN (1964) a toutefois obtenu des résultats qui
présentent, quoique 4 un degré moindre, le méme caractére
paradoxal. La difficulté semble bien étre générale pour les mo-
déles contenant une fonction d’utilité purement linéaire,

7. 1. MODELE DE RAMSFEY

Le modele qui a été employé dans cette étude peut &tre
rapproché de celul introduit par F.P. Ramsey dans son article
célebre (1928).

Rawmsgey utilise une représentation continue du temps. Les
symboles ¢, N, ¢, # désignent alors le flux de consommation
par unité de temps, le flux de fravail par unité de temps ... etc.
Ce sont évidemment des fonctions de l'instant # considéré. Les
symboles K et P désignent le capital et la population & Iins-
tant 2,

RamsEy suppose aussi que ia preduction est instantanée,
La production & chaque instant dépend uniquement du flux de
travail et du stock de capital au méme instant, Le flux de pro-
duction 4 instant ¢ est une fonction f(N, X, ).

Cette production est affectée immeédiatement soit 4 la con-
sommation, soit 4 Paccumulation du capital. Il n’y a aucun
délai dans la mise e¢n ocuvre de ce capital. La condition (7)
d'équilibre & Pinstant ¢ devient ici:

. . dK
(7) Com /(N K, 0y = o

Les simplifications qu’implique une telle représentation sont
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assez sévéres, peut-étre méme plus gue celles résuitant du mo-
déle introduit au début de ce mémoire.

Avec une représentation continue du temps, la fonction
d’utilité ¥, doit étre écrite sous la forme:

"
(12) Uy == [ e U (¢, 0, 4)

/0

e désignant le taux d’intérét normatif instantané. Moyennant
ces modifications, nous pouvons maintenir la méme définition
pour les programmes oplimaux. Le programme #% sera dit
optimal s'il est possible et s'il n’existe aucune valeur de T
el aucun programme possible @* +8& # tcl que U, >0 et
& Uzo pour tout 2T,

De méme, la définition des programmes réguliers peut étre
aisément adaptée. Les égalités marginales qui remplacent les
équations (22) pourraient étre obtenues directement par appli-
cation des régles du caleul des variations pour la maximation
de Pintégrale (12). C'est ainsi que Ramsky les avait déter-
minées. Afin de montrer la similitude avec 'approche employée
ici, nous allons les déduire des équations (z22).

Dans le modéle comportant une représentation discontinue
du temps, admettons que la période de production ait la durde
dt, et non plus la durée 1. Admettons que la quantité de tra-
vail utilisée pendant cette période soit égale & N, df, la produc-
tion & f(N, K)dt ct la consommation en ¢ a C, df. Admet-
tons enfin que Vutilité pour la période soit égale & U, (¢, #,)dt
et le taux d’intérét normatif par période 4 edf. Les équa-
tions (22) deviennent:

™
I t4edl s

Ul.'-f-d'.'.,c (1 + [y @) = {x " s dl) T,

U, o Pt

l1die
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Supposons alors que la péricde df tende vers zéro, la fonc-
tion {, (N,, K,) tendant vers la Limite f(N, I, #) ct la fonc-
tion U, {¢,, »,) vers la limite U (¢,, #», #). Les équations ci-
dessus impliquent alors:

d o . [ 1D\
(221} (?E ([Jr‘) + [J(‘-'ITK. fostend (o + P ({l;) [Jr‘

Uk =

Un programme régulier sera par définition un programme
possible satisfaisant le systéme des équations (7') et (227), équa-
tions différentielles sur les fonctions N, K et C de ¢,

I’indgalité (23), qui figure dans la conditions 1, devien-
drait pour une période de production égale & di:

K+ C.dt
14+ £ @D et = fs
(1 +/% >J‘{m,t+c“mf Zpantt I

Lorsque dt tend vers zéro, cette indgalité implique:

, . 1 dK
(23") i e “,;}‘> m> o

m ¢tant Ie nombre A~ 1.

Moyennant cette modification, on pourrait encore démon-
trer 1'optimalité de tout programme régulicr qui satisfait la
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condition 1, dans un modéle ol les fonctions f et U satisfont
I"hypothtse 1.

Ramsny considérait en fait un cas particulier de ce modéle,
cas dans lequel la population était constante, le taux d’mtérét
normatif était nul et les fonctions f et U ne dépendaient pas
de ¢ {ce qui excluait tout progrés technique). Les condi-
tions {2z) devenaient alors:

d 1 r 4
d[ (Uu) + [Jr,z-fl(, == 0

1

{22
| Uﬂ fN -k U =0

i

Ramsgy avait observé que Pon pouvail procéder aisément
4 une premiére intégration du systéme défini par (77) et (227)
et le remplacer par le suivant:

dK
— (N —
C = /(N, K} 7
e
(9z) U+ Ur:”;{"l"' ==,

U fod Ul =0

#, dtant une constante ’intégration. En cffet, toute solution
de (92) est bien solution de (77) et de (227). I suffit de vérifier
que la premiére équation de (22"} est satisfaite. En dérivant
par rapport & ¢ la seconde équation du systéme (92), on obtient:

,dC N
e un T L)

iR &K
A TR L
e T e T T di

ar e
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Aprés dérivation, la premiére équation devient:

«C_ AN dK K
TSNy T

qui, reporté dans I'équation précédente, implique:

;o dK
Uosi + (U) 7 Tt J,)m“o

En tenant compte de la derniére éguation de (92), on refrouve
bien les équations (227).

lia détermination ct 1’étude des programmes réguliers sont
¢videmment facilitées par la substitution de (g2) an systéme
défini par (7'} et (227). Malheurcusement la premiére intégra-
tion & laquelle Ramsey a pu procéder ne semble pas sc géné-
raliser aux cas dans lesquels I'une quelconque de ses hypo-
théses particulidres n’est pas vérifide.

RamsEY se limite encore & 1’étude de deux types particuliers
de programmes réguliers:

1) Dans le programme régulier, C,, N, et K, tendent quand ¢
croit indéﬁniment vers trois valeurs Cy, N, et K tcl]u;

esf 31015 5atlsfalte pmsque, au moins i pa1 tn d’une certaine
valeur de ¢ le membre de gauche de (23°) excédera tout
nombre positif choisi 4 I"avance et plus petit que la valeur
limite de {%. Quand il existe, un tel programme régulier est
bien optimal.
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2) Dang le programme régulier, C,, N, et K, tendent, quand #
croft indéfiniment, vers des wvaleurs g, N et K telles que,
pour ces valeurs, fx=o0, U >0 et U <o, Alors, la condi-
tion 1 n’est pas satisfaite. Il semble que ["optimalité du
programme considéré devra. &re étudiée dans chaque cas
parficulier que 'on pourra rencontrer.

Bien qu’elle ait été limitée a l'examen d'un modéle trés
simple, cette étude laisse encore sans réponse un certain nom-
bre de questions. Elle montre sans doute "ampleur des problé-
mes que pose la détermination des croissances optimales.
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DISCUSSION

Kooramans

About the very interesting and remarkable condition 1, it was
indicated that it was a sufficient condition — is it also a necessary
condition for the one member family of paths that satisfies the
three recursive conditions to he an optimal path?  Or if it sn't —
is there any cxample of an optimal path that does not meet that
condition?

MALINVAUD

Yes, there is an example of an optimal path that would not meet
that condition: in the case of the linear logarithmic model with
epsilon equal to zevo, condition 1 is not satisfied because the left-
hand member of (23) Is just equal to 1.

Kooraans

I have the impression, though, that in most cases this condition
is just picking out that one path for which the recursive equations
can hold for all Himes, Is it so that any path that does not meet
condition 1 but satisfies the recursive requirements necessarily vio-
lates al some finite time, the sign restrictions on capifal or consump-
tion? Or is that not correct?
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MaLINVAUD

No, T do not think that is correct.  For instance in the linear
logarithmic case with epsiion greater than 1, there is a whole family
of paths which meets the recursive requirements and the sign restric-
tions.  Just one path satisfies condition 1 and is therefore optimal,

*)
HAAVELMO

I have a somewhat strange question which may or may not be
relevant to what Professor Koopmans said. It is this: it seems that
political groups of powers often see it as their task to try to impose
upon people, or to convince people that they should accept a smaller
discount rate for evaluating the future gains from development
projects than would appear to be the individual discount rafe, and
as time passes, people often say that the politicians were right.
Now I have a {feeling that this may have some connection with
Koorman's thesis, but T am not quite sure.

ALLAIS

I will begin with a few remarks relating to both papers.  First
point: both papers use a single preference function. Perhaps this
may be useful, but it can be quite dangerous for a very drastic
and very strong hypothesis is introduced into the models and some
of the conclusions derived using this hypothesis can be questioned.
Even if a single preference function could be assumed, the form of
this preference fanction would be open to discussion. In the

{(*) Irom here on the discussion concerns both the paper presented by
Marmvaup and the carlier one presented by Koormans.
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Kcopmans paper the preference function is a function of one varia-
ble x, only; in the MALINVAUD paper it is a function of two varia
,» work and consumptior. The way in which the utility
functions are discounted is also open to discussion. From the point
of view of the theory of optimum allocation of resources T do not

bles n, and ¢

sce any cconomic reason for such discounting. 1t is a pure hypo-
thesis, and in the general theory of optimum aliocation of resources
no justification of this procedure is to be found,

In my second pomnt T join Prof. Friscu's position, but only
from a theoretical point of view, I think that from the standpoint
of theory, it is very interesting to separate the preblem of optimal
economic growth into fwo problems. The first is the study of what
happens if we limit curselves to the production function; the second
is the introduction of preference functions. I think that in economic
programming, this procedure is not valid, but from the point of
view of theory, it is very uselul indeed, since the difficulties result-
ing from the consideration of the ufility function can be avoided.
Namely, is it possible to consider only one utility function? and if
so what utility funciion must we consider? ete.  In fact, we can
obtain very general results even if some strong hypothesis such as
convexity in the ordinary sense is not taken info account.

Third point: for this reason, I think my poeint is bound up
with the second one. Professor Koormans has said that there is no
optimal path with a negative valoe of the rate ¢ of his paper. Cer-
tainly this conclusion is absolutely true for the model considered by
Professor Keornans.  All these models are logically consistent. But
in my opinion it is very inferesting to study independently the path
which ‘can be considered as optimum if no attempt is made to take
the psychological point of view into account. And in this case very
precise conclusions can be derived even if the rate p has a negative
value,

Fourth point: so far as MALINVAUD’s paper is concerned, I apo-
logize for repeating what 1 said in Cambridge last July. Under the
hypothesis considered by Marinvaun, the rate of interest must be
greater than the rate of growth of primary income. This result is
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not open to doubt if, hut only if, we are lmiting ourselves to the
physical point of view. But if human psyvchology is taken into
account, this result does not remain valid. There are two reasons
for this; T can give two examples. The first case is where the shape
of the time preference carve implies a high preference for the future.
In my back « Economie et intérét » in 1947 I studied a model in
which the difference i-p between the rate of interest and the rate
of growth of the primary income is negative, but nevertheless there
15 optimality in the paretian sense with an infinite horizon. My
second example refates to the case where the utility functions are
functions not only of consumption, but also of capital goeds. 1f
people want very much to possess capital goods, then there can be
an optimal path with a negative difference ¢-p.

My fifth point is that my Econometrica paper is only one study
carrying forward things described in many preceding papers and I
believe that T gave very precise consideration to the problem of the
optimal path as long ago as 1947 in my book « Hconomie et inté-
rét », that is fifteen years before the DEsroUssEAUX, PHELPS, JoaN
Rosmvson, Swan and Von Weizsicker stadies which Professor
Koopmans mentioned.

MALINVAUD

In order to avoid the conclusion that no optimal program would
exist, one has suggested that we drop the agsumption of an infinite
horizon. T cannof accept this point of view. Considering an infinite
horizon often leads to interesting resuits concerning the non-opti-
mality of programs which would appear as optimal if {ime were
limited to some specific date, however far in the future this date
may be, In such non-optimal programs, the economy is accumu-
lating too much capital all the time and never take for consnmption
the full benefit of its high capital endowment. T sce no way of
discarding these programs if a finite horizon is adopted and if the
terminal capital stock is taken as a constraint.
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With regard to one remark made by Professor Anvars, T should
make clear I did not prove, in the paper presented here, that the
interest rate had to be larger than the growth rate. The inequality
between the two rales was introduced as a sufficient condition for
a general result concerning optimal programs. However, in most
particular cases I considered here, the rate of interest is larger than
the rate of growth all the time.

ALLAIS

The point is, if this proposition cannot be proved in a general
way, there cannot be an optimal path with the condition i smaller
than g. I therefore cannot sce the meaning of the preceding pro-
position.

MaLNvVAUD

In this paper, I introduced the condition only because T was
unable to find a result without it. But I may remark incidentally
that a finite horizon was presen{ in the cases where optimal pro-
grams were found with an interest rate smaller than their
growth rate.

KoorMaNsg

Supplemcntii}g Professor MaLinvaup’s remarks 1 do not think
that the response to the difficultics I have pointed out should be to
drop the infinite horizon. I think il you make a very large horizon,
the same difficulty that shows itself starkly with an infinite horizon
will also show itself somewhat less starkly but in an equally distarh-
ing manner with a very large finite borizon, Thus the infinite
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horizon is a mathematically cxplicil way of bringing the presence
of a mathematical Hmitation to ethical thought to our attention.

Professor HaavELmo pointed out that sacrifices enforced at one
time may later be endorsed by public opinion, perhaps when the
benefits {rom that earlier sacrifice become apparent. This would
re-enforce an idea I have expressed in my paper but not in my
presentation.  Perhaps the discount rate g itself should be a function
of the level of consmuption reached. T would expect that if we get
close to affluence p diminishes. It is conceivable that one could find
ways of making ¢ depend on the consumption level in such a way
as to avoid the difficulties that T have encouniered.

Several speakers have asked whether these strange results are
due to the assumption of a double commnodity that can both he
ealen and used as capital. So far T do not know of more detailed
or elaborate studies directed to the same question; so 1 can only
state my hunches. T would think that essentially the same results
would be found with other forms of indefinitely continning popu-
lation growth as long as the percentage rate of growth stays above
some positive percentage. [ think one would find the same difficulty
even more strongly if one introduces technological progress in ad-
dition, It is possible, however, that resource limitations not ultimately
compensated by technological progress could work in the opposite
direction and would do away with the conclusion. TIf the single
social preference function is replaced by individual preference func-
tions and a market mechanism is introduced of the type that
Professor Arnrars has stressed several times in the discussion, 1
would not wanf to venture a guess as to whether the difficulty I have
encountered would remain or disappear.

As to Professor Avrvais’ statement that there is no reason for
discounting, 1 started out with thar idea myseif. But I found that
for there to exist an optimum path, I had to either discount or
discriminate against people o the basis of how many there are in
a given generation.
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DYNAMIC STRUCTURE AND ESTIMATION
IN ECONOMY-WIDE ECONOMETRIC MODELS

FRANKLIN M, FISHER (%
Massachuselts Tnstitute of Technology - Cambridge, Mass. - U.S.A.

T. INTRODUCTION AND CLASSIFICATION OF ESTIMATORS

1.1, General Introduction

This paper is concerned with the techniques of and the
problems in the struciural estimation of economy-wide econo-
metric models. Bricfly stated, the essential general features
of such models which raise special problems for estimation are
as follows. They tend to involve a large number of equations
and variables; they are nearly closed in the sense that most of
the variables of the model are endogenously determined; they
are dynamic and essentially interconnected in the sense that,
considered as dynamic systems, they are indecomposable; fi-
nally, the disturbances from different equations tend to be cor-
related with each other and with their own past values. All of
these features will be discussed at greater length below, and all

(*) This paper was largely written during my tenure of a National
Science Foundation TPostdoctoral IFellowship at the Econometric Institute
of the Netherlands Schocl of Economics, I am indebted to T. J. RortsiENRERG
for helpful conversations and to L. R, Krpy and E. Kun for criticism of
an earlier draft bat remain responsible for errors.  The paper forms part
of my contribution to the Brookings-SSRC econometric model project.
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of them raise problems of varying magnitude for structural
estimation.

As 1s well known, there are now a fairly large number of
alternative estimation techniques available for such estimation.
Such methods fall into classes which differ in the assumptions
made or amount of information taken into account. They also
have different properties. In general, a great deal is known
concerning the asymptotic properties under ideal conditions of
most of these estimators; rather less is known of small sample
properties; and a very few results are available on their relative
robustness — the relative degree to which they stand up to
such things as multicollinearity, specification error, and serial
correlation in the disturbances of the model.

This paper begins by reviewing the known properties of
the principal estimators in the context of economy-wide models.
We observe that the features of such medels mentioned above
make the use of even the best of such estimators rather suspect
in its original form, while the size of such models makes them
literally unavailable when time series of lengths usually
encountered are the data involved. This leads naturally to
estimation using instrumental variables in some form, and the
second half of the paper is devoted in one way or another to
exploring the question of how appropriate instrumental wvari-
ables should be chosen. 1t is argued that this is best done
through continual application of the a priori structural infor-
mation which governs the formulation of the entire model in
the first place, rather than through relatively arbitrary statistical
devices.

1.2. Classtfication of Estimators
Tror our purposes, the estimators which have been proposed
for structural estimation may be divided into three classes. The

first of these consists of ordinary least squares and its generali-
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zations. The second includes: two-stage least squares; limited-
information maximum likelihood; the other members of
Theil’s k-class; Theil’s h-class; and Nagar’s double 2-class (%).
All the estimators in this group have the common property that
whereas (unlike ordinary least squares) they take account of
the simultaneous nature (if any) of the equations in the model
to be estimated, they use only a pricr restrictions on one
equation at a time. Accordingly, we shall call such cstimators
« limited information » methods. The last class of estimators
consists of those methods which do use information on ali equa-
tions at once, what we shall term « full information » methods.
Among these, of course, is full-information maximum likeli-
hood, but the class also contains A. ZELLNER and H. Turr’s
three-stage least squares, an estimator recently proposed by
T.J. RorHenserG and C.T. LEENDERS called « linearized
maximum likelihood », and the simultaneous least squares
estimator of T.M. Brown {%).

In principle, all of the above estimators make use of all
exogenous and lagged endogenous wvariables in the model as
predetermined instruments, As indicated above, for reasons to
be discussed below, this cannot always be done or is not always
desirable, and in such cases other methods which so employ
only some of the exogenous or lagged endogenous variables
must be used. We shall discuss the problems raised in such
sitnations below, observing here only that, given the choice of
variables to be treated as predetermined, most of the estimators
just classified have exact counterparts in such circumstances.

(3) See TueL [32, pp. 353-354) and Nacar [23].
(®) See Zeriwer and Tmer. {37], RorneEnperc and Lrenpers [267], and
T.M. Brown [6%].
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2. ORDINARY LEAST SQUARES
2.1. Assumplions and Properties

Ordinary least squares has a number of desirable properties
when appropriate assumptions are satisfied. Briefly, if the
explanatory variables in the cquation to be estimated are either
non-stochastic or distributed independently of all past, present,
and future values of the disturbance term in that equation, if
the disturbance term is serially uncorrelated and homoscedastic,
and if there are no a priori rvestrictions on the parameters to be
estimated, then ordinary least squares is the best lincar unbiased
estimator. In addition, if the disturbances are normally distri-
buted, then ordinary least squares is the maximum likelihood
estimator,

These assumptions can be weakened in several ways. First,
if the explanatory variables are not independent of the disturb-
ance term but are uncorrelated with it in the probability limit,
then ordinary least squares ceases to be unbiased but is con-
sistent. Tf the disturbances are serially correlated, ordinary
least squares loses efficiency but retains consistency provided
that such serial correlation does not affect the validity of as-
sumptions concerning the correlation of the current disturbance
term and the explanatory variables (a matter to which we shall
return) (*). TFinally, ordinary least squares presents no partic-
ular difficulties of computation.

As is well known, however, the minimum assumption for
the consistency of ordinary least squares — that the explanatory
variables are uncorrelated with the disturbance term — cannot
be maintained if the equation to be estimated is one of a system
of simultaneous structural equations. In this case, ordinary
least squares loses even consistency when used as an estimator

(*) See Tumin [32, pp. 219-225] or JounsTow [r3, pp. ro2-195]} for a
discussion of this case.

6} Fisher - pag. s
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of a structural equation, although not when used to estimate
the equations of the reduced form.

This argument is not sufficient, however, to dismiss oxdinary
least squares from consideration as an appropriate estimator
in large econometric models. In the first place, there is the
question emphasized by H. WoLp (*) as to whether such models
really should be simnltaneous given the nature of causation.
Second, the issue is not of the yes-or-no variety as it is often
made to appear; rather, if the model is such that correlation
between the disturbance term and the explanatory variables
in the given equation can be appropriately assumed to be small
(rather than zero) or if the variance of the disturbance is known
to be small, then least squares will be almost consistent (%).
One may then be willing to accept the small inconsistencies
involved for the sake of the other properties of the estimator,
principally its relatively small variance around its probability
limit. We must therefore go on to ask when this is likely to
happen and when the assumptions of WoLp’s recursive model
are likely to be approximately satisfied.

2.2. Recursive Systems and Necessary Assumplions
Suppose that the model to be estimated is:

(2.1) v, = Ay, + By, | +Cztu,

where #, is an m-component column vector of disturbances;
v, is an me-component column vector of current endogenous
variables; z, is an a-component column vector of exogenous
variables (known at least to be nncorrelated in the probability
limit with all current and past disturbances); A, B, and C are
constant matrices to be estimated; and (I - A} is nonsingular,

{(*) Worp and JUREEN [34, 50-57] and other writings.
{(*) Worp and TFaxir {35].
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while A has zeros everywhere on its principal diagonal. The
assumption that there are no terms in v, ; for 02>1 involves
no loss of generality in the present discussion, since it can
always be accomplished by redefinition of ¥, and expansion of
the equation system and will be used only for convenience in
dealing with the solution of (z.1) regarded as a system of stoch-
astic difference equations.

If:

(R.1) A is triangular;

(R.2) The variance-covariance matrix of the current dis-
turbances is diagonal;

(R.3) No current disturbance is correlated with any past
disturbance;

then the model is recursive and does not violate the assumption
that in each equation the disturbance term is uncorrelated with
the variables which appear therein other than the one fo be
explained by that equation. Ordinary least squarcs is then
a consistent estimator and is the maximum likelihood estimator
if cach clement of %, is normally distributed and homoscedastic.

To see that the no-correlation assumption is not violated,
we solve the system for y,, obtaining:

(2.2)  w,=(1-A)"By, |+ (1A '1Cz,+ (I~ A) s,

Denote (I-A)~! by D and note that it is triangular by (R.1).
We may take the zero elements to lie above the principal dia-
gonal. Assuming that DB is stable, we have: {7)

(2.3) =3 [DBf(DCe, 1w, |
0

=0

(7) We shall not discuss the assumption of the stability of DB in any
detail at this point, I it is not stable, then it suffices to assume that the
model begins with non-stochastic initial conditions. Obviously, if stability
fails the assumption of no serial correlation becomes of even greater imi-
portance than if stability holds. We shall return to this and shall discuss
the question of stability in general in a later section.
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Denoting the covariance matrix of », and y, , by W(0) with
columns corresponding to elements of w, and rows correspond-
ing to clements of y,_,, and that of w, and #,_, by V(0) (which
is assumed to be independent of £), with columns correspond-
ing to %, and rows to u, ;:

@®

W(o)=2 (DB} (DV{06}]

00

(z.4)

Since, by (R.3), V(8)=o for 62>0, this becomes:
(2.5) W(o)=DV{o).

By (R.2), V(o) is diagonal, hence W(o) is triangular with
zero elements above the principal diagonal. Thus any element
of y, is uncorrelated with all higher-numbered elements of .
Similarly,

(2.6) W(1): il_(DB)”"'(DV(e})zo

[J

Hence all variables which appear in any given equation in {2.1)
save that variable which is to be explained by that equation
ave uncorrelated with the disturbance from that equation, as
stated.

We have gone through this demonstration in detail partly
for later purposes and partly to exhibit the way in which each
of the assumptions (R.1)-(R.3) enter, We must now ask
whether those assumptions can be weakened.

In the first place, it is clear that the triangularity of A is
crucial. From (z.5), if A and therefore D is not triangular, then
W (o) will not be triangular either in general, and the elements
of v, cannot be taken as uncorrelated with higher-numbered
distarbances. This is well known, as in this case the system
(2.1) is truly simultaneous. In such a case, ordinary least

(6] Fisher - pag. 7
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squares will be inconsistent for at least one cquation in the
model.

What is less often realized in practice is the role played by
the assumptions on the disturbances. Because of the simplicity
and other advantages of ordinary least squares, there is a na-
tural tendency to settle for a triangular A and to overlook the
fact that such triangularity does not suffice to make ordinary
least squares consistent ().

To see that such assumptions are generally required, con-
sider first the assuinption that V(o) is diagonal. If this fails,
then (2.5) shows that W(o) cannot generally be taken to be
triangular, whence ordinary least squares will be inconsistent.
This corresponds to the intuitive idea that if a high-numbered
and a low-numbered disturbance are correlated, the endogenous
variable corresponding to the low-numbered disturbance can-
not be taken to be uncorrelated with the high-numbered distarb-
ance even if thre is no direet influence through the explicit
equations of the model. Indeed, not only is the diagonality of
V(o) required for the consistency of ordinary least squares,
but also, if nothing more is known of the coefficients of the
model save that A is triangular, such an assumption is neces-
sary for the very identifiability of the equations F

It is possible, however, to alter the assumption of no serial
correlation. Clearly, this enters in both (2.5) and (2.6) because
¥: 1 appears in the model. If this were not the case, the as-
sumption in question would not be needed for consistency.
In most econometric models, however, and certainly in eco-
nomy-wide ones, lagged values of the endogenous variables do
in fact appear. We are nevertheless able to weaken the no-
serial-correlation assumption (R.3) to:

(R.3%) B {as well as A) is triangular with zeros above
the diagonal, and for all 020, V{0) is triangular with the same
arrangement of zeros so that high-numbered disturbances are

(") In fairness, it should be pointed ont that Worn's theorefical writings
are entirely clear on this point. See Word [36, pp. 358-3509], for example,
(") See Tisuer [10). ’
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uncorrclated with lagged values of low-numbered disturbances.
Further, either B or all V(0) (07»0) have zeros everywhere
on the principal diagonal.

If (R.x), (R.2), and (R.3%) hold, every term in {2.4) will
be triangular, so that W(o) will likewise be triangular as re-
quired. Further, W(1) will also be triangular rather than zero
and will have zeros on its principal diagonal, but this will be
all that is nceded, since if B is triangolar no lagged endogenous
variable appears in an equation of (2.1) explaining a lower-
numbered current endogenous variable.

Intuitively, the general necessity of no serial correlation for
the consistency of least squares is that an eclement of y, , is
influenced by an element of #, . If that clement of #,_, is
itself correlated with a lower-numbered element of #, then the
corresponding efement of v, , cannot be assumed to be uncor-
related with that clement of #,. Even if V(6} is friangular for
0>o0 (or cven diagonal) and B is not trianguiar, the dynamics
of the system will carry serial correlation into relations between
any current disturbance and any current endogenous variable.
If both V(8} and B are {riangular, however, such effects are
only carried toward higher-numbered equations.

That frianguelarity of both V(8) for all 0>>0 and B are
generally necessary in the presence of serial correlation may be
seen from the fact that since D is triangular, the terms in (2.4}
will generally not otherwise be triangular and the fact that if I3
is not friangular, even triangularity of W(r) will not suffice.
{The condition as to the principal diagonals can be easily seen
to be required by considering a single-equation model).

Of course, as is also the case for the assumption of the
diagonality of V(o), even if such assumptions fail generally,
similar weaker assumptions concerning certain off-diagonal ele-
ments may hold and yicld the consistency of ordinary least
squares for certain equations. The indicated assumptions are
necessary for such consistency in 4l equations, however. (Such
weaker conditions are fairly readily obtained from the genera-
lization of the current discussion given in a later scction).

[6] Fisher - pag. o
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2.3. Recursive Systems in Economy-wide Models

Are the assumptions of the recursive model just discussed
likely to be valid for an economy-wide econometric model? In
general, the answer appears fo be in the negative.

In the first place, the argument for the triangularity of A
that cavsation takes place sequentially in time (which, inciden-
tally, would imply diagonality) is not conclusive if the data
are collected as averages over a much longer period than the
causal interval involved. It may be true that simultaneous
structures are but approximations to underlying recursive ones
with very short time lags; this does not make the matrices in-
volved friangular, however, whatever it implies about appro-
priate estimators (%).

Tven if triangularity of the A mafrix is satisfied in an
economy-wide model, however, the other conditions discussed
are unlikely to be fulfilled. Even the best specified econometric
models inevitably omit variables the effects of which then enter
the disturbance terms. If the model is well specified, these
effects will not be large and systematic, rather they will be
small and random. Even so, the omitted variables appearing
in the disturbances cannot all generally be expected to be dif-
ferent ones for different equations. Indeed, one expects there
to be some events which act as shocks on many or all the equa-~
tions in an economy-wide model. Such action may indeed be
of different magnitudes for different equations, but it is surely
extremely restrictive fo assume zero correlation among the

{*% Srrorz [30] considers a model in which the variables are observed
at discrete infervals longer than a short causal peried which is allowed to
approach zero — a problem not quite the same as that considered in the
text, e argues that the usual estimators arc not approached in the limit
by the maximum likelihcod estimator of his model, The status of the
argument is presently in some doubt as Gormar [1rx] has suggested that
« natural » assumptions on the continuity of the stochastic process generat-
ing the disturbances do lead to the uswval estimators in the limiting case
of simulianeity.
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different disturbance terms. Thus it is very unlikely that V(o)
will be diagonal.

Similarly, it is rather vnrealistic to assume no serial cor-
relation in the disturbances. Disturbances from econometric
models do in fact tend to be serially correlated and while we
shall later argue that correlation between a given element of #,
and a different element of #, , may be small, even a diagonal
V(0) for 0>»0 will not help. This is especially the case if the
time lag involved in the model is small (the very situation in
which triangularity of A is relatively likely), as in such a case
the effects of a random shock due to an omitted variable are
likely to persist for more than one time period. To put it
another way, it is natural to suppose that as the time period
involved goes to zero, V() approaches V(o) which is certainly
not zero ().

Moreover, there seems little direct comfort in the points
made above that it is sufficient to have B=:0 or to have both
B and all V(0) 6>>0 triangular and either B or all such V(0)
with zero principal diagonals. Economy-wide models are ge-
nerally dynamic ones so that lagged endogenous variables do
appear. Further, while we shall argue below that a diagonal
V(0) for 070 is not quitc so unreasonable as it may seem, a
friangular B matrix is wholly unlikely, since this would be a
case in which there were no feedbacks (simultancous or lagged)
from one variable to another and economy-wide models simply
do not have such a hierarchic structure in view of the inter-
connectedness of economic activity.

It is thus evident that even if one is willing to assume a
triangular A matrix, the assumptions of the recursive model
cannot generally be taken as valid in an economy-wide econo-
metric model. This is especially true if triangularity has been
achieved by the introduction of relatively short time lags. At
the risk of over-emphasis, we repeat. Ordinary least squares

(") See Gorman [11].
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does not become consistent when one changes a current endo-
genous variable to a recent past value of the same variable even
if triangularity of the A matrix is achieved in this way. The
assumptions which lead to the consistency of least squares re-
quire more than this and all the same difficnities will still be
encountered even if they go unrecognized.

2.4. The Proximity Theovem and Near-Consistency

As alrcady remarked, however, the issue of the use of
ordinary least squares (or indeed of any particular estimator)
is not whether the assumptions thereof are precisely satisfied.
Rather the crucial question is that of how closely they are
satisfied, of how those assumptions stand up as approximations
rather than as cxact statements. The problem is not a discrete
one; rather it is continuous. Morcover, the question of good-
ness of approximation is itself dependent on the sensitivity of
the properties of the estimator to variation in the assumptions
thereof. In general, the less sensitive is an estimator, the greater
the tolerable deviation from the strict conditions under which it
has desirable properties.

In the present instance, our discussion has largely run in
terms of consistency. Consistency, however, is a rather wealk,
although desirable property. Since ordinary least squares has
several other attractive features, we might plausibly be willing
to tolerate small inconsistencies to gain, for example, compu-
tational ease, small variance around probability limits, and so
forth. Tt is thus not sufficient to ask whether the assumptions
under which ordinary least squares is consistent are satisfied;
we must aslk whether the fact that they are not generally satis-
fied in cconomy-wide econometric models is likely to be of
much importance,

This question is formally answered by the Proximity Theo-
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rem of Worp ('3). That theorem states that the inconsistency
of least squares will be small the smaller are the correlations
between the explanatory variables in the equation to be estim-
ated and the disturbance from that equation and also the smaller
is the variance of that disturbance, A perhaps more illuminat-
ing way of looking at the same thing is to consider the disturb-
ance as made up of a linear combination of omitted variables.
The inconsistencies in the parameter estimates can then be
shown to be equal to the coefficients of the multiple regression
of the disturbance term on the explanatory variables ().

For our purposes, the Proximity Theorem shows that if
(R.1), (R.2), and (R.3) or (R.3%) hold approximately, the
inconsistency of ordinary least squares will be small. Indeed,
that inconsistency will be small in a given equation if the ap-
propriate columns of

Wio)
(2.7) W=|W(1)
4]

premultiplied by the inverse of the variance-covariance matrix
of the variables appearing on the right of that equation is small.
Since that inverse enters the ordinary least squares paramecter
estimates in precisely the same way, we may say that (roughly)
velative inconsistencies will be small provided that W(o) and
W(r) are small. Thus, if all terms above the diagonal in A
are nearly zero; if cross-cquation covariance between contem-
porary disturbances is small; and if there is little serial cor-
relation, ordinary least squares will not do too badly.
Unfortunately, there is reason to believe that this will not
generally be the case. The arguments given above for the

() WorLp and Jumwipxn [34, p. 189 and pp. 37-38].  The Proximity
Theorem as stated by Worp is one concerning bias; we discuss inconsistency
since unbiasedness is not in any case a property of least squares in models
with lagged endogenous variables. See Hurwicz [r47.

{(**) See Fisuer [8] and TwmiL [31].
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lailure of (R.2) and (R.3), in particular, are arguments that
the excluded cffects are likely to be substantial in practice.
While one may be willing to assume that they are not so in
particular cases, depending on the structure of the model to
be estimated, this seems a dangerous procedure in most eco-
nomy-wide models given the high degree of approximation
which such models inevitably involve. The Proximity Theorem
in more general form will be of considerable help to us below
and is of substanfial value in other contexts: for structural
estimation in economy-wide models, it seems a weak reed on
which to rest estimation by ordinary least squares.

2.5. Reduced Form Estimation

Our discussion thus far has run in terms of the estimation
of the parameters of structural cquations. The simultaneous
model context in which ordinary least squares is most often
thought to be appropriate, however, is not this at all, but
rather in the estimation of the equations of the reduced form.
Here the difficulties in the use of ordinary least squares which
arise from simultaneity apparently disappear as all variables
on the right-hand side of reduced form equations are either
exogenous or lagged.

In this connection, the argument against the use of ordinary
least squares has gencrally run in terms of lack of asymptotic
efficiency when compared with estimates of the reduced form
which are derived from structural estimates using overidentify-
ing @ priori information. Such lack of asymptolic efficiency
may be particularly important in the event of a structural break
or in the prediction of turning points (). The argument in
favor of ordinary least squares cstimates of reduced form equa-
tions has been the desirability of having forecasts of the endo-

(") Lrswoy [18].
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genous variables which are unbiased conditional on the values
of the predetermined variables (). It has also been suggested
that the added asymptotic efficiency in the use of other estim-
ators stemming from the employment of & priors information
may in fact frequently be quite illusory as such information
may be incorrect ('6).

There is substantial merit in all of these arguments in
various contexts. Fortunately, the issue is rather easy to
decide in the context of estimation of the reduced form of a
dynamic economy-wide econometric model. In the first place,
such a model generally involves lagged endogenous variables.
To estimate even the reduced form by ordinary least squares
when such variables appear on the right-hand side does not
vield consistent estimates in the presence of serial correlation,
substantially as seen above. Moreover, even if the assumption
of no serial correlation is made, ordinary least squares still
does not give an unbiased estimale of the parameters nor a
conditionally unbiased forecast of the dependent variable.
Nevertheless, one might plausibly be willing to accept such
defects in ordinary least squares for the sake of greater effi-
ciency. Such efficiency fails, asymptotically, however, il the
overidentifying information on which structural estimation by
other means is based is approximately correct as the issue Is
again one of good approximation rather than of correctness (V7).
Since restrictions on coefficients are more likely to be good
approximations than are restrictions on disturbances concern-
ing which economic theory provides relatively little informa-
tion, ordinary least squares is unlikely to be asymptotically
efficient,

On the other hand, such information as is available on the
small sample propertics of the limited-information estimators
(discussed below) does suggest that asymplotic efficiency may

(%) Waogn [33], Tisuer [9].

("9 Liu [19].
(") See IsuEr [8].
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not be remarkably important as the small sample variances
of such estimators arc infinite in some cases, Ordinary least
squares certainly does have the property of finite small sample
variances under ordinary conditions, however defective it may
be for other reasons. Ordinary least squares estimates of the
reduced form equations may therefore be appropriate ones to
consider if one is willing to assume that serial correlation is
unimportant,

Note that this is not quite the same as the situation as
regards structural estimation already discussed. In that con-
text several strong assumptions have to be nearly satisfied in
order to justify the use of ordinary least squares. In the present
context, only the assumption of no serial correlation must be
approximately satisfied; if it is, the remaining argument against
ordinary least squares is the one of lack of asymptotic effi-
ciency and this may be by no means decisive in a world of
relatively small samples (1%).

In practice, however, ordinary least squares estimation of
the reduced form of a large economy-wide model is simply
incapable of accomplishment. If all lagged endogenous vari-
ables are freated as predetermined, the number of CXOgenous
and predetermined variables in any but the nost aggregative
economy-wide model is simply too large to permit this type of
estimation in the presence of the relatively low number of obser-
vations ordinarily available,

3. FULL-INFORMATION ESTIMATORS

We now discuss the class of full-information estimators out
of what is perhaps the natural order, because it is rclatively

(") Al of our discussion of the ellects of serial correlation lhas over-
looked the existence of estimafion techniques designed precisely to deal
with tihat problem. See for example Jounsron [15, pp. 192-195] and
Turn. {32, pp. 219-225]. Al of these technigues, however, assume that
there are no Jagged endogenous variables in the model, and we have prin-
cipaily been concerned with the preblems raised by serial correlation when
there are such lagged wvariables.
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easy to dispose of 1t. We shall then be free to turn our atten-
tion to the class of estimators ordinarily used in these problems
~— the limited-information class.

It is customary in these discussions to pay lip-service to
full-information maximum likelihood as the optimal estimator
using all information available and then to dismiss it in prac-
tice as too difficult of computation. While it is still true that
such computational difficulties are still prohibitive in practice
for even moderately large systems (%), such dismissal no lon-
ger suffices. This is the case because there are now two full-
information estimators which are known to have the same
asymptotic distribution as full-information maximum likeli-
hood and which are not particularly difficult to compute. These
are the three-stage least squares estimator proposed by ZELLNER
and TueiL and the linearized maximum likelihood method of
Ror#aesperc and LEENDERS (). Since the known virtues of
full-information maximum likelihood are all asymptotic, com-
putational difficulty can no longer be considered a valid reason
for not using some such method.

As it happens, however, there are more cogent reasens than
computational difficulty for the abandonment of full-informa-
tion methods in practice. However desirable the properties of
full-information methods may be in principle when all assump-
tions are met, such estimators suffer relatively heavily from
a lack of robustness in the presence of common practical dif-
ficulties. Thus Kiemw and NAKAMURA have suggested that
full-information maximum likelihood is more sensitive to
multicollinearity than are limited-information estimators (29).

{('*) The difficutties are being overcome, however, See RrspNrress [7°].

() Zerawer and THEu. [37]; RoTRENpERG and LEnNbErs [26].  Ro-
THENBERG and LERNDERs give the proof that these estimators have the same
asymptotic distribution as full-information maximum likelihood. See also
Sarcan [27] and Mapansky [z0]. BrowN’s simultaneous least squares [62]
[which is a member of the full-information class] is known to be consistent
but is not known to have the same asymptotic distribution as the other
members,

(* Krein and Naxamura (167,
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Further, it is evident that all full-information methods are
rather sensitive to specification errors of the types that are
unavoidable in the foresecable state of econometric models
which are only approximate. In particular, such estimators
have the defects of their merits in that by using information
on the entire system to estimate any single equation, they carry
the effects of specification crror in any part of the system to
the estimate of any other part. Since it is clear that some
equations may be thought to be better specified than others as
the quality of economic information is by no means constant
in an economy-wide model, this is a highly undesirable feature.
Tt seems clear that specification error should be quarantined and
hence that limited-information estimators which are known
to accomplish this are preferable to full-information ones in
Jarge models (). While it may be desirable to use intermediate
estimators which apply full-information type methods to sectors
rather than to the system as a whole, the theory of how this
should be done remains to be worked out.

4. LIMITED-INFORMATION ESTIMATORS

4.1. Availability in Practice

While a great many limited-information estimators have
been suggested, in practice, none of them are available for use
in their ofiginal form in estimating an economy-wide econome-
tric model. This is the case because all such estimators begin
in one way or another with the ordinary least squares estimates
of the reduced form equations, As we have already seen, such
estimates are likely to be difficult or impossible to secure in all
but the most aggregate models because of the Jow number of

() FrsuEr [8, p. 155].
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observations generally available relative to the number of pre-
determined variables, if ail lagged endogenous variables are
treated as predetermined.

In addition, if lagged endogenous variables are so treated,
then we have already seen that such treatment raises consider-
able difficulties in the likely presence of serial correlation of
the disturbances. On the other hand, economy-wide models
are generally sufficiently closed to make their equations uniden-
tifiable if only truly exogenous variables are treated as instru-
ments.

We shall discuss the problems raised by serial correlation
In the next section which will be concerned with the question
of how instrumental variables should be chosen in practice to
avoid inconsistency. In the present section, we shall discuss
the properties of the limited-information estimators ignoring
these problems. Such a discussion is not rendered irrelevant
by the practical difficelty of using all variables that are not
current endogenous ones as instruments when the number of
observations is relatively limited. This is so because given the
variables which are to be treated as predetermined, treatment
of all remaining variables as endogenous results in a situation
in which every known Hmited-information estimator has its pre-
cise counterpart (%), Thus, for example, if only certain lagged
endogenous and exogenous variables are to be used, replacing
every other (save the normalized one) in a given equation by
its value as computed from a multipie regression on the instru-
ments and then regressing the normalized variable on the re-
sulting variables provides the exact analogue of two-stage least
squares.

Of course, in such a situation, and especially where serial

(*) It must be admitied, however, that if different predetermined wva-
riables are used in replacing each inciluded endogenous variable (as suggested
below), thep it is not clear how limited-infermation maximum likelihood
carries over to such cases, Fortunately, this will not matter for our
purposes,
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correlation in the disturbances cannot be presumed absent, the
choice of instrumental variables is likely to be of considerably
greater importance than the choice of the particular limited-
information method in which such instruments are to be ap-
plied. The latter choice is clearly worth discussing, however,
although the major portion of our discussion will be reserved
for the former one which will be taken up in the two following
sections.

4.2. Classification and Large Sample Propertics undey Ideal
Conditions

The limited-information estimators in common use are those
of THeIL's k-class. Chief among these are two-stage least
squares, limited-information maximum likelhood, and an
estimator due to Nacar (¥). Another class of estimators, the
h-class, has also been suggested by TuEriL, and NaGar has
recently proposed still a third class, the double k-class (*).
For our purposes such subdivisions will not be particularly
important, What will be important is the fundamental distinc-
tion between limited-information maximum likelihood and all
other proposed limited-information estimators. Alone among
suggested members of the %-, h-, and double &-classes, the
fundamental distinguishing parameter (% in this case) is
stochastic in limited-information maximum likelihood, being
determined as a root of a stochastic determinantal equation.
As we shall see below, this distinction aside from making
Hmited-information maximum likelihood somewhat cumbersome
to compute leads to a lack of robustness in that estimator in
the presence of mulficollinearity. Such a lack is not shared
by the other estimators of the limited-information class.

(¥} THEL {32, pp. 231-232]; Nacar {22].
(*) TaEL [32, pp. 353-3541; MNacar [23].
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Indeed, when one looks only at the properties of limited-
information estimators under ideal conditions, there are rela-
tively few grounds for cheice among them. In the next sub-
section we shall consider the little which is known of their small
sample properties, here we merely observe that they all have
essentially the same large sample properties. It can bhe argued
that limited-information maximum likelihood has the desirable
property of treating all included endogenous variables in an
equation symmetrically; indeed, CHow has shown that it is a
natural generalization of ordinary least squares in the absence
of a theoretically given normalization rule (%).

On the other hand, such an argument seems rather weal
since normalization rules are in fact generally present in prac-
tice, each equation of the model being naturally associated with
that particular endogenous variable which is determined by the
decision-makers whose behavior is represented by the equa-
tion. The normalization rules are in a real sense part of the
specification of the model, and the model is not completely
specified unless every endogenous variable appears (at least
implicitly) in exactly one equation in normalized form. For
example, it is not enough to have price equating supply and
demand, equations should also be present which explain price
quotations by sellers and buyers and which describe the equi-
librating process. (For most purposes, of course, such addi-
tional equation can remain in the back of the model builders’
mind, although the rules for choosing instrumental variables
given below may sometimes require that they be made explicit.)

Thus, symmetry may be positively undesirable in a well-
specified model where one feels relatively certain as to appro-
priate normalization, although it may be desirable if one wishes
to remain agnostic as to appropriate normalization. So far
as argumnents of this type or from large sample properties under

(™) Cuow [7].
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ideal conditions are concerned, then, there seems little or no
reason for preferring one lmited-information estimator fo
another.

4.3. Small Sample Properiies

The situation is not very different at the present time when
one considers small sample properties. To date, relatively little
is known about these and work has proceeded largely by means
of Monte Carlo experiments. Moreover, all such experiments
and such analytic work as is available have been exclusively
concerned with the case in which lagged endogenous variables
do not appear (or at least are not used as predetermined instru-
ments) and the analytic work has dealt only with those members
of the k-class with non-stochastic k. In the present context,
the former limitation is a severc one. Nevertheless, it seems
worth briefly discussing what is known about small sample
properties in such cases as the sitwation when lagged endogen-
ous variables are present is probably noe more hopeful,

The principal point that has emerged on small sample pro-
pertics -of limited-information estimators is that the sampling
variances involved are infinite in some cases. Such a
conclusion is borne out both from the analytic work that
has been accomplished to date and by the results of the Monte
Carlo experiments that have been performed (*). It scems
idle to hope that this circumstance does not occur when lagged
endogenous variables arc present in the model,

In practice, this unhappy circumstance has a number of
consequences. First, it is clearly the case that relatively little
reliance can be placed on judgments of goodness of fit derived
from consideration of asymptotic standard errors. Such asymp-

() See Basmann [4], [5], Berestrom [6], Nacax [22], and Sarcaw
{28] for the analysis. Jouwston [15, pp. 275-295] summarizes most of
the Monte Carly experiments; see also Quanpr [25], [26].
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totic standard errors arc obviously inappropriate when directly
taken as approximations to an infinite sampls variance and may
or may not be reliable when used to derive approximations to
the probability that an estimate diverges from the true para-
meter by more than a given amount. In general, the latter
approximation is probably better for small divergences than
for large ones as the normal approximation to the small sample
distribution is almost certainly worst in the tails (¥).

Second, as already indicated, the absence of this property
in ordinary least squares makes the latter estimator rather more
attractive than would be the case if limited-information estim-
ators always had finite variance. Certainly, there is a certain
amount of justification for using ordinary least squares as an
approximation while building the model provided that assump-
tions (R.1)-(R.3) are not too badly violated (which we have
argued cannot be assumed in cconomy-wide models). Further,
QuaNDT has recently suggested combining ordinary least squa-
res and limited-information estimators to take advantage of the
fact that the latter are consistent while the former has a finite
variance {%).

Furthermore, the infinite smalt sample variance of limited-
information estimators casts doubt on the convergence in some
cases of the expansions used by NaGAR to demonstrate the
unbiasedness of his suggested estimator to order 1/T, where T
is the sample size (¥). When such expansions do converge,
such unbiasedness is about the only known sample property
in which one limited-information estimator is demonstrably
superior to the others. As it happens, however, NaGaR's de-
monstration assumes that there are no lagged endogenous vari-
ables in the model so that, even aside {rom the convergence
problem just mentioned, his results arc not applicable in the
present casc.

) See Basmany [5].  Sapcaw [28] derives approximate expressions
for the probabilities just described.

(*) Quavpt {251
(%) Nacar [2z}. See Sarcan [28].
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4.4. Robustness

Thus neither large nor small sample properties under ideal
conditions provide much guide for the choice of an estimator
from the limited-information class in the present state of know-
ledge. This is not entirely the case as regards the robustness
of such estimators, however. Krrin and NAKAMURA have
shown that as a consequence of the stochastic nature of % in
limited-information maximum likelihood, that estimator is more
sensitive to multicollinearity than are the other members of the
k-class (*Y). In the absence of other criteria, these seem grounds
for abandoning limited-information maximum likelihood in
practice in favor of some other limited-information estimator.

There seem to be no very strong reasons, however, for
choosing among the limited-information estimators other than
maximum likelihood. The paper on robustness just mentioned
indicates that these do not differ among themselves as regards
this property (*'). Since two-stage least squares is the easiest
of these estimators to compute and since it does provide a na-
tural generalization of ordinary least squares in the presence
of theoretically given normalization rules (%), it seems natural
to choose it in the present state of our knowledge.

5. NEAR~CONSISTENCY, BLOCK-RECURSIVE SYSTEMS, AND THE
CHOICE OF ELIGIBLE INSTRUMENTAL VARIABLES

5.1. Infroduction

In this section we begin the discussion of the choices of
predetermined instrumental variables which are available and

(*) Krgin and Nagamura [16].

(*') See aleo Fisurr {8] for proof that the same is true as regards sensi-
tivity to specification error.

{(*!) Sec Crow [7].
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the circumstances under which such choices are likely to be
appropriate. Most of our discussion will be in terms of the
assumptions that must be approximately satisfied if a given
variable is to be eligible for inclusion as an instrument. We
thus postpene to the next section the important question of
how the eligible candidates ought in fact to be used. Until
turther notice, then, we discuss only whether and under what
circumstances a given single variable ought to be treated as
predetermined.

In general, we desire two things of a wvariable which is to
be treated as predetermined in the estimation of a given equa-
tion. IFirst, it should be uncorrelated in the probability lmit
with the disturbance from that equation; second, it should clo-
sely causally influence the wvariables which appear in that
equation and should do so independently of the other prede-
termined variables (¥¥). If the furst criterion is not satisfied,
treating the variable as predeterinined results in inconsistency ;
if the second fails, such treatment does not aid much in estim-
ation -— it does not reduce variances. In practice, these requi-
rements may frequently not be consistent and one has to com-
promise between them. The closer the causal connection the
higher may be the forbidden correlation. Thus, in one limit,
the use of ordinary least squares which treats all variables on
the right-hand side of the equation as predetermined perfectly
satisfies the second but not the first criterion. In the other limit,
the use of instrumental variables which do not directly or in-
directly causally influence any variable in the nwode! perfectly
meets the first requirement but not the second (). In general,
one is frequently faced with the necessity of weakening the first
requirement to one of low rather than of zero correlation and

(*) Tt should therefore Dbe relatively uncorrelated with the other va-
riables used as instruments so that lack of coliinearity is not really a separate
critericn. We shall return to this in the next sectiomn.

(*) If only such wvariables are available for use (or if an insufficient
number of more interesting ones are) then the equation in question is:
underidentified and even asymptotic variances are infinite,
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accepting Indirect rather than direct causal relations between
instruments and included variables. (Such a compromise may
result in different instruments for different equations when a
lnited-information estimator is used; this will be the case
below).

In the present section, we discuss the circumstances under
wiich zero or low inconsistencies can be expected, leaving expli-
cit use of the causal criterion to the next section.

Now, two sets of candidates for treatment as instrumental
variables are obviously present. The first of these consists of
those variables which one is willing to assume truly exogenous
to the entire system and the lagged values thereof; the second
consists of the lagged endogenous variables. The dynamic and
causal structure of the system may well provide a third set,
however, and may cast light on the appropriateness of the
use of lagped endogenous variables; to a discussion of this
we now turn.

5.2. The Theory of Block-Recursive Systems

A generalization of the recursive systems already discussed
is provided by what I have elsewhere termed « block-recursive
gystemns » (¥).  In general, such systems have similar proper-
ties to those of recursive systems when the model is thought
of as subdivided into sets of current endogenous variables and
corresponding eguations (which we shall call sectors) rather
than into single endogenous variables and their corresponding
equations.

Formally, we ask whether it is possible to partition the
vectors of variables and of disturbances and the corresponding
matrices (renumbering variables and equations, if necessary)
1o secure a system with certain properties. In such partition-

(*%) See Frsuer [81.
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ings, the Ith subvector of a given vector x will be denoted
as x' . Similarly, the submatrix of a given matrix M which
occurs in the Ith row and Jth column of submatrices of that
matrix will be denoted by M"Y . Thus:

r\tl” M]2 1N% _xim
h

21 22 2N 2
1 A i
(5 I) M =] M I\' ! (K= x

We shall always assume the diagonal blocks, M" to be square.
If when written in this way, the matrix M has the property
that MY =o for all I=1, ..., N and J>>I, the matrix will be
called block-triangular. It MY =o for all I=1, ..., N and
J#1, the matrix will be called block-diagonal (*).
Now consider the system (2.1). Suppose that there exists a
partition of that system (with N2>1) such that:

{BR.1) A is block-triangular;
{BR.2) V{o) is block-diagonal;
(BR.3) V(0)=0 for all 02-0.

(Note that these are generalizations of (R.1) - (R.3)). In this
case, it is easy to show that the current endogenous variables
of any given sector are uncorrclated in probability with the
current disturbances of any higher-numbered sector. Such
variables may thus be consistently treated as predetermined
instroments in the estimation of the equations of such higher-
numbered sectors.

To establish the proposition in question, observe that (2.2)-
(2.4) always hold (*). By (BR.3), (2.5) holds also, so that:

{5.2) W(0)=DV(0).

{*) Block-iriangularity and bleck-diagonality are the respective canonical
forms of decomposability and complete decomposability.
{(*) Continving to assume that DR is stable.
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By (BR.1), however, D=(I~ A)~! is block-triangular, while
V(o) is block diagonal by (BR.2). It follows that their product
is block triangular with the same partitioning. Thus:

(5.3) Wl =0 foralll, J=u1, ..., N and J>>I,

but this is equivalent to the proposition in question.
As in the special case of recursive systems, assumptiorr
(BR.3) can be replaced by a somewhat different assumption:

(BR.3%) B is block-triangular with the same partitioning
as A, as is V(0) for all 87>0. Turther, ecither all B" or all
V(0) (62>0) are zero (I=1, ..., N).

To see that this suffices, observe that in this case every
term in (z.4) will be block-triangular,

Note, however, that whereas (BR.1)-(BR.3) patently suffice
to give W(r}=0 and thus to show that lagged endogenous
variables are uncorrelated with current disturbances, this is
not the case when (BR.3) is replaced by (BR.3*). As in the
similar case for recursive systems, what is implied by (BR.1),
(BR.2), and (BR.3*) in this regard is that W(1) is also block-
triangular with zero matrices on the principal diagonal so that
lagged endogenous variables are uncorrelated with the current
disturbances of the same or higher-numbered blocks, but not
necessarily with those of lower-numbered ones.

If A and B are both block-triangular with the same parti-
tioning, then the matrix DB is also block-triangular and the
systemn of difference equations given by (2.2) is decomposable.
In this case, what occurs in higher-numbered sectors never
influences what cccurs in lower-numbered ones, so that there is
in any case no point in using current or lagged endogenous
variables as instruments in lower-numbered sectors. This is
an unlikely circumstance to encounter in an economy-wide
model in any essential way, but it may occur for partitionings
which split off a small group of equations from the rest of the
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model, If it does not occur, then {BR.3) is generally neces-
sary for the block-triangularity of W(o). Indeed unless either
(BR.3) or the first statement of (BR.3*) holds, no W(o}" can
generally be expected to be zero if B#o.

To see this, observe that (2.4) implies that W{o) cannot
generally be expected to have any zero submatrices unless every
term in the sum which is not wholly zero has a zero submatrix
in the same place. This cannot happen unless every matrix
involved is either block-diagonal or block-triangular. Hence,
if V(0)0 for all 070, all such V() must at least be block-
triangular as must 13 (*%).

5.3. Block-Recursive Asswmpiions in Economy-wide Models

Unfortunately, while block-triangularity of A is not an un-
reasonable circumstance to expect to encounter in practice (¥)
the assamptions on the disturbances involved in (BR.2) and
(BR.3) or {BR.3*) seem rather unrealistic in economy-wide
models for much the same reasons as did the parallel assump-
tions of the recursive model. Thus, it does not seem reasonable
to assume that the omitted effects which form the disturbances
in two different sectors have ne cominon elements; nor, as
already discussed, does it seem plausible to assume either that
there is no serial correlation of disturbances or that the dynamic
gsystem involved is decomposable.

Note, however, that these assumptions may be better ap-
proximations than in the case of recursive systems. Thus one

{(* Of course, this does not show that (BR.3) or (BR.3%) is necessary,
since counter-examples may easily be produced in which different non-zero
terms in (2.4) just cancel out. The point is that this cannot be assumed
to occur in practice. To put it another way, since such cancellation cannot
De known to occur, it clearly occurs oniy on a set of measure zero in the
parameter space. Thus (BR.3) or (BR.3") is necessary with probability r.

(¥ Tt is encountered in preliminary versions of the Brockings-SSRC
medel, €. Hort and D, Stewarp have developed a computer program for
organizing a model in block-triangular form,
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may be more willing to assume no correlation betwcen con-
temporancous disturbances in two different aggregate sectors.
than between disturbances in any two single equations. A si-
milar assumption may be even more attractive when the
disturbances in question are from different time periods as will
be seen below. Thus also, the dynamic system may be thought
close to decomposability when broad sectors are in view and
feedbacks within sectors explicitly allowed. If such assomptions.
are approximately satisfied, then the inconsistencies involved
in the use of current and lagged endogenous variables as pre-
determined in higher-numbered sectors will be small (*9).

Nevertheless, the assumption of no correlation between con-
temporaneous disturbances from different sectors, the assump-
tion of no serial correlation in the disturbances, and the as-
sumption of decomposability of the dynamic system all seem
rather strong ones to make. If none of these assumptions is in
fact even approximately made, then the use of current endo-
genous variables as instruments in higher-numbered sectors.
leads to non-negligible inconsistencies. We shall show, how-
ever, that this need not be true of the use of lagged endogenous.
variables in higher-numbered sectors under fairly plauvsible
assumptions as to the process generating the disturbances. We-
thus turn fo the question of the use of lagged endogenous va-
riables, assuming that A is known to be at least nearly block--
triangular.

5.4. Reasonable Propertics of the Disturbances

The problems which we have been discussing largely turn
on the presence of common omitted variables in different equa-
tions and on the serial correlation properties of the disturbances.
Tt seems appropriate to proceed by setting up an explicit model

((*) See I'isuer [8). The theorems involved are generalizations of the-
Proximity Theorem for recursive systems.

[6] Fisher - pag. 30



SEMAINE D’ETUDE SUR LE ROLE DE L ANALYSE ECONOMETRIQUE Erc. 415

of the process generating the disturbances in terms of such.
omitted variables and such serial correlation.

We shall assume that the disturbances to any equation are
made up of three sets of effects. The first of thesc will consist
of the effects of elements common to more than one sector — in
general, common to all sectors. The second will consist of the:
effects of elements commen to more than one equation in the
sector in which the given equation occurs. The third will consist
of effects specific to the given equation.

Thus, let the number of equations in the Ith sector be #y.
We write:

(5-4) H!] =g Igr 7*'\1111): * w; (I"’:T: ey N)
where
-
Y
(5.5) ¢,=1:
e

is a vector of implicit disturbances whose effects are commorn
(in principle) to all equations in the model and ¢' is an #; x K.
constant matrix;

(5.6) vi=
UHIF

is a vector of implicit disturbances whose effects are common:
(in principle) to all equations in the Ith sector but not to equa-
tions in other sectors; W' is an #; x H; constant matrix; and!

(5.7) 0l
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is a vector of implicit disturbances the effect of each of which
is specific to a given equation in the Ith sector.

Define
o1
q;N
[
!
{(5.9) v, = : :
UN
{
oy o
2
{5.10) v © 11; ° ;
|J) 0 11":
and o
W)
w?
(5‘11) wr':: !
N
_wr._

Then (5.4) may be rewritten more compactly as:

(5.12) w =ge,+ Vo, +w, .

We shall refer to the elements of ¢, v, and w, as economy-
wide, sector, and equation implicit disturbances, respectively,

noting that whether an economy-wide or sector implicit disturb-
ance actually affects a given equafion depends on the relevant
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rows of ¢ and ¥, respectively. (The unqgualified term « disturb-
ance » will be reserved for the elements of «,.)

All elements of e,, v, and w, are composites of unobserv-
ables; it is hardly restrictive to assume:

(A1) Every clement of e, v, or w, is uncorrelated in
probability with all present or past values of auy other element
of any of these vectors. The vectors cau always be redefined
to accomplish this.

We shall assume that each element of each of these implicit
disturbance vectors obeys a (different) first-order auto-regres-
sive scheme (*). Thus:

(5.13) e,=A, e, ;teF,
(5.14) v=4A, v touF,
(5.15) w,=A, w0, +w?

where A,, A, and A, are diagonal matrices of appropriate di-
mension and ¢,*, v,*, aud w,* are vectors of non-auto-correlated
random variables. Assuming that the variance of cach clement
of ¢,, v,, and w, is constant through time, the diagonal elements
of A, A, and A, are first-order anto-correlation coefficients
and are thus each less than one in absolute value,

Now let A, A, and A, be the diagonal variance-cova-
riance matrices of the clements of ¢,, v, and w,, respectively.
In view of (A.1) and (5.13)-(5.15) it is easy to show that (5.12)
mmplies:

(516)  VI0J=3 A, A ¢ WALAYEAL A, (0 0]

{*} Auto-regressive relations of higher orders could be considered in
principle, but this wounld rather complicate the analysis, We shall thus
assume that first-order relationships are sufficiently good approximations,
If higher-order relationships are involved there is ne essential change ip
the qualitative results.
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Evidently, V(0} will be non-zero unless a number of other
assumptions are imposed. Consider, however, the question of
whether V(6) will be block-diagonal. Since all the A and A
maftrices are diagonal, and since ¥ is itself block-diagonal by
(5.10), we have:

G vie) ='Ala et (00; LJen . N ]l

Thus the off-diagonal blocks of V(8) depend only on the pro-
perties of the economy-wide disturbances.

This result is perhaps worth emphasizing. When applied
to 8=-0, it merely states formally what we have said previously,
that contemporaneous disturbances from the equations of the
model which occur in different sectors cannot be assumed un-
correlated if there arc common elements in each of them, that
is, implicit disturbance elements affecting both sectors. When
applied to 020, however, the result is at least slightly less
obvious. Here it states that despite the fact that contempo-
rancous disturbances from different sectors may be highly cor-
related, and despite the fact that every disturbance may be
highly auto-correlated, a given disturbance will nof be cor-
related with a lagged disturbance from another sector unless
the cconomy-wide implicit disturbances are themselves auto-
correlated. To put it another way, the presence of economy-
wide implicit disturbances and the presence of substantial serial
‘correlation do not prevent us from taking . V(0) as block-dia-
gonal for 020 provided that the serial correlation is entirely
confined to the sector and equation implicit disturbances.

Is it then reasonable to assume that the serial correlation
is so confined? 1 think it is reasonable in the context of a
carefully constructed economy-wide model. We argued above
that any such model inevitably omits variables the effects of
which are not confined within sectors. Effects which are highly
auto-correlated, however, are effects which are relatively
systematic over time. In an inevitably aggregate and approxim-
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ate economy-wide model, there are likely to be such systematic
effects influencing individual equations and even whole sectors,
Systematic effects which spread over more than one sector,
however, seem substantially less likely to occur, especially when
we recall that the limits of a sector in our sense are likely to
be rather wide (*). Variables which give 1ise to such effects
are not likely to be omitted variables whose influence lies in
the disturbance terms. Rather they are likely to be explicitly
included in the model, if at all possible. If not, if they relate
to the occurrence of a war, for example, and are thus hard
to specify explicitly, the time periods in which they are most
important are likely to be omitted from the analysis. In short,
systematic behavior of the disturbances is an indication of
incomplete specification.  Such incompleteness is much less
likely to occur as regards effects which are widespread than
as regards effects which are relatively narrowly confined, espe-
cially since the former are less likely to be made up of many
small effects (#). (Recall that an economy-wide implicit
disturbance is one which affects more than one sector divectly,
not simply one whose effects arc transmitted through the dy-
namic causal structure of the explicit model.) It thus does not
seem unreasonable to assume that:

(5.18) A=
and therefore

(519 V(0)"=0 (030; I, J=1, ..., N; J5£0)
as good approximations.

() Ag they are in the Brookings-SSRC model,

{*) A similar argument obviously implies that sector implicit distarban-
ces are less likely to be serially correlated than are equation implicit disturb-
ances.  The analysis of the effeccts of this on V(A) and the subscquont
discussion is left to the reader. The assumption of no serizl eorrelation in
the secior implicit disturbances seems censiderably more dangerous than
that being discussed in the tfext.
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5.5. Implications for the Use of Lagged Endogenous Variables

Of course, assuming (5.19) to hold is not sufficient to yield
consistency when lagged endogenous variables are treated as
predetermined. We have already seen that unless V(0)=o,
the decomposability of the dynamic system must be assumed
in addition to (5.19) to secure such consistency. We argued
above, however, that such decomposability was rather unlikely
in an interconnected cconomy, although the fact that (5.19) is
likely to hold approximately makes it important to look for
near-decomposability and thus secure mear-consistency (4.

Even if such near-decomposability of the dynamic system
does not occur, however, (5.79) has interesting consequences for
the treatment of lagged endogenous variables as predetermined.
To these we now turn.

Consider the expression for W(1) given i equation (2.6}.
Writing out the first few terms of the sum, we obtain:

(5.20) W(1)=DV(r)+DBDV(2}+ (DBYDV(3) ... .

Since D is block-triangular and V(1) block-diagonal by (5.19),
the first term in this expansion is also block-triangular. Hence
even if the dynamic system is not decomposable, endogenous
variables lagged ome period are approximately uncorrelated
in the probability limit with disturbances in higher-numbered
sectors (but not in the same or lower-numbered sectors), to
the extent that the right-hand terms in {5.20) other than the
first can be ignored.

In what sense is it Icgitimate, then, to assume that such
terms can in fact be ignored? Assume that the matrix DB is

(*9) Near-decompesability of a dynamic system has a number of interest-
ing consequences in addition to this. Se Axnpo, Fismupr, and SiMor [3],
especially Axpo and Frsurr [z},
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similar to a diagonal matrix, so that there exists a non-singular
matrix P such that (%¥):

(5.21) DB=PHP

where H is diagonal and has for diagonal elements the latent
reots of DB, Let:

A, o o0
(5‘22) A= o] Av 0

o o A,

A, o© 0 |
(5-23) A=lo A, o

o ° A,
(5.24) Q={¢: ¥ T}

Then every such term can be written as:

0

(s.25) (DB DV{e}=PHTP DAY (01)

We know that every diagonal element of the diagonal
matrix A is less than unity in absolute value (indeed, we are
assuming that some of the diagonal elements are zero). More-
over, if we are prepaved to mainiain the stability assumption
on DB which was slipped in some time ago, every diagonal
clement of the diagonal matrix I will also be less than unity
in absolnte value. It follows that every clement of every term
in the expansion of W(1) other than the first is composed of
a sum of terms cach of which involves at least the product of

{(*) The asswmption involved is, of course, very wealk and is made for
ease of exposition,
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a factor less than unity and the square of another such factor.
There is clearly a reasonable sense in which one may be pre-
pared to take such terms as negligible at least when compared
with the non-zero elements of the first term in the expansion
for W(1) which involve only the diagonal elements of A to
the first power. If one is willing to do this, then one is saying
that the use of endogenous variables lagged one period as
instruments in higher-numbered sectors involves only negligible
inconsistency at least as compared with the use of the same
variables as instruments in their own or lower-numbered
sectors.

There may be considerable difficulties in accepting such a
judgment, however. In the first place, it is well to be aware
that there are two different statements involved. It is one
thing to say that the effects in question are negligible compared
to others and quite another to say that they are negligible in
a more absolute sense. If one accepts the stability assumption,
then there certainly is a value of 0 bevond which further terms
in the expansion of W(1) are negligible on any given standard.
These may not be all terms after the first, however; we shall
discuss the case in which there are non-negligible terms after
the first below.

Second (a minor point but one worth observing) even our
conclusion about relative importance need not hold although
other assumptions are granted. While it is true that as & be-
comes large the right-hand side of (5.25) approaches zero, such
approach need not be monotonic. To put it another way, every
element of the matrix involved is a sum of terms. Fach such
term involves a diagonal element of A to the 8 and a diagonal
clement of H to the 0-1. If all such diagonal elements are
less than unity in absolute value, then the absolute value of
cach separate term approaches zero monotonically as 0 in-
creases; this need not be true of the sum of those terms, how-
ever, and it is easy to construct counter-examples. Neverthe-
less, there is a sense in which it seems appropriate to assume
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the terms in the expansion for W(r) to be negligible for 9
greater than some value, perhaps for 07>1.

All this, however, has leaned a bilt heavily on the stability
of DB. If that matrix has a latent root greater than unity in
absolute value, then part of the reason for assuming that the
right-hand side of (5.25) is negligible even for high values of 0
has disappeared. Of course, it is the case that the diagonal
elements of A are known to be less than unity in absolute
value, so that the infinite sum invoelved in W(1) may still con-
verge. However, such convergence is likely to be slow in an
unstable case and may not occur at all, so that the effects of
serial correlation are even more serious than in the stable
case. Clearly, the stability assumption requires additional
discussion at this point,

The usual reason for assuming stability of the dynamic
model being estimated is one of convenience or of lack of
knowledge of other cases. Since the unstable case tends to lead
to unbounded moment matrices, the usual proofs of consistency
of the limited-information estimators tend to break down in
that circumstance. Indeed, maximum-likelihood estimators are
presently known fo be consistent only in the stable case and
in rather special unstable cases (). Tt is therefore customary
fo assume stability in discussions of this sort. Tor present pur-
poses, even if limited-information estimators are consistent in
unstable cases and even if the Generalized Proximity Theorems
which guarantee small inconsistencies for sufficiently good
approximations also hold (*), the approximations which we
are now discussing are relatively unlikely to be good ones in
such cases. Even if the existence of W(1) is secured by as-
suming that the dynamic process (2.1) begins with non-stoch-
astic initial conditions at some finite time in the past {and even

(*) For example, if all latent roots are greater than unity in absolute
value. See Awperson [1]. J. D. Sarcan has privately informed me that
he has constructed a proof of consistency for the general case. The classic
paper in this area is that of Mann and Warp {2r].

(*) See Fisrer [8].
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this does not suffice for the existence of the probability limit),
the effects of serial correlation will not die out (or will die out
only slowly) as we consider longer and longer lags. The con-
clusion seems inescapable that if the model is thought to be
unstable {and the more so, the more unstable it is), the use
of lagged endogenous variables as instruments anywhere in an
indecomposable dynamic system with serially correlated
disturbances is likely to lead to large inconsistencies at least
for all but very high lags. The lower is serial correlation and
the closer the model to stability, the less dangerous is such use.

Is the stability assumption a realistic one for economy-wide
models, then? I think it is. Remember that what is at issue
is not the ability of the economy to grow, but its ability to
grow {or to have explosive cycles) with no help from the exogen-
ous variables and no impulses from the random disturbances,
Since the exogenous variables generally include population
growth and since technological change is generally either treated
as a disturbance or as an effect which is exogenous in some
way, this is by no means a hard assumption to accept. While
there are growth and cycle models in economic theory which
involve explosive systems, such models generally bound the
explosive oscillations or growth by ceilings or floors which
would be constant if the exogenous sources of growth were
constant (*).,  The system as a whole in such models is not
unstable in the presence of constant exogenous variables and
the absence of random shocks (*). We shall thus continue to
make the stability assumption.

Even when the stability assumption is made, however, it
may not be the case, as we have seen, that one is willing fo
take the expression in (5.25) as negligible for all 6>1. (In
particular, this will be the case if serial correlation is thought
to be very high so that the diagonal clements of A arc close

(*) See, for example, Hicxs [r3] and Haxrop [1z].
{*) Whether a linear model is a good approximation i such models are
realistic is another matter,
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to unity in absolute value). In such cases, cne will not be wil-
ling to assume that the use of endogenous variables lagged one
period as instruments in higher-numbered sectors leads to only
negligible inconsistencies.  Accordingly, we must generalize
cur discussion.

Fortunately, this is easy to do. There clearly does exist a
smallest 0% >0 such that for all 67>0% even the diagonal blocks
of V(0*) are negligible on any given standard. Consider
W(0%), the covariance matrix of the elements of %, and those
of y, ¢+ with the columns corresponding to elements of #, and

the rows to elements of y,  Clearly,

(5.26) W(o)=Dv(0)~ 5 (DB DV(o)
C=0 1

[+

- DV(E]=E:) - 2} I)Hr;_u P_IDQ AUQ:
=04 1

Since D is block-triangular and V(8%) block-diagenal by (5.19),
the product, DV(6¥), is also block-triangular. Considering
W(0*)7  for jy=i, it is apparent that the covariances of endo-
genous variables lagged 0% pericds and current disturbances
from higher-numbered sectors are made up of only negligible
terms. Not only is V(0) negligible by assumption for 07-8%,
but also every such term involves at least one power of H,
which, by assumption, is diagonal and has diagonal elements
less than unity in absolute value,

Note, however, that a similar statement is clearly false as
regards the covariances of endogenous variables lagged 0%
periods and current disturbances from ihe same or lower-num-
beved sectors. Such covariances involve the non-zero diagonal
blocks of V(0%) in an essential way. It follows that the order
of inconsistency, so to speak, involved in using endogenous
variables lagged a given number of periods as instruments is.
less if such variables are used in higher-numbered sectors than
if they are used in the same or lower-numbered sectors. To put:
it another way, the minimum lag with which it is reasonably
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safe to use endogenous variables as instruments is at least one
less for use in higher-numbered than for use in the same or
lower-numbered sectors.

As a matter of fact, our result is a bit stronger than this.
It is apparent from (5.26) that the use of endogenous variables
lagged 0% periods as instruments in higher-numbered sectors
involves covariances of the order of AY *1H. Ewven the use of
endogenous variables lagged 0% 4-1 periods as instruments in
the same or lower-numbered sectors, however, involves cova-
riances of the order of only A¥+!. No positive power of H is
involved in the first term of the expansion for the latter co-
variances, Since H is diagonal with diagonal elements less
than unity in absolute value, the difference between the mini-
mum Jag with which it is safe to use endogenous variables as
instruments in the same or lower-numbered sectors and the
corresponding lag for use in higher-numbered ones may be
even greater than one. This point will be stronger the more
stable one believes the dynamic system to be. It arises because
the effects of serial correlation in sector and equation implicit
disturbances are direct in the case of lagged endogenous vari-
ables used in the same or lower-numbered sectors and are
passed through a damped dynamic system in the case of lagged
endogenous variables used in higher-numbered sectors (%),

To sum up: so far as inconsistency is concerned, it is likely
to be safer to use endogenons variables with a given lag as
instruments in higher-numbered sectors than to use them in the
same or lower-numbered sectors. For the latter use, the endo-
genous variables should be lagged by at least one more period
to achieve the same level of consistency (*).

(%) AIll this is subject to the minor reservation discussed above concern-
ing sums each term of which approaches zero monotonically, In practice,
ong tends to ignore such reservations in the ahsence of specific information
a5 to which way they point.

(Y The reader should be awarc of the parallel between this result and
the similar result for the use of current endogenous variables which emerges
when (BR,1)-(BR.3) are assumed. Essentially, we have replaced (BR.z)
with {5.19) and have dropped (BR.3).
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Now, it may be thought that this result is a rather poor
return for all the effort we have put into securing it. While
one can certainly conceive of stronger results, the usefulness
of the present one should not be underestimated, We remarked
at the beginning of this section that one important desideratum
of an instrumental variable was a close causal connection with
the variables appearing in the equation to be estimated. In
general, economy-wide (and most other) econometric models
have the property that variables with low lags are often (but
not always} more closely related to variables to be explained
than are variables with high ones. There may therefore be
a considerable gain in efficiency in the use of recent rather than
relatively remote endogenous variables as instruments, and it is
mmportant to know that in certain reasonable contexts this may
be done without increasing the likely level of resulting incon-
sistency. To the discussion of the causal criterion for instru-
mental variables we now turn,

€. CAUSALITY AND RULES FOR THE USE OF ELIGIBLE INSTRU-
MENTAL VARIABLES

6.1. The Causal Criterion for Instrumental Variables

We stated above that a good instrumental variable should
directly or indirectly causally influence the variables in the
equation to be estimated in a way independent of the other
instrumental variables and that the more direct is such in-
fluence, the better. This statement requires some discussion.
So far as the limiting example of an instrument completely
unrelated to the variables of the mode! is concerned, the lesson
to be drawn might equally well be that instrumental variables
must be correlated in the probability limit with at least one
of the included variables. While it is easy to see that some
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causal connection must therefore exist, the question naturally
arises of why it must be one in which the instrumental variables.
cause the included ones. If correlation is all that matters,
surely the causal link might be reversed or both variables in-
ftunced by a commeon third one.

This is not the case. Consider first the situation in which
the proposed instrumental variable is caused in part by vari-
ables included in the model. To the extent that this is the
case, no advantage is obtained by using the proposed instru-
mental variable over using the included variables themselves.
Obviously, the included variables are more highly correlated
with themselves than with the proposed instrument. Further,
correlation with the disturbances will be maintained if the pro-
posed instrument is used. To the extent that the proposed
instrument is caused by variables untrelated to the included
variables, correlation with the disturbances will go down, but
so also will correlation with the included variables.

The situation is similar if the proposed instrumental variable
and one or more of the included ones are caused in part by
a third variable. In this case, it is obviously more efficient to
use that third variable itself as an instrument, and, if this is
done, no further advantage attaches to the use of the proposed
instrumental variable in addition. (The only exception to this
occurs if data on the jointly causing variable are not available.
In such a case, the proposed instrument could be used to
advantage.)

In general, then, an instrumental variable should be known
to causc the included variables in the equation, at least indi-
rectly. The closer is such a causal connection the better. As
can ecasily be seen from our discussion of block-recursive
systems, however, in many cases the closer is that connection
the greater the danger of inconsistency through high correla-
tions with the relevant disturbances. In such systems, for
example, current endogenous variables in low-numbered sectors
directly cause current endogenous variables in high-numbered
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sectors (%) while the same endogenous variables lagged are
likely to be safer in terms of inconsistency but are also likely
to be more remote causes. The value of the result derived at
the end of the last section is thaf it provides a case in which
one set of instrumental variables is likely to dominate another
set on both criteria.

6.2. Available Instrumenis and Multicollinearity

There is obviously one set of variables which has optimal
propesties on several counts, These are the exogenous variables
explicity included in the model. Such variables are (by as-
sumption) uncorrelated in the probability limit with the disturb-
ances, they also are in close causal connection to the current
variables in any equation; indeed, they are some of those
variables in some cases (). In the happy evenf that such
exogenous variables are adequate in number and in the non-
singularity of their variance-covariance matrix, and that no
lagged endogenous variables appear, there is no need to seek
further for instrumental variables to use.

Unfortunately, this is unlikely to be the case in an economy-
wide econometric model. Such models tend to be almost seli-
contained with relatively few truly exogenous variables enter-
ing at relatively few places. This is especially the case if go-
vernment policies obey regular rules, follow signals from the
economy, and are therefore partly endogenous for purposes of
estimation (*). In estimating any equation, all variables not

{(*) On causation in general and in decomposable systems {or our block-
recursive systems) in particular, see Simon {2g].

() They may not cause all such variables even indirectly if the dynamic
system is decomposable. Such cases are automatically treated in the rules
given Dbelow.

{*} This is to be sharply distinguished {rom the guestion of whether go-
vernmentally controlled variables can he used as policy as opposed to
estimation instruments.
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used as instruments (except the variable explained by the equa-
tion) must be replaced by a linear combination of instruments.
and the dependent variable regressed on such linear combina-
tions. If the second stage of this procedure is not to involve
nversion of a singular matrix, then (counting instrumental
variables appearing in the equation) there must be at least as.
many instruments used as there are parameters to be estimated.
Further, the linear combinations employed must not be per-
fectly correlated. Current cxogenous variables are simply not
generally sufficient to meet this requirement in economy-wide
models.  Moreover, they do not cause lagged endogenous
variables which are likely to be present in a dynamic system.

Clearly, however, if the system is dynamic it will be pos-
sible to use lagged exogenous variables as well as current ones.
Such use may be especially helpful if lagged endogenous va-
riables are to be treated as endogenous and replaced by linear
combinations of instruments which can be taken as causing
them in part. Indeed, if lagged endogenous variables are to
be taken as endogenous, then exclusive use of current exogenous.
variables as instruments will not satisfy the causal criterion
for instrumental variables already discussed. Since we have
already seen that lagged endogenous variables should be used
as. instruments only with caution, it follows that lagged
exogenous variables may well provide a welcome addition to
the collection of available instruments,

Unfortunately, this also is unlikely to suffice. While it is
true that one can always secure a sufficient number of instru-
ments by using exogenous variables with larger and larger lags,
such a procedure runs into several difficullies. Tn the first
place, since rather long lags may be required, there may be
a serious curtailment of available observations at the beginning
of the time period to be used. Second, exogenous varjables in
the relatively distant past will be relatively indirect causes of
even the lagged endogenous variables appearing in the equa-
tion to be estimated; it follows that their use will fail the causal
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criteria given and that it may be better to accept some incon-
sistency by using endogenous variables with Iower lags. Fi-
nally, after going only a few periods back, the chances are
high in practice that adding an exogenous variable with a still
higher lag adds a variable which is very highly correlated with
the instruments already included and therefore adds litile inde-
pendent causal information (). While the use of lagged
exogenous variables is therefore highly desirable, it may not
be of sufficient practical help to allow the search for instru-
mental variables to end.

Whatever collection of current exogenous, lagged exogenous,
and (none, some, or all) lagged endogenous variables are used,
however, the multicollinearity difficulty just encountered tends
to arise. Some method must be found for dealing with i,

One set of interesting suggestions in this area has been
provided by Kroex and MEnngs (). Essentially, they pro-
pose using principal component analysis in various ways omn
the set of eligible instruments in order to secure orthogonal
linear combinations. The endogenous variables are then
replaced by their regressions on these linear combinations
{possibly together with the eligible instruments actually ap-
pearing in the equation to be estimated), and the dependent
variable regressed on these surrogates and the instruments
appearing in the equation. Variants of this proposal are also
examined.

This suggestion has the clear merit of avoiding multicol-
linearity, as it is designed to do. However, it may eliminate
such multicollinearity in an undesirable way. If multicollinear-
ity is present in a regression cquation, at least one of the
variables therein is adding little causal information to that
already contained in the other variables. In replacing a given
endogenous variable with its regression on a set of instruments,

(*¥) This is especially likely if the exogenous variables are principallyr
ones such as population which are mainly trends.
(** Irorx and Mrwwnes [17].
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therefore, the prime reason for avoiding multicollinearity is
that the addition of an instrument which is collinear with the
included ones adds little causal information while using up a
degree of freedom. The elimination of such multicollinearity
ought thus to proceed in such a way as to conserve causal
information. The Krogr-MENnes proposals may result in
orthogonal combinations of instruments which are not par-
ticularly closely causally related to the included endogenous
variables. Thus such propesals may well be inferior to a
procedure which eliminates multicollinearity by eliminating
instruments which contribute relatively little to the causal
explanation of the endogenous variable to be replaced (362).
Clearly, this may involve using different sets of instruments in
the replacement of different endogenous variables. Proposals
along these lines are given below.

It may be objected, however, that such a procedure may
eliminate multicollinearity in the regression of the included
endogenous variables (other than the left-hand one of the equa-
tion) on the chosen instruments only to encounter it again when
the dependent variable is regressed on the replaced variables
and the instruments appearing in the equation. This is clearly
true (); it is unavoidable, however. The fact that the variables
to be replaced by combinations of instruments are all part of
the system to be estimated guarantees that they themselves
maust be reasonably highly collinear and related to the included
instruments. It is impossible to reduce that kind of multicol-
linearity without introducing as instruments noise elements
which are unrelated fo the included variables, and such intro-
duction clearly gains nothing. If we can secure instrumental
variables which are closely causally related to the included
variables but relatively uncorrelated with the disturbance of a

(*) This secems to have been one of the cutcormnes of experimentation
with different forms of principal component analysis in practice. See Tav-
Lor [3o0a].

{(*1) Tt is also true of the Kroex-Mumnes procedures,
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given equation, we have gone as far as we can. The avoidance
of mulficollinearity is a necessary part of such a procedure
because multicollinearity is one sort of failure of the causal
criterion discussed above. To attempt to eliminate that multi-
collinearity which inevitably results from just those causal rela-
tions which are to be estimated, however, is self-defeating (%).

0.3. Rules for the Use of Eligible Instrumental Variables

We have several times pointed out that the causal criterion
and that of no correlation with the given disturbance may be
inconsistent and that one may only be able to satisfy one more
closely by sacrificing the other to a greater extent. In principle,
a fully satisfactory treatment of the use of instrumental variables
in economy-wide models would involve a full-scale Bayesian
analysis of the losses and gains from any particular action.
Such an analysis is clearly beyond the scope of the present
paper, although any recommended procedure clearly has some
judgment of probable losses behind it, however vague such
judgment may be.

We shall proceed by assuming that the no-correlation cri-
terion has Dbeen used to secure a set of eligible instrumental
variables whose use is judged to involve only tolerable incon-
sistencies in the estimation of a given equation. Note that the
set may be different for different equations. Within that set
are current and lagged exogenous variables and lagged endo-

(*) I want to make it clear that I am not accusing Wrorx and MENNES
of attempting to do this. Their proposals are designed to eliminate multi-
collingarity in the first stage of the procedure where it is desirable to do so.
Their « Method 2 » [217, pp. 51-52) does eliminate collinearity in the se-
cond stage between the replaced endogenous variables and the included
predetermined ones, but this is not necessarily the same as the desirable and
irreducible collinearity among the variables in the equation discussed in
the text. It may well occur in practice that the Kromk-Mrwwrs proposals
lead to desirable results, although an approach using more structural in-
formation than dacs theirs seems preferable,
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genous variables sufficiently far in the past that the effects of
serial correlation are judged to be negligible over the time
period involved. As shown in the preceding section, that time
period will generally be shorter for endogenous variables in
sectors lower-numbered than that in which the equation to be
estimated appears than for endogenous variables in the same
or higher-numbered sectors (¥). Clearly, other things being
equal, the use of current and lagged exogenous variables Is
preferable to the use of lagged endogenous variables and the
use of lagged endogenous variables from lower-numbered sec-
tors is preferable to the use of endogenous variables with the
same (or possibly even a slightly greater) lag from the same
or higher-numbered sectors than that in which the equation
to be estimated occurs. We shall suggest ways of modilying
the use of the causal criterion to take account of this. For con-
venience, we shall refer to all the eligible instrumental variables
as predetermined and to all other variables as endogenous.
Consider any particular endogenous variable in the equation
to be estimated, other than the one explained by that equa-
tion. That right-hand endogenous variable will be termed of
zevo causal ovder. Consider the structural equation (eilher in
its original form or with all variables lagged) that explains that
variable (%), The variables other than the explained one
appearing therein will be called of first causal order. Next,
consider the structural equations explaining the first causal
order endogenous variables (). All variables appearing in
those equations will be called of second causal order with the

(*) ¥t will not have escaped the reader's notice that very little guidance
has been given as to the determination of the absolute magnitude of that
time period.

(*®) There must exist such an equation if the variable in guestion is
normalized, As stated above, lack of such normalization is a form of in-
complete specification.

() Observe that endogenous variables appearing in the equation to be
estimated other than the particular one with which we begin may be of
positive causal order. This includes the endogenous variable to be explained
by the eguation o be estimated.
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exception of the zero cawsal order variable and those endo-
genous variables of first causal order the equations for which
have already been considered. Note that a given predetermined
variable may be of more than one causal order. Take now
those structural equations explaining endogenous variables of
second causal order. All variables appearing in such equations
will be called of third causal order except for the endogenous
ones of lower causal order, and so forth, {Any predetermined
variables never reached in this procedure are dropped from
the eligible set while dealing with the given zero causal order
variable.)

The result of this procedure is to use the a priori structural
information available to subdivide the set of predetermined
variables according to closeness of causal relation to a given
endogenous variable in the equation to be estimated. Thus,
predetermined variables of first causal order are known to
cause that endogenous variable directly; predetermined va-
riables of second causal order are known directly to cause
other variables which directly cause the given endogenous
variable, and so forth. Note again that a given predetermined
variable can be of more than one causal order, so that the
subdivision need not result in disjunct sets of predetermined
variables.

We now provide a complete ordering of the predetermined
variables relalive to the given endogenous variable of zero
causal order (™). Let p be the largest number of different
causal orders to which any predetermined variable belongs., To
each predetermined variable we assign a f-component vector,
The first component of that vector is the lowest-numbered cansal
order to which the given predetermined variable belongs; the
second component is the next lowest causal order to which it
belongs, and so forth. Vectors corresponding to variables be-

(*) T am indebted to J. C. G. Boor for aid in the construction of the
following formal description.
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Jonging to less than p different causal orders have Infinity in
the unused places. Thus, for example, if p=5, a predetermined
variable of first, second and eighth causal order will be assigned
the vector: (1, 2, 8, 00, ). The vectors are now ordered lexico-
graphically. That is, any vector, say f, is assigned a number,
B(f), such that, for any two vectors, say f and h:

(6.1) B(H=>B(h) if and only if either f;™>h, or for some
eS8 )
fi=h; (i=1, .., j~1) and f;>h;

The predetermined variables are then ordered in ascending
order of their corresponding B-numbers. This will be called the
B-ordering.

Thus predetermined variables of first causal order are assig-
ned lower numbers than predetermined variables of only higher
causal orders; predetermined variables of first and second
causal order arc assigned lower numbers than predetermined
variables of first and only causal orders higher than second
(or of no higher causal order), and so forth (°%).

The procedure just described gives an a priori preference
ordering on the set of instrumental variables relative to a
given zero causal order endogenous variable. This ordering
is in terms of closeness of causal relation. Alternafively, one
may wish to modify that ordering to take further account of
the danger of inconsistency. This may be done by deciding
that current and lagged exogenous variables of a given causal
order are always to be preferred to lagged endogenous variables
of no lower causal order and that lagged endogenous variables
from sectors with lower numbers than that of the equation to

{#) This is only one way of constructing such zn ordering. If there is
specific @ priori reason to believe {hat a given instrument is important in
infiuencing the variable to be replaced (for example, if it is known to
enter in several different ways witl big coefficients} then it should be given
a low number. In the absence of such specific information, the ordering
given in the text seems a natural way of organizing the structural in-
formation.
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be estimated are always to be preferred to endogenous variables
with the same lag and cawvsal order from the same or higher-
numbered sectors. One might even go further and decide that
all corrent and lagged exogenous variables of finite causal order
are to be preferred to any lagged endogenous variable.

However the preference ordering is decided upon, its exist-
ence allows us to use a posteriors information to choose a sct
of instruments for the zero causal order endogenous variable
in the way about to be described. Once that set has heen cho-
sen, that endogenous variable is replaced by its regression on
the instruments in the set and the equation in question estim-
ated by least squares regression of the left-hand endogenous
variable on the resulting right-hand variables (%),

We use a posteriori information in combination with the
@ priovi preference ordering in the following manner. Suppose
that therc are T observations in the sample. Regress the zero
causal order endogenous variable on the first T-z instruments
in the preference ordering (a regression with one degree of free-
dom). Now drop the least preferred of these instruments from
the regression. Observe whether the multiple correlation of
the regression drops significantly as a result. (The standard
here may be the significance level of R? or simply its value
corrected for degrees of freedom.) If correlation does drop
significantly, then the T-znd instrument contributes significantly
to the causation of the zero order endogenous variable even in
the presence of all instruments which are a priori more closely
related to that variable than itis. It should therefore be retain-
ed. If correlation does not drop significantly, then the variable
in question adds nothing and should be omitted.

Now proceed fo the T-3rd instrument. If the T-2nd instru-
ment was retained at the previous step, reintroduce it; if not,
leave it out. Observe whether omitting the T-3rd instrument
reduces the multiple correlation significantly. If so, refain if,

(*) An important modification of this procedure is described Delow,
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if not, omit it and proceed to the next lower-numbered instru-
ment.

Continue in this way. At every step, a given instrument is
tested to see whether it contributes significantly to multiple
correlation in the presence of all instruments which are a prior:
preferred to it and all other instruments which have already
passed the test. When all instruments have been so tested,
the ones remaining arc the ones to be used.

6.4. Discussion of the Rules

The point of this procedure (or the variants described be-
low) is to replace the right-hand endogenous variables in the
equation fo be estimated by their regression-calculated values
nsing instruments which satisfy the causal criterion as well
as possible while keeping inconsistency at a tolerable level.
Certain features require discussion.

In the first place, multicollinearity at this stage of the pro-
ceedings is automatically taken care of in a way consistent
with the causal criterion. If some set of instruments is highly
collinear, then that member of the set which is least preferred
on a priovl grounds will fail to reduce correlation significantly
when it is tested as just described. It will then be omitted
and the procedure guarantees that it will be the least preferred
member of the set which is so treated. TIf the B-ordering is used,
this will be the one most distantly structorally related to the
endogenous variable which is to be replaced. Multicollinearity
will be tolerated where it should be, namely, where despite its
presence each instrument in the collinear set adds significant
causal information.

Second, it is evident that the procedure described has the
property that no variable will be omitted simply because it is
highly correlated with other variables already dropped. If two
variables add significantly to correlation when both are present
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but fail to add anything when introduced separately, then the
first one to be tested will not be dropped from the regression,
as omitting it in the presence of the other instrument will signi-
ficantly reduce correlation (%2). While it is truc that variables
may be dropped because of correlation with variables less pre-
ferred than the T-2nd, which are never tested, the exclusion
of the latter variables seems to be a relatively weal reliance on
a priori information. '

This brings us to the next point. Clearly, it is possible in
principle that instruments less preferred than the T-2nd would
in fact pass the correlation test described if that test were per-
formed after some lower-numbered instruments were tested and
dropped. Similarly, an instrument dropped at an early stage
might pass the test in the absence of variables lafer dropped
because of the increased number of degrees of freedom. One
could, of course, repeat the entire procedure in order to test
every previously dropped variable after each decision to omit;
it seems preferable, however, to rely on the a priori preference
ordering in practice and to insist that instruments which come
late in the f-ordering pass a more stringent empirical test than
those which come early. The rationale behind the B-ordering
is the belief that it is the carlier instruments in that ordering
which contribute most of the causal information, so that it
seems quite appropriate to calculate the degrees of freedom
for testing a given instrument by subtracting the number of
its place in the ordering from the fotal number of observations
{and allowing for the constant term) (%)

Turning to another issue, it may be objected that there is
no guarantee that the suggested procedures will result in a non-
singular moment maftrix to be inverfed at the last stage. That is,

(**) This property was missing in the procedure suggested in the first
draft of this paper in which variables were added in ascending order of
preference and retained if they added significantly to correlation. I am
indebted to AreerT Anpo for helpful discussions on this point.

(%) Admittedly, this argument loses some of its force when applied to
the modifications of the B-ordering given azbove.
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there may be some set of » endogenous variables to be replaced
whose regressions together involve less than 7 predetermined
variables,  Alfernatively, counting the instruments included
in the equation to be estimated there may not be as many
instruments used in the final stage as there are parameters to
be estimated. This can happen, of course, although it is
perhaps relatively unlikely. If it does occur, then it is a sign
that the equation in question is unidentifiable from the sample
available, that the causal information contained in the sample
is insufficient to allow estimation of the equation without re-
laxing the inconsistency requirements. To put it another way,
it can be argued that fo rectify this sitnation by the introduc-
tion in the first-stage regressions of variables failing the causal
test as described is an ad hoc device which adds no causal
information. While such variables may in fact appear in such
regressions with non-zero coefficients in the probability limit,
their use in the sample adds nothing to the quality of the
estimates save the ability to secure numbers and disguise the
problem.

Of course, such an argument is a bit too strong. Whether
a variable adds significantly to correlation is a function of
what one means by significance. The problem is thus a con-
tinuous rather than a discrete one and should be treated as such.
JFor the criterion of significance used, in some sense, the equa-
tion in question cannot be estimated from the sample in the
circumstance described; it may be estimatable with a less strin-
gent significance criterion. In practice, i the significance
requirements arc relaxed, the moment matrix to be inverted
will pass from singularity to near-singularity and estimated
asymptotic standard errors will be large rather than infinite.
The general peint is that if multicollinearity cannot be suffi-
ciently eliminated using causal information, litfle is fo be
gained by eliminating it by introducing more or less irrelevant
variables,

A somewhat related point is that the use of different vari-

(6] Fisher - pag. 56



SEMAINE IETUDE SUR LE ROLE DE L'ANALYSE ECONOMELRIQUE Erc. 441

ables as instruments in the regressions for different endogenous
variables in the same equation may result in a situation in
which the longest lag involved in one such regression is greater
than that involved in others. If data are only available from
an initial date, this means that using the regressions as estim-
ated involves eliminating some observations at the beginning
of the period that would be retained if the longest-lagged instru-
ment were dropped. In this case some balance must be struck
between the gain in efficiency from extra observations and the
loss from disregarding causal information if the lagged instru-
ment in question is dropped. It is hard to give a precise guide
as to how this should be done. (My personal preference would
be for retaining the instrument in most cases.) Such circum-
stances will fortunately be relatively infrequent as the periods
of data collection generally begin further back than those of
estimation, at least in models of developed economies. Further,
the reduction in available observations attendant ont the use
of an instrument with a large lag renders it unlikely that the
introduction of that instrument adds significantly to correlation.

Finally, the use of different instruments in the regressions
replacing different endogenous variables in the equation to be
estimated reintroduces the problem of inconsistency. When the
equation to be cstimated is rewritten with calculated wvalues
replacing some or all of the variables, the residual term includes
not only the original structural disturbance but alse a linear
combination of the residuals from the regression equations used
in such replacement. When the equation is then estimated by
regressing the left-hand variable on the calculated right-hand
ones and the instruments explicitly appearing, consistency re-
quires not only zero correlation in the probability limit between
the original disturbance and all the variables used in the final
regression but also zero correlation in the probability Hmit
between the residvals from the earlier-stage regression equa-
tions and all such variables. If the same set of instruments
is used when replacing every right-hand endogenous variable
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and if that set includes the instruments explicitly in the equa-
tion, the latter requirement presents no problem since the nor-
mal equations of ordinary least squares imply that such cor-
relations are zero even in the sample (¥). When different
instruments are used in the replacement of different variables,
however, or when the instruments so used do not include those
explicilly in the cquation, the danger of inconsistency from
this source does arise.

There are several ways of handling this without sacrificing
the major benefits of our procedures. One way is simply to
argue that those procedures are designed to include in the
regression for any right-hand endogenous variable any instru-
ment which is correlated with the residuals from that regression
computed without that instrument. The excluded instruments
are either those which are known a priori not to be direct or
indirect causes of the variable to be replaced or those which
fail to add significantly to the correlation of the regression in
question.  The former instruments are known @ priori not to
appear in equations explaining the variable to be replaced and
hence cannot be correlated in the probability limit with the
residual from the regression unless both they and the replaced
variable are affected by some third variable not included in
that regression (%). Such a third variable cannot be endogen-
ous, however, since in that case the excluded instruments in
question would also be endogenous; moreover, our procedure
is designed to include explicitly any instrument significantly
affecting the variable to be replaced. Any such third variable
must therefore be one omitted from the model and it may not
be stretching things too far to disregard correlations between
residuals and excluded instruments stemming from such a
source.

(%} This is the case when the reduced form equations are used, for
example, as in the classic version of #wo-stage least squares,

(*) If they were non-negligibly caused by the replaced variable itself
they would be endoegenous, contrary to assumption.
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As for instruments which are indirectly causally related to
fhe endogenous variable involved hut which fail to add signific-
antly to the correlation of the regression in question, these can-
not be significantly correlated with the sample residual from
that regression. One can therefore argue that the evidence is
against their being significantly correlated with that residual in
the probability limit.

Such an argument can clearly be pushed too far, however.
If there are strong a priori reasons to believe that the excluded
instruments should be included in view of the causal structure
of the model, one may not want to reject correlation in the
probability limit because multicollinearity (for the long con-
tinuance of which there may be no structural reason) leads to
insignificant correlation in the sample. A modified course of
action, then, is to include in the regression for any replaced
variable any instrument which one believes a priori to be im-
portant in that regression and which appears either in the equa-
tion to be estimated or in the regression for any other replaced
variable as computed by the procedures described above (%)
Clearly, not much is lost by doing this since the added variables
will not contribute much to the equation in the sample.

Alternatively, one may go the whole way towards guarding
against inconsistency from the sonrce under discussion and
include in the regression for any replaced variable all instru-
ments which appear in the equation to be estimated or in the
regression for any other replaced variable as computed by the
described procedures whether or not such instrument is thought
a priorl to be important in explaining the replaced variable.
This alternative clearly eliminates the danger under discussion.
Tt may, however, reintroduce multicollinearify and may in-
volve a serious deparfure from the causal criterion if a priovt
non-causal instruments are thus included. Nevertheless, it does

(%} Omitting instruments which do =0t so appear does not cause in-
consistency,
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retain the merit that every instrumental variable used is either
explicitly included in the equation or contributes significantly
to the causal explanation of at least one variable so included.
In practice, there may not be a great deal of difference between
these alternatives and the last one described may then be
optimal (unless it is unavailable because of the degrees of
freedom required).

Whatever variant of our procedures is thought best in prac-
tice, they all have the merit of using information on the dyna-
mic and causal structure of the model in securing estimates.
The vse of such information in some way is vital in the estim-
ation of economy-wide econometric models where the ideal
conditions for which most estimators are designed are unlikely
to be encountered in practice (%),

(*} The use of the causal structure of the model itself to choose instru-
mental variables as described in the text is closely aldn to the methods used
by Barcrr and Kiemw to estimate a system with a triangular matrix of coef-
ficients of current endogenous variables. See {3a].
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DISCUSSION

WoLp

Prof. Tisuer has given us an excellent survey of structural
propertics and estimation techniques for the dynamic econometric
models known as interdependent (ID) systems and cawsal chain
{CC) systems. Having over many years emphasized the clearcut
rationale of CC systems, alo known as recursive systems, I appre-
ciate very much the fair treatment he has given this appreach. His
review of the ID approach is very clarifying exposition of the many
estimation techniques that have been proposed for ID-systems, a
multitude of techniques that are known to work and give reconci-
lable results when applied to small systems, whereas the situation is
far from clear when it comes to large systems with many unknown
parameters. The very pluralism of the methods is an indication that
the problem of parameter estimation in large ID-systems has not
yet found a satisfactory solution,

The questions at issuc are technical matter. Hence the first thing
is to summarize what the two types models have and have not in
common, so as to be able to locate and if possible clear up any
divergencies that may exist, Three points will be mentioned,

(z} In the beginning of section 2, Prof. Fisuegr states three as-
sumptions R 1-3 that are to be satisfied by a CC system, all in
accordance with current theory of the probability structure and

(6} Fisher - pag. 65
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statistical estimation of multirelation models.  Assumptions R 2-3
at first sight look very stringent, and in section 2.3 Prof. FISHER
argues that they are not likely to be valid for economy-wide econo-
metric models.  The first point I wish to make is that the narrow
stringency of Assumptions R 2-3 is only apparent. They come in
a belter light if the relations of the systems are specified in ferms
of eo ipso predictors {an eo ipso predictor is the conditional expec-
tation that conslitutes the residual-free part of the relation). This
type of assumplion has the fundamental advantage that it corre-
sponds dircelly to the operational use for which the refations are
intended. Furthermore, R 2-3 become automatically satisfied as an
implication, not as an assumption, and this implication in its turn
implies that the relations can be consistently estimated Dby least

squares I'Cgl'('?SSi()]] .

(#) The theory of eo ipso predictors has shed new light on the
much-discussed question about the operational significance of the
structural relations of 1D-systems. With reference to my report to
the Study Week for details of the argument, it can be shown that
the clearcut cause-cfiect interpretation of the behavioural relations
of CC-systems does extend to 1D-gystems, but only at the price of
a respecification of the system. For example, if the ID-system
involves a behavioural relation which specifies the clasticity of in-
vestments with respect to profits as 0.4, the respecified assumption
will be that 0.4 is the clasticity of savings with respect to expecied
profits.  Actual profits and expected profits are different notions,
conceptually and observationally; the actual profils are given by the
statistical data, whereas the expected profits in the present context
are given by the reduced form of the ID-system. The snag is that
expected profits as derived from the reduced form stand in no ob-
vious conmection with expected profits in the sense of psychological
anlicipation. The respecification of the ID-system thus involves an
element of arbitrariness,

The point just mentioned has a bearing upon the doubts that
Prof. FISHER expresses in section 2.3 about the matrix triangularity
in Assumption R 1, When Prof, Fisuer states that it is somewhat

£a) Msher - pag. GG
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unlikely that economy-wide models have entirely triangular A ma-
trices, nobody can disagree, and what he says is even an understa-
tement. On the other hand, if matrix A is made nontriangular the
system becomes interdependent, and then we are confronted with
the snag of a possible discrepancy between the two notions of ex-
pected values for the current endogenous variables. In other words,
one kind of approximation has been replaced by another, and the
arguments at issue do not indicate which approximation is prefer-
able. This question brings me to the third point.

711y Prof. Frsuer’s considerations for or against CC- and ID-
systems are on the whole of a theoretical nature. For my part I
would instead make a plea for comparisons of an empirical nature.
Above all, my plea is for studies where one and the same observa-
tional malerial is used for the testing of fullfledged CC~ and ID-
models. Such comparative studies are not as yet in the picture, so it
is as yet an open question which type of model performs best in
actual applications. In this connection there is the important que-
stion what criteria should be used when comparing and evaluating
the performances. Predictive fests here come to the fore as the real
touchstone for the validity of a model; that is, tests where the model
as constructed on the basis of past experience is exploited to make
forecasts about the unobserved future, and where in due course the
forecasts are confronted with the actual developments,

F1suEr

Professor Worp has long been interested in the question of what
are desirable properties of econometric models. This is an interesting
question and his work and his present comments cast considerable
light on if. As an economist, however, T think one ought to De
interested not so much in the guestion: « What are good properties
of econometric models? » but rather in the question: « What are
the properties which good econometric models have? »  In other
words, one does not design a model so that it will have desirable

[6} Fisher - pag. 67
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properties: one does not design a model in order that it should have
minimum delay; one does not design a model so that it will be an
eo ipso predictor, One designs a model so that it represents someth-
ing that one believes to be frue about the real world. After the
model has been designed, and not before, one asks: What properties
does it have? And whal properties can I give the estimates of the
model by using different estimating techniques?

Now, indeed, there are always several ways in which a given
real phenomenon can be represented in a model. Given two of these
which we believe to be equally valid in terms of economic theory,
we would of course choose the one which had better properties in
terms of forecasting or in terms of the properties which the estimat-
ion techniques appropriate to the model will have. Frequently, how-
ever, that is not in fact the primmary question. In general, we are
not indifferent between two representations and the choice between
models does not come on the question: « Will one be recursive and
the otber simultaneous? » The crucial question is rather that of
which model 1'cprescnt$ what we believe to be true about the real
world and whicb medel and estimation technique is appropriate to
the use which we intend to make of the resaits.

TrpIn

A question of clarification. Do you intend to split up a large
equation system into subsystems and construct principal components
of the predetermined variables in each subsystem?
Fisuer

Professor THEn wishes to know whether I recormend splitting
up a large equation system into subsystems and constructing prin-

cipal components of the predetermined variables in cach subsystem.
This is not what I recomunend, ajthough similar procedures have in
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fact been adopted in economy-wide models in the past. My proposal
is to take each cquation {and indeed each endogenous variable
within each equation) and to get a group of instrumental variables
which are particularly appropriate for it. One does this by consid-
ering the causal structure of the system. The block-recursive system
- in which the full system is divided into sectors and subsystems
— is used in my paper fo point ont that it is safer to use some
endogenous variables in some places than in others so that the
eligible list of instruments is diflcrent for different equations.

HaavELMO

I wonder whether Fisuig would agree o a rough sumining up
of the situation that might Lelp people who are not so much inte-
rested in technical defails and who wonder what we get out of all
this.  The summing up could be something like this: We have
small samples in practice, so that large sample properiies of esli-
mates are probably not too interesting. Then, if we had a clear
situation as far as identification is concerned, that is to say, if we
need no subtle tricks i order to ensure identification ; and secondly,
if by means of mere inspection we can find that there are EXOgenous
variables which vary a great deal as compared with the disturbances
u, and the exogenous variables are really uncorrelated with the u’s
in various directions, both simultanecusly and recurrently; then we
get reasonably good estimates even withont refined methods. Now
it is in the in-between cases that we may perhaps gain the most by
being very particular about the estimation methods chosen. This
would intuitively be the conclusion that one who works in practice
with these things would draw. This does not of course in any
way reduce the importance of stringent work on estimation methods,
but T think it might — if it is reasonably correct — interest those
who want to know what the practical conclusion is.

[0] Fisher - pag. 6y
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Fismer

I wotld generally concur with Professor FlAAVELMO's summary of
the situation. [f, in fact, there are a lot of exogenous variables
which vary a great deal as compared with the disturbances, then
reasonably good estimates can be obtained — although I would not
agree that refined methods are not called for. In my paper I pointed
out that such situations are likely to he very rare in the estimation
of economy-wide cconometric models.  In such cases, T tried to
show that cne could improve the results substantially by paying
attention fo the causal structurze of the model rather than by incau-
tiously applying techniques designed for the ideal situation.

Triscy

I am afraid that what 1 am going to say will be considered
perhaps as black heresy, and if [ am saying it, 1 hope you will
understand that, when 1 voice this opinion, if I say if in a very
outspoken way, it is not because of a feeling of unfriendliness fo-
wards members of our fratemity, it s merely to save time that I
am putting it in an extreme way.

Looking upon the problem of estimation in economy-wide mo-
dels, T like to adopt the view-point of an economist who is called
upon to give his advice to politicians. And if I look upon the matter
in this way, 1 have an uncomfortable fecling that, in statistics, we
are too frequently carried away by the terminology we use, You
may say that terminology doesn’t mean very much, you can call
a thing a straw hat, and use the concept in a precise way in your
logical deductions, It is not so dangerons to call it a straw hat,
because then everybody will understand that this is just a sort of
numbering of your concepts. But if you use other words which in
every day life have had a cerfain connotation, you may be
obsessed by this connotation and, as T say, be carried away through
your terminology.

G} Iisher - pag. yo
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Looking upen the matter from the view-point of an cconomist
giving advice to a politician, 1 would suggest that, when we speak
of an estimator and ihe properties of estimators — we accept to put
as the main classification: 1) Purposelully useful; 2) Purposefolly
irrelevant and 3} Purposefully detrimental.

I will explain what 1 mean by « purposelully useful n.  Every
estimator must be thought of in ferms of the purposes for which
we are going to use {o coefficient or magnitude estimated. In this
particular case the purpose is perhaps a political one. Yon must say
that this is vague. Yes, 1 am sorry to say that these words are
vague and they cannot be defined precisely because the purpose
will vary from one application to another, so therefore the specifi-
cation of what is meant by thesc propertics must vary and can only
e made more precise if you are explaining very explicitly for what
purpose you are going to usc your analytical results. Many of these
properties of estimators which are [undamental from the view-point
of application are very difficult to handle. Of course we like dif-
ficuit problems, provided they are not beyond the limit of our
ahility. Then it would be very inferesting to handie the problems.
But when they pass beyond this stage it {s very tempting to pick
out certain properties which are not in true sense purposefully useful
— they may even be purposefully detrimental but they have the
property that [ am able to handle therws, 1 may decide then to
work with these concepts instead of ihe really fmportant ones which
1 am not able to handle. Let me take an example. 1 am going
to multiply 13 by 27. I scratch my head and T think, « Oh, multi-
plication is such a ternibly difficult operation, but T am very good
at adding fiures, so why don’t I add instead the two numbers 13
and z7». You wouldn’t think that that was a very usefal pro-
cedure.

I will illustrate what 1 have said by taking the two words
«w unbiased » and « consistent ». ¥ am afraid that we have, to soine
extent, been carried away by the common meaning of these words,
What is « biased » and « unbiased »? 1 would rather have pre-
ferred to use the term « not immoral » instead of « unbiased », be-
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cause if you say that, everybody would have understood that you
are just using the term in a technical sense. DBut if you say « un-
biased » people can not become aware that you are fooling with
words, It is probably hopeless to suggest a change of terminology,
but I feel it would have been better if you had used these words
« not irmumoral » instead of « unbiased », Next with regard to « con-
sistency ». Take a person whe is not able to carry on a « consistent »
discussion and a consistent way of using his logic. You would not
respect him very much,  About his conclusions you wauld probably
say « This is a fallacy » T would rather have preferred that you use
the terminology « not {ailacious » instead of « consistent » hecause
then again people would have understood that you are really just
playing with words. T would seriously suggest that we change ter-
minology to something which is neutral and just say precisely what
we mean, Instead of « unbiased » I would prefer to say « expee-
tationally hilting » because what is involved, is simply that the
expectation of the estimate is equal to the thing which we estimate.
Instead of « consistent », I would say « targetly converging » in the
stochastic sense, because that’'s what we mean. It may be «con-
verging asymptotically » i.e. it may be « targetly converging » in
the limit when the number of observations becomes great.

« Unbiasedness » or, as T would like to call it, « expectationally
hittingness » may not really he the property in which we are inte-
rested, Take a firm that is gelling shoes: women’s shoes and men’s
shoes, The owner of the firm wil! want very much that a random
customer can be satisfied. Now, there are two fypes of shoes: men’s
shoes and women’s shoes. The « univers » has probably a bimodal
distribution. If the owner were to make a guess about what shoe the
next customer would ask for, he would be off the mark if he focussed
his attention on the mathematical expectation as derived from that
bimodal distribution,

I would say that in this case « unbiassedness » is purposefully
irrelevant, I don’t think that this discussion about terminology is
useless because many people are not able to protect themselves
against risk of being dragged into false understanding and false va-
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juation, which will lead away from what is wseful. If you will
allow me, 1 will pick out a few expressions in Prof. l“1sHER'S pre-
sentation, which exemplifies how onc may be carried away by the
words, 1 put it down while he was talking. He said that WoLp
has shown that this particalar estimate — it was ordinary least
square if 1 remember correctly - « retains desirable properties » —
well, how do you know what is desivable?  And, even worse, later
on in his presentation, Prof. Fisuir said - and I also took this down
. « retain all the desirable properties » - I think he spoke about
a full information maximum likelyhood or something that approxi-
mated it. I was in this connection that he said « retain all the
desirable properties ». The immediate question is: « desirable for
what purpose? » — May 1 finally give a third example. Professor
FisHER spoke about using lagged variables as instruments and advis-
ed against this use for statistical reasons. Now, suppose 1 am in an
underdeveloped country. And suppose T am giving advice to a po-
litician who is up against the problem whether he should go in for
education on birth control, In an underdeveloped country with a
very heavy population increase and with all the implications which
this means from the economic and social viewpoint, the problem is
important and the politician is pondering very hard the foreseable
cffect: this case pertains, of course, essentially to lagged variables.

Suppose I come along and say « Well, 1 must advise against
such a policy because it would upset certain caleulations of mine
regarding some specific propertics of my estimates ».  As I see it,
these properties of my estimates are purposefully irrelevant, In this
case it is precisely the lag values one would need to explain demo-
graphic development.

Finally, if T may just have one minute, Approaching all these
things from the viewpoint of society at large, extending over time,
we are accustomed to fall back on time series to a large extent.
Sometimes we may use cross-section studies, but many econoniists
and statisticians rely on time series that come [rom observation of
what has happened in the past. Such series are, however, irrele-
vant for a great number of the estimates of the equalions that enter
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into the equational system we have to use in development planning.
We have for instance investment project specifications. We will
have tens of thousands of such projects. TFach of them will he
described in  engineering terms; for instance the sequence in
time in which certain input clements are to be made: labour,
products from domestic sectors, imports, efc., the burden which
this entails on the balance of payment is extremely important,
and so on. In mest cases these data can be derived fairly correctly
from an engincering analysis. There may, of course, be some un-
certainties and you may - according to the price situation — shift
a little in the use of input elements, but let us disregard that point
for the moment. The engineering analysis will — with a fair degree
of approximation — give the essential information.  Similarly with
regard to the time and the volume in which the capacity effect of
the investmen! emerges. If you arce building a hydroclectric power
station, then you can say, from an engineering viewpoint that
« next year I'll have one machine coming along; the year after, 1’1l
have two more machines », and so on. All these things are given
from the engineering viewpoint with a fair degree of accuracy and
there is no question of trying to estimate the possible CONSEYUENCEs
of adopting a section of these 1,000 or 10,000 projects by looking
back in our time series and discussing whether a certain time series
estimate will be « unbiased » or « immoral » or have some other
specific property which you are able to handle mathematically, but
which have little relevance for the actual problem of development
planning.

FISHER

The last point made in my reply to Professor Worp is of course
in agreement with part of Professor Friscu’s remarks. There is a
growing literature on Bayesian estimation in which the decision
problem to be answered by the model defermines the estimation
technique, This is a highly interesting development and it is one
with which 1 am in nearly complete sympathy. There are several
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places in my paper in which this appears rather close to the gurface,
In general, I have said that the choice is between « consistency »
and « efficiency » and 1 usually take the direction: of opting for con-
sistency. However, I tried to point out in the paper that this choice
rather depends on what one expects to do with the results after one
has cbiained them. On the other hand, detailed analysis of the
dependency of estimators in cconomy-wide econometric models on
the use that is to be made of the resulls is difficuit and so far only
in its infancy. It does seem likely that properties of estimators
such as consistency, unbiasedness, efficiency, and s0 forth, are pro-
perties which one belicves are likely to be relevant in a rather wide
class of decision problems.

Now for that part of Professor Frisca’s comments which deals
with the use of persuasive definitions. While I am not out of sym-
pathy with the argument that use of such ferms as « unbiased »,
« consistency », and « instrument », may be misleading in that such
words carry connotations from general application, T must say that
I think Professor Frisci’s remarks on this point are irrclevant as
regards my paper. However unfortunate the use of such terms may
be, there is a long and distinguished history of their use in this way
and while it may be too bad that such usage has come about, it
is rather late for me to do anything about it.

1 must, however, comment specifically on Professor [frIscH’s
discussion of my use of the word « instrament » since I am unable
to tell whether he actually misunderstands me or whether this 1s
just another example of the unfortunate use of a word with several
connotations.  « Instrument » i the theory of economic policy,
where we owe much to Professor FRrIsCH, means a variable which
can be controlled by a policy maker and which can be used to move
toward those goals which the policy maker finds desirable. « In-
strument » as 1 have used it is short for « instrumental variable »
as the context of my paper makes ahundantly clear. In this scnse,
i means a variable which can be taken to be uncorrelated with
the disturbances but whose movements influence the endogenous
variables of the system. Such a variable is used as an instrument
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in the sense that advantage is taken of its properties to secure para-
meter estimates.  In Professor Friscy's example, the hirth rate
may perfectly well be an instrument in the policy sense and fail
to be an instrament in the statistical sense in that it movements
when not influenced by the policy maker may be functions of the
disturbances and the other endogenous variables of the system,
Once again, my usage has quite a long tradition in econometrics
behind it,

ATLLAIS

This is not at all a criticism of Fisuek's paper, but as an econo-
mist, T must confess that I feel myself in sympathy with some of
Prof. Frisch’s words, I did not intend to say anything, buf in
the introduction to this Study Week, we read « The econometric
method represents @ big improvement over non-mathematical me-
thods of studying phenomena connected with economic operations »,
I think we must be very careful about the impression which can
be given to outsiders by the methods we use. My feeling #s that
there is a terrible gap between the power of statistical methods and
the Timitations of economic models and the data. The methods we
have are in advance, and very largely in advance, if we compare
them to the economic models which we use. We may have wonder-
ful methods to analyse the models which are built but the wvalue
of the conclusions will then depend primarily on the value of the
models,

Thus the danger is that public opinion or politicians may greatly
overestimate what we can do. The precision of the methods i one
thing. Their value is another,

FisHER

L am in basic agreement with Professor ALLAIS® remarks. Anyone
who has ever done a good deal of empirical econometric work knows

6} Fisher - pag. 76
pag



SEMAINE D'EFUDE SUR LE ROLE DE L ANALYSE BCONOMRTRIQUE Tc., 401

perfectly well that the apparent precision which the theory of esti-
mation gives to the results is not in fact present. Whether this is
due to the properties of the model or to the character of the data
is a matter of some dispute, but it is a common phenomenon.

What my paper is about is those situations so common in prac-
tice in which statistical techniques which have very nice properties
in the secure situations for which they are designed do notl in fact
have such nice properties when applied to models of the type one
actually has to estimate. In such cases we have to make all sorts
of compromises to produce techniques which have properties which
one deems desirable. TFor example, in almost all the original lite-
rature on simultancous cquation estimation, everyone simply as-
sumed that there was no serial correlation in the disturbances. In
economy-wide models, there is such serial correlation and the ustal
simultancous equation estimators lose a good deal of their appeal
if used incautiously.

LLEoNTIER

In the context of previous discussion T would like to raise again
the question of relative advanfages and disadvantages of simulta-
neous as against independent estimation of the empirical parameters
entering into different parts of an integrated analytical model, Al
though from a fundamental philosophical point of view indirect
inference and direct observation have much in common, in daily
practice of scientific investigation they differ from each other greatly,

So long as we operate with highly aggregative models, indirect
inference must dominate {he field. Since aggregative variables and
parameters, in terms of which relationships are nsually described,
cannot be observed directly, they necessarily must be estimated in-
directly. As soon, however, as disaggregation reaches the critical
level at which the individual bits of data used in the theoretical
model are identical or nearly identical to those familar to the
producers and consumers of individual goods and services in their
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daily practice, direct observation becomes possible and indirect in-
ference dispensable. The empirical implementation of an analytical
model comprising large sefs of simultaneous, or at least interrelated
equations, does not require any more indirect estimation of large sets
of parameters imbedded in corresponding large sets of simultaneous
statistical equations, The observations can be made one by one and
essentially independently of each other. If and when this happens
controversies concerning the choice among aiternative methods of
statistical estimation might lose the dominant position which they
now occupy in discussion of econometric problems,

FIsuER

Professor LEGNTIEF in his interesting remarks looks forward to
the day in which the use of highly disaggregatc data will enable
us to concentrate less on simultancous equation problems.  While
I think that such a day is probably very far off, T do agree that
such problems become of less importance as one goes o more and
more disaggregated data. On the other band, there are at least
some forms of disaggregation which do not Jead to this desirable
result.  For example, as 1 argue in my paper, disaggregation in
the form of securing data for smaller and smaller time periods docs
not avoid the simultaneity problem since the disturbances for such
time periods are likely to be seriaily correlated, Whether other forms
of disaggregation aid in avoiding simultaneity scems to me likely
to depend on the meodel and the type of disaggregation. 1 think
that se long as one is interested in models of the entire cconomy,
simultaneity will remain an interesting question, even if one deals
with data in terms of individual units. This is 50, because it remaing
true, for example, that the income identity holds summing over all
units,

While simulfaneity introduces numerous problems, I think one
should beware of the atlitude {which T am aware is not Professor
LroNTiEr’s) that simultaneity problems should be avoided at the
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expense of doing violence to the model. There are now several
techniques for dealing with such problems, and the fact that they
may not be fully satisfactory does not justify the use of a wholly
inappropriate technique in a context which is really simultancous.

KoorMaNs

¢ T understand Prof. FISHER correctly, use was made of the data
iwo or three times in order to sclect the set of predetermined va-
riables that is drawn on for help in estimating a particular equation.
Should ene worry about the effect of repeated use of the same data
and if so what kind of errors or lack of efficiency could have been
produced thereby?

FISHER

Professor KooPaans wishes to know whether my recommenda-
tions for the choice of instrumental variables does not involve the
double use of the same set of data, 1 think that it only does so
superficially, One does indeed use the data in applying a stopping
rule in the regression of endogenous variables on instruments, but
the regressions obtained by applying the stopping rule are just the
ones which are used in estimating the equation of interest. I do
not see that this involves using the data twice any more than does
two-stage least squares, choice of instrumental variables by princi-
pal components, or any simultancous equation technique in which
reduced form coefficients have first to be caleulated.

MAHALANOBIS

1 have a purely technical question. Can you break up into two
or more random partitions? And secondly, it would be of interest
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to know what would be the degrees of freedom, that is, in the sense
of independent observations, which might be available in concrete
examples,

FIsHER

Professor Manaranosrs wants to know if it is possibie to break
up the dala into two random partitions. Presumably, one would
want to do this to avoid the double use of data which I have just
suggested is not present. I take it that what one would do would
be to use one set of data to choose the instruments and the other
set of data to estimate the parameters.

As indicated, T do not believe that this is necessary. In addition,
it would be impossible in practice. The Brookings-SSRC model in
its first form has something like one hundred equations; in its se-
cond, more disaggregate form, there will be many, many more,
Each equation involves at least a few parameters. The data will
run from the war until ahoat 1962 by quarters, so that rough cal-
culation gives about 64 observations. There are, however, an enor-
mous number of cligible candidates for instruments, far greater
than 64. T do not helieve that one would want to use only 32 obser-
vations either for the estimation of the parameters, or for the choice
of instruments from a list which will be far, far longer than 32.
However, as stated, since 1 believe the answer to Professor Koop-
MANS” question fo be in the negative, the issue need not arise.
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DECISION RULES AND SIMULATION
TECHNIQUES IN DEVELOPMENT
PROGRAMMING

HENRI THEIL (*)
Nederlandsche Economische Hoogeschool - Economelvisch Institual
Rotterdam - Nederland

I. INTRODUCTION

Many underdeveloped countries, ali Communist countries,
and some developed Western couniries have their Economic
Plans nowadays. Such Plans may differ considerably as to
character and scope, but it is quite generally true that they are
based on certain considerations as to the goals to be pursued,
as to the relationships between certain noncontrolled key va-
riables on the one hand and the variables controlled by the
decision-making authority on the other hand, as to the impact
of outside forces, and as to the likely development of such out-
side forces over time. Given a number of assumptions one will
arrive at a certain Plan, which specifies that ¢his is to be done
in year 1, that in year 2, and so on. In principle the Plan is
optimal in the sense that it pursues the goals as well as possible
subject to the constraints under which the economy operates.

But there is the problem of uncertainty. The development
of outside forces over time has to be predicted, which cannot

(*) The author is indebted to Mr. J. Boas of the Economestric Institute,
Rotterdam, who carried cut the simulation experiment described in Sec-
tion 6.
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be done without forecast errors. The relationships describing
the impact of these forces and of the variables controlled by
the decision maker are not known with certainty either. The
decision maker must therefore make his decisions (prepare his
Plan) under conditions of uncertainty. Now there is the im-
portant feature that this uncertainly diminishes in the course
of time. For example, how the outside forces behave in year 1
is unknown at the beginning of the year, at least not known
with cerfainty, so that the decision to be made at the beginning
of that year must be based on a forecast which is generally
imperfect. At the beginning of year 2 one should know more
about how the cutside forces have behaved i year 1; also, one
may have better ideas about how they will behave in year 2,
because this is now « nearer future » than it was a year before,
Clearly, the decision maker is in a position to take this new
information into account when formuiating his decision for
year 2. But the Plan does not! The Plan was made at the
beginning of year 1 and what it has to say about things to be
donc in year 2 is therefore necessarily based on the smalier
amount of information which was available at the beginning of
year 1.

This is of course generally recognized. Tt is the reason why
a Plan is almost never taken completely seriously in the sense
that # is executed literally until the very end. Plans arc re-
vised regularly in the light of new evidence. But this happens
after the events, not belore as is done by a «strategy » or
« decision rule ». The main argument of this paper is that it
is worthwhile te consider the possibility of development strate-
gies instead of development plans. That is, rather than fixing
once and for all what is to be done in year 1, in year 2, In
year 3,...., we consider a procedure of the following kind:
now, at the beginning of year 1, a decision for that year is
formulated and at the same time also a rule specifying what
is to be dene in years 2, 3, ... depending on the information
that will be available by that time. The advantage of this pro-
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cedure is not only that it is more systematic but also (and
particularly) that, in general, taking account of the possibility
that future information may be reacted to contributes to better
results from the standpoint of the goal pursued ().

The primary objective of this paper is to illustrate the
method of linear decision rules in the confext of development
programming. The paper has no pretensions with respect fo
the development of model building in this field. Models describ-
ing the constraints under which the economy operates are
undoubtedly important and in fact indispensable for the deri-
vation of decision rules; but it is felt that the introduction of
innovations in that area would shift the attention away from the
primary objective and, therefore, a very simple capital-income
ratio model is introduced in Section 2. In Section 3 a quadratic
social preference function is formulated, after which the theory
of linear decision rules follows in Sections 4 and 5.

section 6 deals wifth the second objective of this paper: the
use of simulation techniques in development programming.
Since many of the structural relations and also the long-term
development of many crucial ouiside forces are subject to a
considerable degree of uncertainty, particularly in the field
of growth and development, it seems plausible that simulation
techniques can be valuable to indicate the range of variability
of the outcomes which result from different policy procedures.
In order to concentrate on the main idea, the application is
confined to the same simple case as that of the earlier sections.

2. THe MoniL

Let K, be the stock of capital goods at the end of year ¢
and Y, national income of that year, both in real terms. One

) Ar additienal advanlage is that the strategy approach enables tlie
decision maker to formulate predictions (no perfect predictions!) of his own
future actions and of their consequences. But this aspect, will not De pursued
here,
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of the equations of the model is

(2.1) K, ,=¢Y,,

where p is the capital-income ratio, which is assumed to be
constant over time. Let C, be consumption and x, the savings
ratio in year ¢:

(z.2) Co=(1~x)Y, .

Furthermore, we use two identities:

(2.3) C,+1L=Y,

{2.4) K=K_,+1,

where 1, is net investment in year £. Finally, we need an equa-
tion describing the development of the population:

(2.5) No=(1+vIN,

where N, is the mid-year population size and v, ifs rate of in-
crease.

In what follows we shall be interested particularly in the
rate of increase of per capita consumption, C,/N,. Using (2.2),
(2.1) and {z.5) we find:

G 1—uw, K,
N, 5 (r+4v)Ney

and hence:

(2.6) C,/N, T—a, Key o1
2. Bl -
Comy/Nyoy 1 ey Koy T4
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Now K _ /K, _;=1+I, /K, _,=14+%_, Y, /K, ,from (2.2)
and (2.3). Since Y, ,/K, ,=1/p from {2.1), we conclude that
the ratio of K,_, to K,_, is equal to 1+x, ,/¢. Taking loga-
rithms in (2.6), we then find the following expression for the
first difference of the logarithm of per capita consumption:

, I~
(2.7) A (log {C/N})] = log "I‘““_“-;I";E"I +log (1 +a,_y/p) —

- log (T + v .

This equation is the only aspect of the model that will be
used in the sequel. We shall consider a decision maker who is
interested in two things: the savings ratio x,, which he controls,
and the logarithmic rate of change of per capita consumption,
which he does not control. The approach to be followed requi-
res that the latter (uncontrolled) variable be expressed linearly
in the former. Eq. {2.7) is nonlinear and it will therefore be
lincarized. Taking all logarithms as natural logarithms, we
shall approximate the log of T+x, ,/¢ by x,_,/o. We shall
also approximate the log of 1+v, by v, (although this is not
strictly necessary, since the expression does not involve the
savings ratio). For the first term on the right we use:

(28) 10g I“I“:— i Lt 7 B AL

I — -
L= pa

= log

—
But this is still nonlinear in x,_; and we will therefore apply
the following (crude) approximation (3. We should expect
that the savings ratio will be of the order of 15 to 25%, so that
1/(1 - x,_,) is then of the order of 1.2 or 1.3. This range of
uncertainty is not very sizable; moreover, we multiply
/(1 -%,,) by %, x,_,, which is generally close to zero, par-
ticularly since we shall put a penalty on large values of

(!} But ses footnote 5 below for a more accurate approximation.
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iz, ~x, | in Section 3. Therefore, we shall approximate the
expression (2.8) by - b(x, -x,_,), where b is regarded as a
fixed cocfficient (about equal to 1%).

Equation (2.7) is now written as

(29) A [log (Cr/Nr)] = bxr - (b + I/P)x:———-] Yy

which 1s tlﬁe form with which we shall work in the remainder
of this paper,

3. THE PREFERENCE FUNCTION

Our decision maker is supposed to formulate a quadratic
preference function which he wishes to maximize. We shall
consider a very simple quadratic function, which amounts to
a sum of squares as far as the successive log-changes in per
capita consumption is concerned. This should not be regarded
in the sense that we teally believe that the decision maker’s
desires are guadratic; it means only that we ftry to ap-
proximate the decision maker’s preferences by a quadratic
function in the relevant range (in the same way as the cons-
traints of the economy are approximated linearly in the rele-
vant range).

Specifically, let d, be the « desired rate » of increase of the
logarithm of per capita consumption in year £. For example,
d,=0.1 (10%); then, given the quadratic character of the
preference function, an actual rate of increase of 5% will have
a disutility of (5~ 10)*=525, a 4% increase will have a disuti-
lity of (4 - 10)*=36, and so on. Let us write y, for the discre-
pancy between the actual and the desired rate of increase in
year ¢:

(3.1) yr=Allog (C,/N)] -4, ,
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then it follows from (2.9} that vy, is defermined as follows:

(3.2) v, = = bak (b 1fe)x, - v, —d, .

We consider the sum of squares of the y,’s over a period of
T years, where T represents the horizon which the decision
maker takes into account. Tt will prove useful to introduce a
matrix notation to handle all years simultancously:

iy Ty

Y x
(3:3) ye= |2 =1,

Y Ty )

then (3.2) for ¢=1, ..., T can be written in the form

(3.4) y=Rae+s,
where
D 0 o o o
b A b 0 o 0
¢
! : b 0 o
(3.5) R=| "5 7o
0 o 6 ) 0
It o o) b+ ~i- ;)
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(f) ~I—~I-) Lo — vy —
g

—v, —d,
(3.6) o= nTe
gy = Ay
—_

where x, is the savings ratio in the year preceding the first
(which is taken as given from the past). Note that all R-ele-
ments above the diagonal should necessarily vanish, because
they represent the effect of controlled variables (x,} on earlier
noncontrolled variables (y, with #<f). The diagonal elements
specify the effectiveness of controlled variables on noncon-
trolled variables in the same vear, and the elements below
the diagonal represent lagged cffects,

It was stated above that we are interested in minimizing
the sum of squares of the discrepancy between actual and
desired rates of increase of the logarithm of per capita con-
sumption. This amounts to minimizing y'y. But this will be
amended to the effect that we shall also be interested in mo-
derate changes of the savings ratio, the argument being that
a savings ratio of 20%, last year followed by one of 159% this
year and then of 259% next year is difficult to realize. To
handle this, we introduce the sum of squares of the successive
differences of the savings ratio:

2-1 0 ... 0 o

~I 2~I ...0a o©
r . Jdo-1 2 ... 0 o 9
2l —ap) = S . | 2y 4y =
b Do Lo

0 0 0 ... 2 -I

o o o .,.,-T I

Ja—— e gl e i
= Az 2"10‘“1"’”“'0’
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where A is the T x T matrix of the second-difference transfor-
mation and e, the first unit vector of order T (i.e., the first
column of the T x T unit matrix). Note that x} is a constant
(it is given from the past), so that it can be omitted from the
preference function. This preference function, which the de-
cision maker wishes to maximize, is then assumed fo be of the
following form:

/ 1 '] 4
(3.7) w (e, y) == gl @ - (g’ A + ¥'y) -

Thus the decision maker is supposed to minimize a weight-
ed sum of squares of two sets of differences. One set deals
with the successive differences of the savings ratio, the other
with the differences between actual and desired log-changes
in per capita consumption. Of course, g should be a positive
number; it measures the seriousness of a given change in the
savings ratio relative to that of a discrepancy between the
actual and the desired log-change in consumption of the same
numerical size.

4. EXPECTED UTILTTY AND CERTAINTY EQUIVALENCE

Our problem in mathematical terms can in the first instance
be described as that of maximizing the quadratic preference
function (3.7) subject to the linear constraint (3.4). Butitis
readily seen that the real problem is more complicated. Tor
carrying out this conditional maximization requires that the
determining factors, such as the rates of increase of the po-
pulation, are known before. This is evidently not the case,
so that we must conclude that the decisions have to be made

[7] Theil - pag. o



474 PONTIFICIAE ACADEMIAE 3CIENTIARVM SCRIPTA VARIA - 28

under conditions of uncertainty. {The v’s are the only un-
certain factors which enter info the problem as it is posed
here, which is of course highly restrictive, but it is easy enocugh
to extend the list of such factors). We shall aitack this
problem by assuming that the uncertainty is of the proba-
bilistic type and that the decision maker is interested in
maximizing expected utility. Thal is, he is supposed 1o
maximize the cxpectation of the preference function (3.%7)
subject to the constraint {3.4), the latter being interpreted
stochastically (with random v’s).

It is worthwhile to consider the implications of this pro-
cedure in somewhat more detail. Take the first vear, af the
beginning of which the decision %, has to be made. The rates
of increase of the population, vy, v,, ..., v, are then unknown
and are supposed to be subject to a T-dimensional joint distri-
bution.  One year later the decision x, has to be made and
the decision maker will then know more, particularly about v,
but perhaps also about later v's, because the development of
the population during the first year may have shed some
light on the probable development during later years. Clearly,
the decision maker should be able to use this information
gained during the first year when he formulates his decision %,
at the beginning of the second year. In the same way, at the
beginning of the third year he knows still more (particularly
about v,) and he can use this additional information for his
decision x;. And so on.

It follows that it is the decision maker’s task to formulate,

information that will be available at that time. Such a series
of decisions x,, ..., x; written as functions of relevant in-
formation is a strategy or decision rule. More specificaliy,
the decision maker's task is to find the maximizing stvategy,
Le., the strategy which maximizes the expectation of the pre-
ference function subject to the contraints. In general it is
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not easy to find this maximizing strategy, but it is very
simple when the preference function is quadratic and when
the constraints are lincar. The solution is foand by applying
the theorem of « first-period certainty equivalence », which
i our case amounts to the following: the first-period decision
of the maximizing strategy is identical with the first-period de-
cision that would be made if the uncertainty aspect would be
disregarded by replacing all random v's by their expectations.
This means that the problem is reduced, for the decision of
the first year (¥,) at least, to an ordinary conditional maximiz-
ation problem: maximize the quadratic preference function
(not its expectation) subject to the constraint (3.4) on the
understanding that the vector s of this constraint is replaced by
its expectation; i.e., in (3.6) we should replace the v's by the
expectations of the v's. Clearly, this solves the uncertainty
problem in an alnost trivial way. For the second-period de-
cision {x,) one can proceed in precisely the same way one pe-
riod later, because by that time the second period will have
become the first. And so on ().

5. THE MAXIMIZING STRATEGY

The results mentioned in the preceding section can be re-
garded as a separation of the decision problem in two suc-
cessive steps: first maximize as if there is no uncertainty,
then replace certain randem variables in the result by their
expectations.  We shall start with the first step under the
assumption that the horizon (T) is so large that it can be

(*} The first-period certainty equivalence theorem s due to H.A. Sr-
sox [2] and was subsequently generalized by the present author [3, 47.
JFor applications to a microeconomic {paint factory} case reference is made
to C.C. Honr el alii {1]. For a more extensive discussion including several
other applications, see the author's recent monograph [3].
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etfectively regarded as infinite. The derivations are given in
the Appendix and the result for the optimal first-period de-
cision (x?%) is as follows:

Y]
(5.1) m%““%“ﬁ:ﬁ?¢5m+dﬂ+

C-Nb+1p 2.,
+ IJ2 +*5/P n '(]-_W r% A (J'f + [lit} '

where

s e L F 427 (07 4+ B/o + g) ] — 1

(52 [t+40* (0 +b/s+g) i+ 1 (0«7 < 1)

The result (5.1) shows that the optimal savings ratio in
the first year (x{) consists of two parts, onc of which deals
with the savings ratio in the preceding year (x,) and the other
with population increases and desired consumption increases
in the first year and later (v,, 4y, vy, dy, ..). We find that
the effect of v; and 4, on the optimal savings ratio is negative
but that the effect of later v's and d’s is positive. This is the
natural consequence of the fact that society has to spend for
immediate welfare but to save for future welfare.

As an example we take the special case V=V, dy=d for
all #; then (5.1) is simplified to

. YE
(5.3) );‘1] = hit, + ([m__)_) (()2/;?;/?; ‘ 5 {(v+d),

which means that this year’s savings ratio is a certain fraction
of last year’s savings ratio (Ax,) plus a constant (k, say). For
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the following year we then have

xd=0xl k=02 + M+ k

from which it is evident that the savings ratio in successive
years moves gradually from x, to

koo

1. 27, —
(5.4) AT VAR ]"+"""1~)\

Mg

T a-N 0 b+ (-d).

Take, e.g., ¢ equal to 3 or 4 years, b slightly above 1, and g
a small positive number [which is tantamount to saying that a
successive change in the savings ratio, x,— x5, is considered
much less serious than a discrepancy v, (between actual and
desired consumption increase) of the same size]. Then

(5.5) b 4blo+gra,

so that X according to (5.2) is approximately

s
(5.6) Ydi e
' i+ 8p* 41

i.c., about 0.8 when p is about 3 years or so. Then the limit
(5.4) to which the savings ratio approaches is about 3 times
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(v+d). Thus, if the rate of increase of the population is
¥ =0.02 per year and if the desired rate of increase of per capita
income is 0.06 per year, the limit of the savings ratio is of
the order of 25%,.

When the v's and d’s are not constant over time, we have
to substitute their values directly into (5.1). It is scen that
the influence of future v's and d’s is of the decreasing expo-
nential type. But it is impossible to compute %! when the future
v's are unknown., We have then to rely on maximizing ex-
pected utility and on the first-period certainty equivalence theo-
rem, provided of course that the relevant expectations are
known. Note that these expectations arc conditional expecta-
tions, given the information available at the moment when the
decision must he made. Suppose, e.g., that the rate of increase

of the population fluctuates around a mean v and that it satisfies
the following stochastic difference equation:

— I
{57) vp— v = e (e — ) + g .

where ¢, is a random variable with zero mean and zero cor-

relations over time. Then the expectation of v - v, given the
information available at the beginning of the first year, is

vp-v); that of v,-y under the same condition) is
0 2

[ S

1

(v¢~¥); and so on, By substituting these expectations in

the right-hand side of (5.1) we obtain the first-period decision
of the maximizing strategy (under the assumption d,=d):

Mo .
(1= +blo+yg) )=
hp—1/9)

TuTa @b ag Y

(5.8) o=+
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This result shows that when last year's population increase is
above average ( v(,‘}_\'}-), the savings ratio to be applied in this
year is below the level that would be applied if the population
increase would be known to remain constant at the value v,
This is apparently due to the fact that this year’s population
increase is then also expected to be above average, which has
a negative influence on the savings ratio of this year, sce
(5.1). Tt is true that the population increases of later years,
too, are expected to be above average, which has a positive
influence, but this effect is evidently of less importance.

The desired rate of increase of per capita consumption, d,,
need not to be constant. A simple alternative specification 1s

{(5.9) d,=d-(d-dy", (o<lr<C1, d,<d)

which implies that the desire of the first year is confined to dq,
after which it increases gradually and approaches d in the limit.
The first-period decision of the maximizing strategy under con-
ditions (5.¢) and (5.7) is:

M

(1= *+b/p+9)
% (1 =9 [(x =2} b+ 1/¢] |
{5.10) F TS B T b+ g) (@=dy) —

)‘{i)""l/‘o) ( =
~(4“21] O +bfs+g) o= V) -

(v -+ dy) +

[ g )\-’Eg 4

On comparing this result with (5.8), we find that the savings
ratio is equal to that of (5.8) under the assumption that the
desired increase is constant at the level d, except that a certain

[7] Theil - pag. 15
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multiple d ~d; has to be added. This multiple is obviously
positive, since the increasing desires in later years require more
saving in the beginning.

6. THE SIMULATION TECHNIQUE

We shall now apply the ideas set forth numerically by
means of a simulation technigue. Thus we consider a number
of countries whose cconomies are taken care of by an equal
number of decision makers. These decision makers control the
savings ratios of their respective countrics and do so, year
after yvear, on the basis of the decision rule {(5.10). That is,
cach of them maximizes the expectation of the utility function
(3.7) subject to the random constraint (3.4), where it is assumed
that the desired values of the log-changes in per capita con-
sumption are of the form (5.9) and that the rate of change of
the population satisfies the stochastic difference equation {5.7).
This equation supplies the random element of the process,
which is of course the rationale of the simulation technique.

Fifty countries have been considered, cach during a period
of 50 years. All start with an initial savings ratio (%) of 109%,.
The first-year desired increase (d,) of per capita consumption
is 2% %, the long-run desired increase (d) is 7% %. The coef-
ficient 7 of (5.9) is put equal to 0.95, which implies that after
about =15 years there is a desired increase d, hall-way be-

tween the first-year and the long-run desire, d, = ; (d, +d)=35%.
The expected value of the rate of increase of the population,

v, is taken equal to 0.015. The random variables ¢, of (5.4)
have been generated as normal variates with zero mean and
three alternative standard deviations: 0.005, 0.01 and o.02.
These alternatives are chosen to illustrate the importance of
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different degrees of uncertainty (). The values of the standard
deviations are of course on the high side when they are con-
sidered as describing a distribution relating fo population
changes; but this is hardly relevant in the present connection,
since the random elements of this study should be regarded as
representing uncertainty in development problems in general.
The autoregressive scheme (5.7) is started up with a value for

Vg - v, which is a random normal variable with zero mean and

. 4 . . . .
a variance equal to 3 times the variance of the ¢’s. It is casily

verified that this is the variance of v,- v for any # when we
assumed that the autoregressive scheme has been in operation
since Adam and Eve,

The b-value chosen is 1% in accordance with the remarks
made at the end of Section 2. Tor the capital-income ratio (&)
we take 37/, years, The coefficient g of the preference funciion
(3.7) is put equal to 0.1, which means that a change %, ~ x,_,]
in the savings ratio is considered ten times less serious than
a discrepancy y, (between desired and realized log-change in
per capita consumption) of the same size.

It would go too far to mention all results for all countries
in all years separately. One sample case is presented in
Table 1. It shows that the savings ratio is increased from 10
to almost 139% in the first year, to almost 15% in the second
year, and so on, after which the further increases tend to be-
come smaller and smaller. In some years there are decreases
rather than increases. After 50 years the savings ratio is close
to 30%. In the first two years there is a decrease (between 1
and 2%) in per capita consumption, witness the negative values

{} Note that the g’s generated are identical for each triple (apart from
an adjustment such that their standard deviations are 0.005, 0.01 and c.02,
respectively),  That is, for each country 4 and each vear ¢ ({where
i tw=1, ..., 50) one single g i$ generated. This was done o guarantee a
perfect ceteris paribus situation for the three different standard deviations,

[7] Theil - pag. v7
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of the first two clements of the second column. This is the
natural consequence of the necessity to start the development
by reducing consumption at the beginning. It is of course not
the Law of the Medes and the Persians that the period of suc-
cessive decreases should last two years, since the process is
subject fo random fluctuations. Table 2 gives a survey of
results and reveals that 2 years is about the average period
during which consumption decreases. When there is little
random variabifity {¢.=0.005) the individual periods of decline
are concentrated closely around this average; but for larger
standard deviations there is also more variability of the decline
periods, as could be expected. The category « other cases »
refers to those in which the period of decline is interrupted
by one or more years during which per capita consumption
increases rather than decreases; e.g., decreases in the first two
years followed by an increase in the third and a decrease in
the fourth year. The signs of changes in the fifth year and later
have been disregarded; they are negative in some isolated
cases for g.=0.02.

Table 1 shows further that in the first decade the total log-
arithmic increase of per capita consumption is 0.1611, which
corresponds to a percentage increase of about 17. In the second
decade i is much larger: 0.6757 corresponding to a percentage
increage of alinost 1oo. These increases, too, are subject to
random variability. A survey of the quartiles of decade growth
rates is presented in Table 3. The results show a gradual
increase of these quartiles over time. Of course, the increase
is not so regular in every individual case! This is iHustrated
by Table 1, which indicates that in that case the decade growth
rate decreases in the third and fourth decade. For the set of
all data generated it appears that different values of o. do not
lead to much difference as far as the median growth rates are
concerned, but they do lead to important differences in dis-
persion.
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TABLE 1. —— 4 sample case of 50 years development (g = 0.07).
Year Savings ratio Log-change in per capita Decade log-change
(x 1aoo) consumption (¢ 10,nao) {* 10,000}
1 127 191
2 149 128
3 167 30
4 igz 195
g 198 142
G 207 319
7 215 268
8 294 308
9 229 310
10 234 357 1611
11 238 650
12 246 &77
13 254 755
14 261 521
15 265 464
16 265 603
17 265 650
18 269 741
19 272 790
20 276 787 G757
21 280 914
22 294 648
23 284 669
24 283 886
25 286 118
26 287 701
27 286 437
28 282 454
29 278 600
30 217 486 6508
a1 276 623
32 277 482
33 2717 702
34 279 541
35 280 684
36 282 441
37 280 558
38 280 593
39 280 708
40 283 541 5873
4] 283 747
42 286 652
43 2817 541
44 286 733
45 288 688
46 289 53
47 291 769
48 293 1
49 205 711
50 295 647 017
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TABLE 2. — Periods of initial decline of per capita consumption.

Number of cases when the standard deviation of € is
0.005 0.01 0.02
Zero . e 1 4
One year 10 11 7
Two years 35 22 13
Three years 5 10 11
Tour years — 1 3
Other ¢ases — 5 12
TaBLe 3. — Quartiles of decade growth vafes of per capita
consumplion (% 10,000).
First Second Third Fourth Fifth
decade decade decade decade decade
o€m0.005
Low_er guartile . 11859 5626 6494 6747 7095
Median ‘ 2184 5730 G738 7014 7283
Upper quartile 2433 5885 5880 7254 7483
UE:O.OI
Lower guartile 1718 5462 6330 6475 6978
Median . 2186 5672 6818 7010 7344
Upper quartile 2664 5980 7102 7469 7752
cQ:O.OE
Lower guartile . 11231 5133 6004 5934 6736
Median . . 2130 5553 6980 7004 7474
Upper quartile 3126 5169 7546 7961 8288
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The final judgment on the performance of the process must
be based on the criterion function. If we confine ourselves fo
the first fifty years, the function can be written in the form:

50 50
{6.1) ot 3 {xy=xa* + 3 Y
{1 Lozl

the expectation of which we try to minimize. The values which
the function (6.1) takes in the 50x3 cases are subject fo a
distribution and will therefore differ from case to case. How-
ever, the distribution of the performance measures {6.1) is not
very exciting, A more useful measure, particularly in the con-
text of the present paper, is a relative performance measure
describing how well the policy has done compared with two
alternative approaches: the « perfect » approach, which fore-
casts correctly all future values which the chance mechanism
will produce, and the « naive » approach, which does not use
the information which is available to the decision maker at
the moment when he has to make his decision. The former
approach is based on equation (5.1), its v’s being generated
by the €’s of (5.4} as these were actually generated by the
normal chance mechanism. [Strictly speaking, (5.1) and (5.7)
require that we use an infinife number of ¢’s, which is somewhat
unpractical, but the 25 which have been generated beyond the
50 years of the experiment are sufficient for our purpose].
The second, naive approach is based on (5.10) except that the

last term (in v, - v} is delefed. That is, the decision maker
just acts as if the rate of increase of the population has been
and will remain constant at the level v. The savings ratio of
the last policy is not affected by any random element and can
therefore be computed for any year ¢ at the beginning of the
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so-year period (%). It is the same for all 50 countries and it
can be regarded as a primitive kind of fixed-plan policy under
disregard of any kind of new information,

The relative performance measure that will be used takes
the form of a rafio:

(6. I)Stralcgy —(6. I)pcrfect .
(6. Thuaive == (6 . I)pcrfcci

That is, we take the strategy value of the function (6.1) as a
deviation from the value which this function takes in case the
perfect approach is adopted and express this difference as a
fraction of the similar difference for the naive approach. The
ratio is zero when the strategy approach vields as good results
as the perfect approach; it is one if the strategy approach is
as good or as bad as the naive approach. We should obviously
expect that the ratio is generally between o and 1, and this is
indeed the case as we see from Table 4.

TABLE 4. — Relative performance of the siralegy approach.

Slandard deviation of the o s

0.005 0.01 002
Tower quartile 0.816 0.844 0.866
Median . 0.806 0.911 0.918
Upper guartile 0.995 0.973 0.976
%) In eq. (2.8) we approximated the logarithin of the ratio of v, to

rex,., by the ratio of —(x,-x.) to Iy which was approximated
further to —blx,—&.,) 10 obiain a Hnear expression, The latter approsxi-
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The median turns out to be of the order of 0.9, which
means that in aboul 50% of all cases the value of the objective
function (6.1) was reduced by the strategy approach by at least
10% (when our yardstick is the distance from naivety to per-
fection). Whether this is to be considered as much or as little
is a question of taste; the present author must confess that
he is not impressed by this figure. DBut a more imporfant
question is whether the strategy approach leads to sufficiently
superior outcomes in general, and this can only be taught by
future research. The results of Table 4 suggest further that the
dispersion of the individual relative performances fends to de-
crease when the standard deviation of the €’s becomes smaller,
This is a somewhat surprising result if it would be true; to find
out whether it is true or not requires a larger experiment,

Simulation experiments are useful to show the random va-
riability of outcomes whenever the model on which they are
based is too complicated to be handled analytically by the
ordinary methods of probability theory. The model used here
cannot claim to be complicated, but, in a more general con-
text, it is not difficult to think of other models in development
programming which do have this feature. Even in this simple
case, however, the method illustrates clearly something which
is obvious to those who think in probabilfity terms but which is
not so obvious fo those who think in terms of nonstochastic eco-
nomics; viz., that a procedure which is good in general is not
necessarily good (at least not good in a limifed time period)
in all individual cases. Tor example, the relative performance
measure is above 1 in almost 20%, of all cases, Thus, if we

mation can be improved upon if we veplace b by the reciprocal of 1 minus
the x,_; of the fixed-plan policy. because it turns out (in the present
application at least) that the fixed-plan savings ratios do not differ too
much from the corresponding savings ratios of most of the strategy cases.
This alteration would imply that the multiplicative coefficients of eq. (2.0)
cease te be constant over time, which makes the computations more comp-
licated, Dbut probably not in a hopeless manner,
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advocate the strategy method to Turkey, Egypt and Iran, it
may turn out after half a century that our advice was good
for Turkey and Egypt, but not for Iran. This should be stated
frankly to the policy makers concerned, which can be done
easily with the aid of a simulation experiment. In fact, this is
another, practical advantage of the simulation method: pre-
senting its results in tabular and graphical form to laymen is
far simpler than the presentation of many sheets of algebra.
This advantage remains even when it is true, as in the case
considered here, that the model used is not very complicated.
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APPENDIX

Maximizing the quadratic preference function (3.7) subject
to the constraint (3.4) can be done conveniently by using this
constraint fo eliminate the vector of noncontrolled variables.
The result is

{A.1) wie, Re+s) =k +ke +f:f a' K,
where ky=s's
{A.2) le=gxge, - R's

K= - (gA+R'R) .

The optimal decision is then

A3y a'= - K k= (gd +RR)™ (gmoe, - Rs)

which shows that our first task is to find the inverse of gA + R'R.
Let us write

(A.q) e==b4—
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then we have

- o o
¢ ~-b o
R o=

o ¢ ~b

and hence

R'R =

D¢ 2g
~be + g)

(AS) gA+R'R =

—~fi o
byt he
~he b4 et

o]

Brdettag  —(bet g
-e+gy D+ctr2g L.

which is an infinite band matrix in the infinite-horizon case.
The derivations will be somewhat simplified if we write (A.5)
in the following form:

(A.0)

JA+RR
= ’2(’?(5 -+ g)

I

e v g

2

4]

O

1

2

0w

The matrix on the right [disregarding the factor 2 {(bc+g)]
can be wrilten as a scalar (p) times the product of two simple
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maltrices:

Tk o o0 Plr3) —ph o
e I -k .. N S O T —ph o PL+R) —ph
Plo o 1. o w1 ... |7 0 ko p(THRE) L

so that we can identify:

P W =
pL+#) = 14 20%(be +¢) pr=—r"

This implies 2% =1. When added to and subtracted from the
cquation for p(1 +2%) we obtain expressions for p(r+ 1) and
P~ NP

1 I

. S L Y e
(L) 4 s g plr — 3 20 (be + g)

Taking the ratio and then square roots feads to a linear equa-
tion in X with the following solution:

(A7) o tagtle gt -1 (0<% < 1)
[1+ 4p°(be +g)1 + 1

and the solution for p is then /2. On combining these results
with (A.6) we conclude:

VI ""}\ [ ..." - 1 O Q --.“
-+ L B 2 T

(A.8) g3+ R'R == betgio 1 I o
' A o 0 I .. o-h T ..
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It is now casy to determine the inverse of gA+R'R, since

—
~H ©Q
o]

i
&

—

Z

1

<
i
pe
o Q
l
b
e
i
=0

and
I o o —1 o S =4
-A I o . } QY
o -% 1 . o I
—~I A K2 i A
[N W At RE
LS SE S D LA L5 SR LR LAY PREDLNR L

JSEAES L LD LS NP LES T NS L ) AL L S
MO WA AT 3 PNy LN LN A

The typical (£, #)” element is therefore

Min (4,¢9) £ 1t
SEE-RE )

F I‘““-)\

and so we obtain for the typical element of (BA+R'R):

A

(A.9) (g4 + RR) = (LmV) ((m+g

()u El by
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Our second task, according to (A.3), is to postmultiply this
inverse by the vector

oxy T =6 ¢ o || —ews v +dy
. 0 o —& ... g +dy
AT0) gage— R s= -+ 2
{A.10) gaee o 0o o b .. vy +dy

(et gy — (e A dy) (v + y)
— vy + @) (v + dy)
— (gt dy) -+ 5("‘4 +dy)

Then, after postmultiplying the inverse by this vector we obtain
the optimal decision vector x° of which the #* component is:

I
(A1) A= My — b ta (v +d))

I L  btF 4 =it L] [
=l Ez He— By R 4 (5= 0N ()

(=) (e =20} 2 iy, g
i _('ihw:jiz).(/’f'i'g) 1::):11 ENALAN

which is equivalent to (5.1) for the first component (t=1).
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DISCUSSION

IsARD

First, 1 want to ask what you would consider to be a significant
value for the median (on page 23), or the criteria which would go-
vern what a significant value might be. Could you develop this
point further? Second, T was wondering whether, in doing your
research, you had considered any other concept of rational behaviour
besides the one of maximizing expected utility. Suppose you had
taken a more conservative approach toward the problem, say a
max-min approach. What would have happened? Would there
have been much difference?  After all, how many political figures
involved in economic planning would think in terms of maximizing
expected utility?

Frisci

Let me start by complimenting Professor Trer for the simplicily
of the model he used, and 1 am not saying this in a sarcastic way.
1 seally mean that frequently we can exhibit certain fundamental
propertics of a problem, by using simplified examples. And of
course you save a lot of time and mentat effort if you use simplified
examples.
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Now for other aspects at Professor THEIL S paper T may perhaps
be a little more critical. First of all, regarding the very principles
of using rules of strategy. T really doubt whether #hat is a practical
proposition in actnal economic planning., To me it would seem
much more efficient, much more practical, to use what T call and
what 1 will speak about on Thursday — the principle of moving
planning.  That is to say, each year you are going to work out a
completely new, say, five-year plan, taking account of the new infor-
mations you have got, what ever new slants to your preference func-
tion you would like to give and so on. Let me give you an example,
suppose L am out in the woods and I am lost in the darkness of
the night. I am lost; I do not know where T am. All right, what
to do?  Will have to wait til! morning and the sunrise to find my
way. Now what would be the use of sitting down and enumerating
to myself the various alternatives that might happen and how I
should then react to them? Suppose in the mermning, when the sun
comes up, T see that there is an abyss to the north. I would not go
there. A river to the cast; I would not fry to pass that, Tf I discover
a hill to the left T may decide to go up fo the top of that hill and
look around. It is little use from the practical point of view, to
enumerate all the possibilities and to decide beforchand about
the action T ought to take if any given alternative materialises. It
is much better to wait till the morning comes and then decide on
the basis of actual alternatives, what fo do. That would be an
illustration of my principle of moving planning. Then there is the
question of this desirable rate of increase, or desired rate of increase
in consumption. If I have understood Professor THEIL's presen-
fation correctly this is taken as a datum. That is correct, isn’t it?
{Professor Tugi answers yesy All right, Now I can easily understand
that from the pre-programming viewpoint you can impose a Jower
bound on consumption and on the rate of increase in consumption,
perhaps from nufritional data, calorie contents, right vitamins and
so on. DBut it is very difficuit for me to understand that the precise
size of the rate of increase of consumption can be fixed in advance.
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This would be what I call the pre-programming attitude. To me the
rate of increase in consumption is something that will come out of
a programming analysis, which starls from much more basic data.

‘Now only one more remark which is not as important as the two
first T made; that is regarding the procedure of taking the rate of
saving as an instrument in the political sense. I do not see how
you can take the rate of saving as a political instrument because it
is not something on which the policy maker can decide. It is not
one of his parameters of action, The saving rate is rather one of the
consequences that will emerge from his decisions on a lot of other
things. It is a consequence from his decision upen action and
can only be spoken about in the post-programming sense, not in
a pre-programming sense.

LEoNTIRR

In presenting his method of sequential decision-making, Profes-
sor THEIL apparently commits the decision maker to use the same
procedure in each stage of the process, DBut is this really necessary?
Can one not view cach step of the process as involving a decision
over a limited interval of time at the end of which all the available
information, including the information concerning the correctness
of previons anticipations, provides a new, essentially independent
hasis for the next decision? The possibility of modifying the deci-
sion ruie itsell from one period of time o the next should not

be excluded.

FISHER

I have a question related to a simulation experiment not yet
performed by Professor Tuen.. One of the results of his paper is
that, in terms of the criterion function as a whole, the strategy
approach does about 10 per cent beiter than what Professor T

[7] Theil - pag. 33
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calls the naive approach. 1 am curious to know how that 10 per
cent is made up. TIn particalar, 1 would like to know how the ap-
proach does in terms of the rate of growth of consumption taken
separately on the one hand and in terms of the changes in the sa-
vings ratio necessitated also taken separately, on the other hand, Tt
would seem to me fo be of some interest to know whether the gain
comes principaily from the variable which one is ultimately interested
in or whether it comes from being able to cut down on the number
of changes of policy needed to get the variable of nltimate interest
up as high as possible.

THEIL

Professor LeonTiEr's question is clearly the most fundamental
one that has been raised in the discussion, T think it is worthwhile
to make a distinction between strategies in general and the specific
case of quadratic preference functions and linear constraints. As to
strategics in general, it can be proved fairly easily by means of an
example that if you take a decision step by step and if you do no?
combine your preseni decisions with those of later decisions {as is
he case when a decision rule or sirategy is used), you may lose in
terms of expected utility, In fact, it makes also difference as to
the first period decision. However, in the special sitvation of qua-
dratic preference functions and linear constraints, this is different.
The frst-period certain equivalence theorem enables us to compule
this maximizing first-period decision in a very simple way by just
neglecting this difficult procedure of comparing all these possible
strategies.

Professor Friscu dislikes the idea of faking the rate of savings
as an instrument. This is the result of the simplicity of the model.
Making it more realistic would have forced me fo go into a much
more elaborate model and T am afraid that in that case T would have
lost the main point, which is, as Professor LroNTIEF put it so aptly,
not aboul the particular model or the particular preference function,
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but just the general idea of this kind of decision making with re-
gard to problems of development planning, Regarding another re-
mark made by Professor FriscH as to the distinction hetween moving
planning instead of a strategy, I think really that the difference
is not as big as he thinks it is. Particularly this possibility of using
the certainty equivalence procedure makes that effectively we are
working with a2 moving horizon, we could call it moving planning.
This can be particularly easily juslified when one works with an
infinite horizon.

I should also add that this approach of maximizing the expecta-
tion of a quadratic preference function over time subject to linear
constraints is the only case for which it is possible to handle three
difficulties simultaneously: uncertainty, maximization over time,
and many variables, The method of «dynamic programming »
breaks down when the number of variables is not extremely small,
However, inequality constraints cannot be handled by my approach
{Professor Frisci suggested the use of lower bounds). On the
other hand, the approach has several interesting advantages, for
which I would like to refer to my Optimal Decision Rules for Go-
vernment and Indusiry,

Furthermore, Professor Triscu talked about a priowi desired
values of the quadratic preference functions, 1 agree with him that
it would be worthwhile to have a preliminary study as to how we
should really define these desires in any scientific manner. 1 think
it is rather difficult to do and for the moment 1 would like to sug-
gest that this is being solved by a process of experimentation.

Professor Isarn asked two questions. e wondered — it was
page 23 — what I had expected for this relative performance of the
strategy approach and T expressed more or less my dissatisfaction
that 0.9 came out of it. I have no precise ideas about what is
going to ceme out of this in general, This is a matter that will be
found in future research, To take an example, right now we know
rather well when a corrclation coefficient is high or when it is low.
But if you go back a sufficient number of decades, when this coef-
fictent was formulated for the first time, the man who invented it
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certainly had no precise idea about when he should judge his coef-
ficient high or when low. The only thing he knew was that the
coefficient was bound to lie between —1 and 4 1; whether .7 was
high or whether .gg was high, that certainly was not a matter that
could be decided at that time. In the same way I hope T am able
to give an appropriate answer after ten years or so,

Regarding expected utility to be replaced by the max-min ap-
proach, I have my doubts. I think the max-min approach is always
a little difficult by the time your random variables have an infinite
range. And also regarding expected utility, this has a rather firm
foundation given hy von NeumaN and MorGensTERN; they showed
that under a number of rather innocent assumptions a rational man
behaves as if he maximizes expected utility. It is of course quite
another affair whether these preferences can be represenfed in the
way I do, but 1 think that given the large number of difficulties
which we are bound to have in formulating a preference function
anyhow, this is a matter of relatively minor concern.

Finally, regarding Professor Fisuer, [ must say that no com-
putations have been made on the part of the loss function which
is due to the instruments and the part which i3 due to the non-
controlled variables. Buf the basic data are available, so the com-

putations can be made.

FriscH

Professor TuEIL excused himself for the non-realism of the choice
of instruments. He excused himself by pointing to the simplicity
of the medel. T should say that this is an exceilent example of how
a simple model can reveal very pertinent facts and conclusions.
In this particularly simple model, which T complimented Professor
THEIL on, I should say that the capital output ratio is a much
better example of a real instrument, but Tusin took that simply as
a constant that was given. That was my first remark.

[71 Theit - pag. 306
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Second, it seems that Professor Turin connected the idea of
moving planning with the idea of an infinite horizon, There is abso-
lutely no connection between the two, When T speak abeul moving
planning, T simply mean that I am not committed to any predeter-
mined rule of strategy but simply 1 am evaluating the whele si-
tuation in a new and entirely [ree way, and that, of course, I may do
even if my planning period is a short one — three, four, five years
or something, So it has nothing to do with the idea of an infinite
horizon,

Professor THiIL also made a temark on the MORGENSTERN theory
of expected values of ulility. 1 do not think you can justify this
approach by saying that it is an expression of rational behaviour
or something else pertaining to the substance matter of the problem.
The whole thing here is only & formal one, and resides in the fact
that you inlroduce an assumption which makes atility addifive.
And if you do that, if you put that up as an axiom, the you can derive
a lot of consequences regarding sub-optimality. Prof, THEIL's use
of the word suboptimal is really an example of what you may call
persuasive definition, becanse optimality in this particular case is
in the end preciscly an cxpression for the idea of expected utility,

Tuern

This idea of moving planning and moving horizons can also be
applied in the case of a « truncated » horizon of, say, three years.
Then the decision maker is supposed to lock three years ahead at
the beginning of every year, and he should evaluate all things all
over again. Hence there is not as much difference with Professor
I"risci’s ideas as he thinks there is. Regarding sub-optimality, T
define as the optimal decision the decision which maximizes the pre-
ference function, nol the expectation of the preference function,
subject to the constraints as they actually are. There is therefore
no reason o speak about a « persuasive terminology ».
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SOME OBSERVATIONS ON COUNTERCYCILICAL
FISCAL POLICY AND ITS EFFECTS ON
ECONOMIC GROWTH
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1. INTRODUCTORY REMARKS

A leading idea in « Post-Keynesian » econemic thinking
has been the strong emphasis on fiscal policy as a means of
steering an economy towards full and efficient use of ifs resour-
ces. But for this purpose, it is held, the policy must be
« radical » and « unorthodox », and not of the old-fashioned,
balanced-budget type. The line of reasoning, stated briefly,
seems to run approximately as follows; « Orthodox » fiscal
policy based on a balanced budget and relatively modest eco-
nomic activity on the part of the state is responsible for unem-
ployment and waste of resources during business depressions.
The task of a good fiscal policy should be to keep effective
demand high enough — if necessary through very large budget
deficits — in order to maintain full employment also when
private investment activity is low. IEven more far-reaching
is the particular ideology that often scems to accompany this
kind of reasoning, viz. that a government actually has ful-
filled its main obligations as an economic policy-maker if it
adheres to a fiscal policy as described.

{81 Haavelmo - pag.
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This strong emphasis on fiscal measures as an instrument
of economic policy raises several inferesting questions.  For
one thing, it seems quite curious that, once possible defects
of an automatic market mechanism are admitted, the explana-
tion should simply be: « wrong fiscal policy ». The choice to
pin alt the blame for depressions and idle resources on « old-
fashioned » budget practices alone seems rather arbitrary, in
view of the many other possibilities there are lo remold the
economic system by means of policy decisions, Another ques-
tion is whether a flexible budget policy can actually solve the
relatively simple problem of maintaining full employment in
a macroeconomic sense. A constraint in the form of demand
for relatively stable prices could be sufficient to make the
problem very difficult, even hopeless {'). Here we shall, how-
ever, not concern ourselves with these and related questions,
although they are interesting enough. What we want to discuss
is the following more straightforward question.

Let us accept the idea that full employment can be main-
tained by regulaling effective demand and that this regulation
can be carried out by means of a policy of deficit spending.
Let us further assume that such a policy can be practiced
without too serious and unwanted side effects in the form of
inflation, reduced labor efficiency, or the like. And let there
also be no minimizing of the tremendous improvement that
such a policy could mean as against the alternative of a passive
laissez faire principle. But this being recognized, there is
stifl the important question of whether sach a full employment
policy would be « optimal » in any reasonabie meaning of that
phrase. In other words, is the goal that such a full employment
policy sets itself sufficiently high to satisfy modern requirements
concerning efficient use of a nation’s resources? That is the
question to which the rest of this paper is devoted.

() CI. P.A. SamurLsonr and R, Sonow, Awalylical Aspecls of Anti-infla-
tion Policy, « American liconomic Review », May 1960, p. 177-194.
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2. SoME DEFINITIONS AND ASSUMPTIONS

We shall carry out our analysis under the assumption of
a closed economy consisting of two sub-sectors, a private sector
and a public, or government, sector. We shall need the follow-
ing variables in the models to be considered.

(1) x(#) = total net national product

(2) xp(t) = part of x consumed by private sector

(3)  wo(#) = part of x consumed by public sector (« collective
consumption »)

(4) ho(t) = part of x representing private net investment

(5} fo(t) = part of x represeniing public net investment

(6) k{t) = kelt)+Rolt)

(7) K{t) = total stock of productive capital of all kinds, in
the whole economy

(8) y{t) = disposable income of the private scctor

(9) m(#) = rate of total government deficit spending.

All variables are to be regarded as in constant prices.
Except for K, the variables are all flows, i.c. they have the
dimension of « per unit of time ». More information concern-
ing the meaning ascribed to the variables is given implicitly
by the following definitional relations {using hereafter the sim-
pler notation of x, %y, cte. instead of x(t), xo(t), ete.):

(2.1) x=Xp+ Xo + ]ﬂ-p + k()

(2'2) y:x1>+kp + m
aK ;

(2.3) e
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We propose to work with the following simplifying assump-
tions concerning the structure of the economy considered.

Assumption 1. The capacity to produce of the economy is
assumed to be proportional to the stock of capital, i.c. equal
to aX, where ‘a’ Is a constant over time. We shall assume that
population and total labor force are constants and that the
part of total labor force employed at any time is a function
of the part of total capacity actually in use. The coefficient «,
therefore, includes also the effect of labor input. {More spe-
cifically, if N is the total (constant) labor force, N actual
employment, and x actual total output, we could assume that

N/N is equal to x/aK).

Assumption 2. The propensity to consume of the private
sector is given by

(2.4) Xy +f3

where o and 3 are constants over time, and such that 01T
and fxo.

Assumption 3. Public consumption, x,, is assumed to be
proportional to the size of the cconomy as measured by its
production capacity. We thus have

{2.5) Ko = yak

where ¥ is a constant over time.

Regarding the cocfficients a, o, §, v and the injtial value
of K, we shall assume that a(1 - v)aK + 8 +vaK< aK, i.e. that
the maximum rate of public and private consumption does
not exceed capacity (of. Assumption 4 Dbelow).

[8) Haavebno - pag. 4
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Assumption 4. The level of public investment activity is
assumed to be proportional to total « desired savings » in the
economy when operating at full capacity. The meaning of this
needs a little further explanation. Available resources at full
capacity, after allowing for public consumption %o, is equal
to (1-v)aK. If an income corresponding to this flow of
resources were at the disposal of consumers, they would want
to spend «{1 - y)aK +f of it for xp. The remainder, available
for public and private investment activity, would be equal to
(1—a){1—7)aK—f (which is assumed to be initially positive).
Our « assumption 4 » can then be written as

(2.0) Ro=0 [(Iwwa)(lw—y)alimﬁ]

where 8 is a constant over time, Alternative levels of & (includ-
ing 8=0 or 8=1) may be considered.

Under the specifications describing the details of Assump-
tion 4 the maximum flow of production available for private
imvestment would be (1—8) [(1—a){1—y)aK—3].

More special assumptions concerning the nature of fiscal
policy on the one hand, and the nature of private investment
activity on the other hand will be introduced in Section 4.

The simplifying assumptions introduced above are, of
course, very drastic and grossly unrealistic in many aspects. In
one respect, however, they are not disturbingly nnrealistic,
namely in their degree of similarity to the kind of models on
which much of the theory of fiscal measures for full employment
is based. If this is correct, it would seem of interest and fair
enough to study the efficiency of fiscal policy under the as-
sumptions that we have introduced.

(8] Haavelmo - pag. 5
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3. SOME PRELIMINARY CONCLUSIONS CONCERNING THE CONSIE-
QUENCES OF THE « OLD » v8 THE « NEW » Fiscal. PoLicy

On the basis of the — ag yet incomplete - model above it
is possible to illustrate the differences between the « old » and
the « new » ideas of fiscal policy and to bring out some of their
striking characteristics.

We shall regard private investment, kp, as the independent
and freely variable element of the model and study the con-
sequences of variations in this part of total activity.

Let us define « old-fashioned » fiscal policy as a policy
where m is kept constantly equal o zero. (It may perhaps
also be reasonable to assume that this policy would be coupled
with a state of affairs where &, indicating the public part of
investment activity, is rather small.) Trom (2.2) and (2.4)
we then derive the now rather « threadbare » textbook relation

(3.1) L — Fop - T (m==0)

provided, of course, that x=x, *xo+ke+ko<aK., This
« classical » relation of a neutral fiscal policy shows one pro-
perty that would make good common sense to most people,
viz. that when the economy is in a state of stagnation or slow
progress (i.e. %p small), then people do not feel that they can
spend much on consumption cither. The senseless aspect of
the situation is, of course, that both %, and ke may be far below
the level that available capacity permits.

The « new » type of fiscal policy, on the other hand, can
be illustrated by requiring that xp+4 %o+ kp + ko = ak, which

[8] Haavelmo - pag. 6
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will determine the necessary level of m for a given kp. Using
the relations of Section 2 this yields the following equations

(3.2) xp = (T )aK—ho—FRo,

I-—- T —4 I 11— &
(3'3) 7 == (m,,._g...)..c:(___ﬁ a}{ — _&.‘m /"P [P ,130 . {j_

(3-4) ye= (e aK =k = ko — ).

These relations of a « fiscal policy for full employment »
show some interesting — not to say disturbing — aspects.
First, we find that the less economic progress the society is
making (i.e. the smaller k» is), the more it spends on current
consumption, Second, and this explains the high rate of con-
sumption, the less economic progress the society is making,
the more people carn! This follows from relation (3.4). Third,
the less economic progress the society is making, the more
people feel that they are providing for the future in the form
of saving! This follows by calculating ¥ - xp, which yields

I—o - Lm0l
§ Ay (1—y)all — - e . feg -

Another way of putting this last statement is to say that the
slower the real economic progress of socicty the higher the rate
(1 ~ ko) of « unfounded paper claims » added to the wealth
of the private sector.

In spite of the obvious improvement over the « old » po-
licy in that capacity is being utilized, it would seemn rather dif-
ficult to imagine that the people of an economy would have a
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welfare function under which the strange properties exhibited
above could be an optimal choice if only the « real » cons-
traints of the system, viz. capacity to produce, were to count.

4. EFricrs o CYCLICAL VARIATIONS IN PRIVATE INVESTMENT
ON THE RATE or Economic GrowTH

In order to MMustrate the possible effects of variable private
investinent under a fiscal policy for full employment we shall
now make a strict, but not entirely unrealistic, assumption
about the behavior of private investment. We shall assume
that it is cyclical with variable amplitude around some variable
(but preswmably positive} level. More specifically, we shall
assume ke to have the following time shape:

(4.1) fp=A(f) [sin wt+ B3],

where A(f) is some non-negative function and B a constant.

We want to proposc some fairly reasonable assumptions in
order to determine the factor A(¢) and the constant B. We shall
suppose that when the desire of private investors to invest je
at its peak, it is sufficiently high to exhaust whatever capacity
is available for this purpose.  When, on the other hand, the
desire to invest is low, we shall assume that its practical lower
level is zero.

The second of these assumptions will be satisfied if we put

(4.2) B=1,

The determination of A(z) is a little more complicated. It
depends on, among other things, to what extent it is possible
to vary the government parameter .

In point of principle the available capacity for %p» could

[8] Haavelmo - pag, 8
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be made large by operating with a negative and numerically
jarge value of m. However, experience in recent years from
many countries has shown very clearly that it is, politically,
very difficult to get m very much below zero. In fact, if go-
vernment investment ko is of some sizc, it has proved next to
impossible to make even (m - ko) substantially negative (ex-
cept, perhaps, through the camouflage of an inflationary pro-
cess yielding « unintended » higher tax returns). As a practical
assumption in the present context we shall, therefore, impose
the constraint that

(4.3) Minimum value of (m - ko)=0.

Consequently, we find that the maximum value of ke is limited
by the government policies for xo and ko as determined by
(2.5) and (1.6), respectively, and by tlie lowest value of xp

that can be obtained under the constraint (4.3). This implies
that

(4.4) By = (1) [(1—a)(1—7)aK—B].

From (4.4) and {4.2) it then follows that it may be reason-
able to determine A(Z) in (4.1) by setting

(4:5) Al =— (1) [(1 =) (1~ 7)eK — 6]

We then obtain the following differential equation describing
the development of total capital under the full-employment fiscal
policy considered,

(4.6) h==hyiky=K= % (1 - 33 [i1 — a)(1—7)aK—B] [sin wr+

1)+ & [(x —a)(E—y)al—p] .

[8] Haavelmo - pag. 9
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The general solution of this equation has the form
(4.7) K = Hek 4 K

where H is an arbitrary constant to be determined by the initial

conditions and where the function A{#) and the constant K are
given by

(4.8) Al = — :— {x—a){1—y}(x - ) -:’- cos i +

+{T—a)(1-)a [:—(I —&) + 8] 7,

7 B

(4.9) K= o

It is seen that A{t) is composed of a pure cyclical component

and a trend element, while &(z) is a linear function of the pure
cycle alone. From the constraints that we have imposed upon
ko and kp, making them uniformly non-negative, it is obvious

that H must be positive and that &(#) can never be negative.
Inspecting our basic model eguations we find that x, x,, and
ko are linear functions of K alone, while xp, ks, y, and m are

lincar functions of K and K. Trom these considerations we
can draw the following conclusions.

Conclusion 1

Even if fiscal policy is sufficiently « radical » to maintain

will depend essentially upon the extent, (r-8), to which the

[87 Haauelmo - pag. 10
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initiative concerning investment is left in the hands of private
investors.

It is inleresting to compare the two exfreme cases §=o0 and
g=1. In the first case there is no investment activity on the
part of the government. The second case corresponds, formally,
to a situation where the government is the sole investor. This
second case need not, however, be interpreted in such a strict
sense. 1t may well include the case where the government is
not actually an investor but merely acts as planning and co-
ordinating body for all investments in the community. (In-
deed, various fiscal measures, other than a simple palicy of
deficit spending as discussed above, may well be useful in
order to implement such a gencral investment program.) From
{4.6) we can then draw the following conclusion.

Conclusion 2

If all investment is privale (&=20), the trend rate of growth
will be one half of the trend rate of growith when all investment
is public or publicly directed, (&=1).

In judging these rather strong conclusions it is, of course,
essential that we keep in mind the assumptions on which the
results are based. Thus, to mention only one thing, we have
not even touched upon the relative merits of technical efficiency
of public vs. private investment activity. Nevertheless, the
results obtained show a definite tendency to reduced growth
because of fluctnations in private investment, a tendency which
cannot be waved aside as just a peculiarity of our special model.

The model has several other rather interesting aspects.

Thus, for cxample, the rate of accumulation of « un-
founded wealth » of the private sector will, on the average
account for a part of total accumulation which is the larger
the higher is the share (1 - 8) of private investment. How this

[8) Haavelmo - pag, 11
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is to be interpreted from a welfare peint of view, could be a
subject of considerable speculation,

Another obvious characteristic of the model is that the part
of lolal product which is consumed will, on the average, be
the higher the larger is the share of private investment. But,
consumption too, will be cyclical and will not be based on a
consideration of the actual resources that the consumers, taken
together, have at their disposal at any time.

5. REMARKS ON PossisLe EFFECTS OF INDUCED PRIVATE IN-
VESTMENT

It might be argued that the assumptions made about private
investment, kp, In the preceding section are unreasonable be-
cause no account is taken of the possibilities of induced invest-
ment. Such investment could have two main components. The
first of these, relating investment to the level of total production
activity, could be based on the hypothesis that when total
activity Is high, profit expectations are high, making some la-
fent investment projects more attractive. The second main
component could be some kind of acceleration effect.

Without going into details it is, nevertheless, fairly obvious
how such elements of induced investment would work in the
model framework considered. Roughly speaking, the effect as
far as the maximum need for deficit spending () is concerned,
would De similar to that of a combined increase in « and in 8.
As for the rate of growth of K, the effect (under a fiscal policy
for full employment) would be similar to an increase in 8.
Of course, one cannot say, without further investigalion,
whether the absolute magnitude of the cyclical variations in
total investment, or the absolute maximum level of m at any
given time, would be larger or smaller than they would have
been without such induced investment. The obvious reason

{81 Haavelwmo - pag. 12
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for complications in this respect is the fact that the whole time
path of the variables will be changed as a result of a change
in the characteristic parameters of the model.

There are at least two reasons why we do not want to follow
up this analysis of inducement any further in the present con-
fext. One reason is that the theorctical foundation of the idea
of induced Investment is in itsell rather dubiows. Thus, as |
have tried to show elsewhere (*), it is not casy to justify a
systematic tendency to induced investment by any « classical »
principle of producers’ behavior in maximizing profits, But
the second and more important reason is that the possibility
of large-scale induced investment is in fact irrelevant to the
main argument to which this paper is devoted. This last sta-
tement may need a little further explanation.

The main line of argument of the « new » and « radical »
principles of fiscal policy for full employment has, as far as
[ have understood it, been a) that the government should not
be afraid to accept wery large budget deficits i necessary,
b) that in certain periods very large budget deficits will actually
be required, and ¢) that if such a « radical » policy is adhered
to, the government has done its main job as an economic policy
maker,

Now, if this is a correct interpretation of the line of think-
ing, it would seem to me to be rather strange to argue that
induced investment is so important that only modest variations
in the budget deficit would be reguired. Such an assumption
is also contradicted by facts. Ixperience has shown that pri-
vate investment may be subject to large variations which can-
not easily be explained by any initial change in effective de-
mand for consumer goods,

The idea that a « radical » fiscal policy for full employment
would not in fact need to operate with very large budget de-

(") Cf. my book on A Study in the Theory of Tuvestizent. University of
Chicago Press, rg0o.

(8] Huaavelwo - pag. 13
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ficits is, T think, based on a confusion between two different
hehavior patterns as {ar as private investment is concerned.
On the one hand we have the dubious effect of increased effec-
{ive demand upon investment in the case where investment is
assumed to be based on existing capacity and current earnings.
On the other hand we have the possible stimulating effect of
the mere knowledge that the government would use very large
deficits if necessary. This latter effect would then be a result
not of the fact that total activity is high but of the conviction
that total activity would not be pernutted to become low.
The second of these two investment theories has, I think,
considerable strength. DBut it has the rather interesting impli-
cation that the acfwal use of very large budget deficits would
not be the proper means of stimulating private investment,
except perhaps for effects in the way of « teaching a lesson for
the next depression ». It is likely, however, that definite and
concrete over-all plans for the various parts of economic acti-
vity feasible within the capacity available would be more con-
vincing as far as creating « business confidence » is concerned.

8] Haavehme - pag. i4



DISCUSSION

LEONTIEF

May 1 ask Professor HaAvELMO te answer the following question?
His equation 3.3 invelves a relationship between the magnitude of
a deficit and that of public investment, A deficit is measured in mo-
netary terms while investment in real. Professor HaaveELMo visual-
izes apparently the possibility of a sitvation in which large or
small deficit might be combined with either large or small public
investment. 1t would be helpful if he could interpret in somewhat
more operational terms the practical meaning and implication of
either one of these different possible combinations.

HaavELMO

I refer to the definitions (2.1} and (2.2). T can derive the equa-
tions (3.2) » (3.4) from the definitions plus the consumplion function
(2.4) and the rclation (2.5). m is simply government outlay net
of taxcs. Of this outlay the only real connterparis are public con-
sumption x, and public investment ky.  The rest is government
subsidies or expenditures on « worthless things ». m for fali employ-
ment will be large if total investment, public and private, is small,

(8] Haavehno - pag. 15
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IsaRrD

My comment is gencral. The paper is excellent, but 1 miss the
regional variable, Haaveimo talks about investment programming
and yet we know in national cconomic planning that a hasic problem
is how to allocate investment among the different regions. 1 am
very conscious, too, of the different investment incentives reguired
in different regions, And so forth. Thus, althoug I do not wish
to be critical of Haavermo’s excellent statement, T do hope that
he and others might perhaps consider somelime in the future in-
troducing in a simple way the regional variable in their model,

ALLals

I must confess T have been provoked by the conclusion of the
model according to which the rate of growth is doubled under a
regime of public investment. I have searched for the explanation,
because, in a model which is mathematically coherent, the expla-
nation of the conclusion nmust lie in the hypotheses adopted. T the-
refore have four remarks to make.

The first is that there is one apparently absolutely inoffensive
hypothesis on page 4. That is, the capacity of the economy to
produce is assumed to Dbe proportional to the stock of capital
{assumption 1). At first sight that is quite natural and in my paper
I intend to stress the fact that the capital output ratio is practically
constant and T intend fo propose to you an explapation of this
constancy.

But, from the practical constancy of the capital oatput ratie,
it is impossible to conclude to any proportionality of real income
to real capital and specifically 1 intend to show that, for a given
population and with given technological knowiedge, there is a maxi-
mum value for real national income whatever the value of real
capital.

If you make the assamption that population is constant and if
you don’t make jt explicit somewhere that there is some technical

(8] Heavelmo - pag. 10
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progress {and this is the case in FlAAVELMO’s paper), it is impossible
to derive the conclusion thal there can be an indefinite increase in
real consumed income, as is the case in HaavsLmo's paper (rela-
tion 4.8).

My sccond abservation is the following: in any case is the for-
mula verified by facts? Do we observe that there is a correlation
between the rate of growth and the volume of public investiment?
As far as I know, it is impossible to derive that conclusion from
the data we have.

A ihird point: It seems to me it is very difficult to assume
some oscillations of privale investment (equation 4.1) withoul in-
troducing the monetary aspects explicitly. In fact it is certain that
if there is a depression it can be fought efficiently by making public
investment, but under one very important condition. This is, that
the public investment be combined with creation of money. If
public investment is not combined with the issue of new money,
the global effect for the whole cconomy will remain the same as it
was in the past. With public investment there ean be a positive
multiplier effect but if this public investment is financed by a di-
minution of spending elsewhere, there is a negative multiplier effect
elsewhere and the global effect on the whole economy is 0. Thus
te have the advantage of full employment, it is not public invest-
ment which is important but the crealion of new money. And if,
instead of undertaking new public investment, one could imagine
the state spending its money in some other way, for instance by
giving subsidies to people, anything which is not investment but
new expenditure, {he same effects will be generated.  So, in my
opinion, what is very important for full employment is the overall
expendifure of the economy as a whole and nol public investment.

My fourtlh: point is that public ipvestment is also subjected to
cyclical fluctuations and if equation (4.1) were valid for public in-
vestment, the results would be absolutely different.

The HaavirMo paper is very interesting, and, for me, quite
thought proveking, but in my opinion the conclusien at which it
arrives derives directly from hypotheses which are very questionable,

‘81 Hanvelmo - pag. 17
9, Pag 7
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First, theoretically, the conclusion concerning the influence of the
public investment on the rate of growth depends largely on a very
strong hypothesis which T personally cannot accept (assumption 1).
Secondly, empirically, there is no corvelation showing that the rate
of growth is doubled when all investment is publicly directed. Third,
for full employment, what is important is not investment but spend-
ing, and spending depends cssentiaily on moenetary policy, TFinally,
the fourth hypothesis (4.I) is a very questionable one to the extent
that it assumes that public investment does not fluctuate at all,

Frsuer

I have a question concerning the conclusion of part three of the
paper. I am concerned particularly azbout the place in which it is
found that the fiscal policy for full employment has some peculiar
properties, In particular, HaavELMo shows that such policies lower
the rate of private invesiment and for that matter the rate of public
investment. The more that is spent on current consumption and
the more that is being carned evidently the more if is felt that the
future will take care of itself. Haavelmo states that it seems dif-
ficult to imagine that people would actually have a welfare functicn
in which a policy with these properties would be an optimal choice.
However, this overlooks a crucial point which is expressed in the
equations in the paper, This is that capital stock does in fact ap-
pear with a positive coefficient. It is thus true that while with a
given capital stock people would invest less under full employment,
this would have the result of lowering the capital stock below
what it would have been otherwise and therefore such reduction
of investment could not continue to happen for a long pe-
riod of time. It follows that if people had a welfare function which
extends over a reasonably long period, they might well find that
an optimum choice would be fiscal policy for full employment be-
cause they would not then find it to be true that the less progress
they were making, the more they were spending. Professor Haa-

[8] Haavelmo - pag. 18
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vELMO's conclusion overlooks the role of capital stock in the model
and therefore overlooks the presence of long-run effects.

ALLAIS

May T add a remark? The conclusion that the rate of growth
is greater if we have public investment in the model, is evident
without any calculation since Professor HaavEL2O introduces two
strong hypotheses. The first, as 1 have alrcady stressed, is that
real national income is proportional to real capital. The second one
is the acceptance of an osciflation in K (formula 4.1), at the same
time making the assumption that public investment is increasing
when this oscillation is present, With such an hypothesis, it is
evident without any calculation that in the end there must be a
greater rate of growth when the volume of public investment is
significant. ‘

ITAAVELMO

First, some general remarks. Let me be quite emphatic about
my ideas on public investment in this connection. There is no kind
of political preference involved, as to who is to carry out invest-
ment. Those who actually carry out investment activity might well
be the private sector in all cases. That is, what I call public invest-
ment here may just be ihe part planned, financed or otherwise sup-
ported by the government — that doesn’t change my formulac. If,
as has been suggested, a bigger and better model were developed,
this might come out more clearly, I am personally not particularly
fond of this kind of simple models, certainly not for planning pur-
poses. I have just presented it, as I said, to use it as a base for
criticism of a way of thinking.

Now for the more specific points — Arrais made his points in
two rounds, perhaps we could take them joinily. Given my objective
for this paper I don’t think the assumption about production capa-

(8] Haavelino - pag. 19
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city being proportional to capital is very central. Put this would of
course depend essentially on what alternatives are considered more
reafistic. I should also like to add an explaratory remark in con-
nection with my assumption of constant population. The reason
why 1 made this assumption hete is one of simplification and at least
off hand T don’t think that this particular assumption is central in
explaining my main resuits. Then there was the remark that actually
in statistical figures there is not very much correlation between the
rate of public investment and growth. Well, I don’t know ahout
that in detail, but I would dare say that probably we have not
had so much of such policy that it would show up very much in
the figures. My model illustrates more a policy that is being talked
about, rather than a policy that has actwally been carried out in
full.  Then there was the point about business eycies as an element
in the model. I admit that this is not a business cycle theory and
it was not meant to be. I have made the strong assumptfion about
cyclical movements in private investment just to see how the system
works if investment runs that way. 1 could refer to many sources
where assumptions have been made about the autonomy of private
investment.

Then there was the comment from Mr, Fisuer. He correctly
pointed out, in connection with the formula he referred 1o, that if
you want to consider matters over time, of course the amount of
capital changes gradually. Now the point of the formulas on page 7,
which he relerred to, is just to make some comparative studies,
assuming that you could instantancously shift the rate of private
investment around, since this is the autonomous faclor in my mo-
del. 1 just wanted to see what the instaniancous effect is and [
can also, at the same time, answer another comment that comes in
here. T am not saying that it is bad that you get more consumption
and less investment or that it is good that you get high growth and
lower consumption. I'm just saying that [ doubt very much
whether cyclical movements in the preferences are realistic. T will
also add that one must be aware of the essential dynamic aspects of
the model. 1t is by no means certain that you will not in the se-

[8] faavelne - pag. 20
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cond case get much greater consumption and rate of growth of
capital in the future. Therefore it is doubtful whether one can say
that one alternative leads to more consumption and the other leads
to more investment generally, This may shift over time. That
brings me to the question of the underlying preference function in
general. T have not made a statement of right or wrong here. 1 have
just said that if one wants growih, here's how matters work. I'm
not saying that it is impossible that one should want precisely the
development that we get by the model under the assumption of
investment being mainly privale. There is one point in that con-
nection however; as far as 1 see it, the only way that a social pre-
ference function — if we assume such a thing — shows up in this
kind of economic model, is through the consumption function.  And
there is nothing there that should lead us fo think that people have
strange cyclical variations in their preferences. In fact, people may
not even be aware of the investment cycle in my model. They have
constantly full employment. Their disposable income, it is true, is
higher when the cconomy i not growing than when it grows. DBut
consumers, counting in money, don’t sec that the country is not
growing and thercfore they are consuming. think tlat this is a
fair interpretation of the meaning of the consumption function. If
people have high income, they will naturally think that they can
afford to consume more and still provide for the future while
actually they are only piling up money whicl: the government owes
them. 1 think now that, even though 1 have not mentioned the
pames of all those who commented, I have answered more or less
all the guestions.

ALLAIS

This conclusion that the rate of growth is increased if you have
public investment instead of private investment is so important from
the point of view of both economic theory and policy, that T think

I must insist again on three other points.

[8] Hawvelino - pag. 21
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First point. I in equation 2.4 ¢ is equal to 1, the rate of growth
15 0. In this case, whether there is public investment or private
investment, the rate is exactly the same. This is quite disturbing
because if public investment is more efficient, one would expect that
this conclusion would be independent of ¢. The logic of the model
cannet be attacked in any way; it is absolutely correct, But it is
necessary to stress the hypothesis from which the conclusions are
derived. Thus, my first point is: if & is equal to 1, public invest-
ment has no role at all in increasing the rate of growth.

My second point is: HaaviLMo has said that the hypothesis that
real income is proportional to capital does not play any role in the
final results. But if it were assumed that real income cannot in-
crease indefinitely as a result of increasing investment, the conclu-
sions of the model would be absolutely different.

And, on the contrary, if it were assumed that real income is
increasing proportionally to real capital, we would be admitting an
hypothesis which is in contradiction with the facts.

If one assumes an indefinite increase of real national income
resulting from indefinitely accumulating capital, this is equivalent
that the stage of decreasing returns to capital is never reached. And
this is not confirmed by observation,

Thirdly, the hypothesis of a cycle of oscillation for K is essen-
tial for the conclusions, Haaveimo is completely rlgh{ m saying
that fluctuations of K, have been obscrved in the past, and I am
ready to admit equation (4.1) at least as a first approximation. But
as far as public investment is concerned it has never been observed
to be able to compensate for the fluctuations of private investment.
In addition, we have never observed an absence of fluctuations in
public investment. Thus, I could propose another mode! conform-
ing with information relating to the past and show that public
investment has exactly the same drawbacks as private investment
for the rate of growth

At all times, we must be very careful about the use politicians
could make of such a model. They might believe that a general
demonstration had been given of the superiority of public invest-

(8] Haavelme - pag. 22
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ment, ignoring the very strong and very questionable hypotheses
from which this demonstration was derived.

MALINVAUD

If T have rightly understood Professor HaaveLmo, it seems to
me he is comparing sitvations for which the degree of exogenous
irregularity in the economic system is not the same. For instance,
his result according to which the rate of growth would be smaller
if all the investment were private than if it were public, depends
on a comparison between a situation in which fluctuations in cffec-
tive demand would come from private investment with a situation
in which all the investment would be public and steady. If such
is the comparison, is it quite fair? Should not we compare situations
in which the degree of exogenous irregularity would be about the
same? A French economist could well arguc that in pestwar France,
fluctuations did not come much from private investment but much
more from public expenditures including public investments which
were at times influenced by political changes,

KooPMANS

I have just one question. Is the statement that the fraction of
investment that is private affects the rate of growth- dependent on
the presence of fluctuations in private investment. Or is that state-
ment reached in a part of the paper where the fluctuation had not
heen introduced?

HAAVELMO

Professor MALINVAUD had a question about cycles in public in-
vestment. I am studying the effects of a certain kind of policy con-

(8] Haavelino - pag. 23
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cerning public investment, not the effects of empirically observed
public investment, Incidentally, in my model there will in general
be included cycles in public investment too. KoorMmans has asked
whether the conclusions about growth depend on ihe assumption
of cycles in private investment. The answer is « yes ».

WoLp

When reading Professor HaaveLmo’s paper T was struck Dby
the contrast between the simple and seemingly innocent assumptions
on the one side, and the rather startling implications and concl-
sions on the other, and at the same time it puzzled me that he gives
little or no comment whether his resulfs can or cannot be reconciled
with current theories. Somechow I got the fecling that Professor
Haavermo has written his paper with tongue in cheek, and this
impression was confirmed as T consulted him about his paper one
of the first days of the Study Week. 1 should now like to ask
whether T have understood his intentions correctly, namely that the
paper illustrates the danger of mixing together the theories of two
different regimes of economic conditions : on the ane hand the serious
depression around 1930, and the Keynesian theory of measures to
get rid of the depression, on the other hand the modern theories
of economic growth? More specifically, is it the point of the paper
that the Keynesian assumptions are appropriate for a regime of
unempioyment and unused capacity, whereas these same asstimp-
tions lead to unrealistic and startling conclusions in a regime of [ull
employment and full utilization of capacity? If so, how are the
hypotheses underlying Professor HaaveLuo’s simple model to he
sorted oul between the two regimes? A clarifying answer to these
questions would add greatly to the approprizte understanding of
Professor HaaveLMO’s important model,

{87 haavelmo - pag. 24
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HAAVELMO

T am not sure that I understand which parts of my paper Pro-
fessor WoLD wants me to explain. My model is similar {o other ele-
mentary models frequently used as a basis for recommending certain
short-run countercyclical fiscal policy measuares. The purpose of
my paper is to illustrate possible long-run effects of such policy
measures. My main conclusion is that such countercyclical policies,
though very much better than nothing, may still be quite far from
what could reasonably be called an optimal policy for economic
growtly,

8] Haavelno - pag. 23



BALANCED GROWTH AND TECHNICAL
PROGRESS IN A LOG-LINEAR MULTI-
SECTORAL ECONOMY

MICHIO MORISIIMA

Qsaka University - Osaka - Japan

1. INTRODUCTION

In this paper we are concerned with an economy where
each good may serve the capital requirements as well as the
current production requirements of all the various industries.
We assume that each industry has a production function of the
Coee-Doucras type {!). We also assume that the constant
returns to scale prevail in cach industry and that the marginal
productivity of any factor equals the price-ratic between the
factor and the product.

As for the consumer’s behaviour we follow Mrs. JoaN Rog-
msoN and J. voN NEUMANN in assuming that only workers
consume and only capitalists save. We assume that all workers

() Such a systemn may be called a WarLras-Moore system, See ITonry
L. Moorg, Synthetic Economics {New Yorlk, Magmilian, 1g29). A similar
model has recently been examined by Rabner, See R. Ranwer, Noies on
the Theory of Economic Planning, Center of Economic Research, Training
Seminar Series 2 (Athens) 1963, and Optimal Growth in a Linear-Loga-
rithanic Econcmy, unpublished (November 1962).

(o1 Morishima - pag. 1
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are identical in the sense that each of them can only offer one
unit of labour and their utility functions are identical. Fur-
thermore, we assume that the utility function is log-linear in
the quantities of the commodities consumed by the worker,

We obtain a set of output-determining equations and a set
of price-determining equations. In the former, we explicitly
take into account not only the current inter-industrial demand
but also the investment demand due to the multi-sectoral accel-
eration principle; and the latter states that prices are determin-
ed so as to cover capital losses as well as the unit cost of pro-
duction,

As the input coefficients (as well as the consumption of
various goods per worker) depend on prices, the mechanism of
determination of outputs is influenced by the price-valuation
mechanism, though the latter is independent of the former by
virtue of the prevalence of the constant returns to scale. We
can show that the characteristic roots of the whole system
appear in pairs with their reciprocals. This leads to a Turn-
pike Theorem which asserts that there is a long-run tendency
for the optimal path of economic growth to approximate to
the path of steady balanced growth at the maximal rate.

In the second section of this paper, we examine various
effects of technological changes, neutral and biased, on the long-
run equilibrium prices and on the long-run output configuration
to which efficient paths converge. We shall also deal with
effects of technological changes on the allocation of labour
armong various industries.

2. A TUrNPIXE THEOREM

1. Let us consider an economy consisting of » industries,
whose products may serve capital requirements as well as cur-
rent production requirements of various industries, Let

[9] Movishtia - pag. 2
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%, (=1, ..., #} be the volume of output of good i (by in-
dustry #) in period ¢, and Xy, =1, .., n; j=o0, 1, ..., #) the
volume of current input of good § into industry § in period #,
where the o-th good stands for the sole primary factor of
production, ‘Tabour’. Finally, let s (4, §=1, ..., n) be the
volume of capital input of good § into industry ¢ in period £.

It is assumed that the production function of each industry
is of the Cosp-Doucras type, i.c.

n n
. . T a, T b, .
(;1) xi’,£=Pf 1 Fie 11 Sitt # (7ZI oo W),
=0 el

where I, a;, and by are all constant and non-negative. It is

also assumed that the constant returns to scale prevail, so that

n H
{2) 2 i+ by=1,
J=0 Fe=l
or
S e N P S N
(3) v I (o o (e
j=0 v Fin FERRLY

In each industry, unit cost is to be minimized; furthermore,
it cquals the price of output when competitive equilibrium pre-
vails. It is well-known that the marginal conditions may be
put in the form:

X .
p,f;i-‘ ?ﬂf:a (]:O,l ‘e ?5)
Prg # ’ T ,
nE L
(4) S
Dutde (h=1, ),
Pit Xiy
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where p,, is the price of good j in period ¢ and g, , the price of
capital-service k in period £.  Substituting for %;,/%;, and
Sig/%;, from (4) and taking logs, we may put {3) in the form

n 13
(50 logpi— 2} ay log pie — '>:1 by tog @i — 4108 o+ G0
g fe=

where

(6) Gy=log F; + _):0 a5 108 @y + _>:1 by log by
j;;_: JAS:

Let us now consider a person who has a given sum of mon-
ey M available for expenditure. If he lends that amount to
someone for one period at the prevailing rate of interest #, he
will enter the next period with amount (1 +#M. Alternatively,
he may spend M on goods; if he spends it exclusively on a
capital good k in period ¢, he obtains M/p, ; units of that good.
By letting them out hire, he receives income by the amount
g (M/$, ) in peried ¢, which will grow to (1+7)q, M/ Py )
al the beginning of period #+1. Although the capital goods
he owns will be worn at a certain rate (say) d, in the process
of production, he will still own (1 - 4, }{M/p, ) units of good %
at the beginning of period #+1, which will be cvaluated as
(1~ d)(M /Py )Py 4, at the price in period £+ 1. In equilibrium
neither option can be advantageous over the other, so that

(147} M= (I + 7') i (M//bh,a) + {1 - dy) (NI/ph,.',) Pru +1

By dividing both sides by M/, ,, this may be put in a simple
form

(7) (I + ?’) pk,t = (I + 7’) g’:,t + (I - d}u)/ﬁk,t+ P

[9] Morishima - pag. 4
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In the state of the long-run equilibrium where all prices
remain constant over time, we have from (5) and (7)

7 n
(8) log f; — _Zi a;; log py — E{ b log g, — aylog p=—G;
i= f=
v ody
(()) Ty = It ﬁh

Substituting for g, from (g), and subtracting (z2) multiplied
by log p,. we may rewrite (8) in the form

9. G, (f==1,...,n)

7 +
I+¥

" "
(ro} logw “‘_E{ (@ + by) log vy = 21 bylog
e f=

where v, is the price of good 7 in terms of labour, i.e. v;=p;/p,.
Equations (10) allow us to determine the long-run equilibrium
wage price, vy, ..., v,, once the rate of interest » is given.

Let us now turn to the output-determination side of our
system. At the beginning of period {4z, industry ¢ has good j
of the amount (x -d;)s;, so that the total amount of good j

13
available in the economy is > (1 - d;)s;,. This, together with
=l ’

the output of good § in period #+ 1, is distributed among pro-
ducers and consumers.

As for consumers, we assume that capitalists do not con- -
sume and workers who are identical and can offer only one
anit of labour spend their income upon various commodities
without making any savings. Let v, ({=1, ..., #) be the con-
sumption of good ¢ per worker in period . These amounts will
be determined so as to maximize the utility function

2 (J"lsl --'5}’5){) — U-J’lt'rrl }’Elilg"'_j’ouhn (k‘! g Oy U = 0)

[0} Morishima - pag. 5
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subject to the budget constraint
foog == Z Fubi
fa2]
The conventional procedure of maximization leads to

B b

= fe==1, ..., 7
Yo Pu ( )

These conditions, together with the budget equation, yield

(_II) V=g ({==1,..,n1) ,

i

where g[-:h,i;’é:i fp

As the industrial demand for good j in period #+1 is
ﬁl (% 001+ Siep1) @and workers’ consumption of good 7 is
Yia1 ;Z; %4i r41» the supply-demand balance of good 7 is estab-

lished when

n n
(12) _Zl (I —dp) sy + Xppan = .ZI (i gar o+ Spa1) T
for £

I
t Vel 2 Kol
=]
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Let us now write:

d; o
Ay = ('xlﬂ rery xﬂt): (I’m ! . ,
O ({7,
any PulPue - o v Gy PrfPu
A= e ,

Tya Pm/ﬁu e “om]?nz."f])m

by Puf9n <o by PufTn

().ln ‘Pm/(]u - évm pm/gm

I

B,

nPrfPu v oo Cay Pre/Pa

Cla _?)7;61”?)1# e fw» Pwr/Pm

where ¢;=a,g. Taking (4) and (11) into account, we have

from (12)

(13) 2B (1—d)+x=x0 A0 +x, B +x, G

When long-run equilibrium prices prevail, it is shown that
the dynamic input-output system (13) Is reduced to:

(14) %, B(I—d) + %, | {I—~A—-B—C) =0,
whose characteristic equation is
(15) IBI~—d)+ p(I--A—B—C)| =0,

{o] Morishima - pag. ;
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where A, B, and C are matrices 4, B,, and C, cvalvated at

pu=p; =0,1, ..., n). Inview of (2), (g) and > g=1 we find
=1
that one of the characteristic numbers py, ..., b, is 1+7. We

can also show that the eigen-vector & associated with 147 is
non-negative. It is clear that we have

(16) & Bl—d) + (1 +7)Z([-— A B o) = 0.

Thus (14) has a particular solution (1 + #)'Zwhich is referred to
as a balanced growth solution. We also refer to a state fulfil-
ling (8) {g), and (16) as a state of balanced growth.

2. So far we have treated the rate of intercst as a given
constant and have shown that to any assigned value of it there
corresponds a state of balanced growth, It is impossible, how-
ever, for the rate of growth of outputs to exceed the rate of
growth of the working population for a long time, because the
scarcity of labour will sooner or later emerge. In the contrary
case where the labour force is increasing at a rate higher than
the rate of growth of outputs, the ratio of the number of unem-
ployved to the number of employed workers continues to rise.
In the following, therefore, we are concerned with finding a
rate of balanced growth at which the growth of cutputs is in
harmony with that of the labour force.

We begin with examining the effects of a change in the
rate of interest on the long-run equilibrium prices. Differentiat-
ing (10) with respect to », we get

d log v

H=(-a-b)—s

fo] Morishimea - pag. 8
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where
X 1—d d log v
- £ S i L
jgi & (7' -+ ({;) (I + J") ar
H = : dlogw :
- . ) (i P . 3
% b _:E - (L’qu ’ d ]Og Py
2Ty a &
&)1 @y /713 Z’,,l
o= e . , B
Ty vovo By blﬂ bmn

It is seen that a+b is a non-negative matrix whose col-
umn sums are less than unity; hence (I-a-b)'>0. As
a;<x, H>>o. Therefore, it is at once seen that

> 0.®

In words, all the long-run equilibrium prices increasc when
the interest rises.

When the long-run equilibrium prices prevail, the con-
sumption of good 7 (per worker) will be gi/v; (see (11)). As
g >0 for all i and g -0 for at least one 4, we at once see from
the inequality above that an increase in the interest rate gives

() Trurthermore, when the capitatJabour ratios of all industries are
squal to each other, i.e. when the Marxian composition of capital prevails,
then g is proportionate to the column vector [fo1s 11er &ou), SO that

dlog v, d log v, d log v,

dr d ¥ ' dv

that s, all the prices in terms of labeur increase proportionately.

[o] Morishima - pag. 9
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rise to a decrease in the consumption of at least one good with
no increase in the consumption of any other good: that is,

vy
e g
(17) Hzo,

where

Y= afve glvs o glv,]

Let us now assume that the working population grows at
a rate depending upon the long-run equilibrium consumption Y
The rate of growth of the labour force ¢ is negative for very low
level of v, o for the subsistence level of v, and then increases
with the rise in y until g reaches a certain maximum, after
which g will decrease gradually but will increase again when v
reaches the level of an affluent society (4).

We arc now in a position to be able fo fix the rate of in-
terest (°). Measure the rate of growth of the labour force and
the rate of balanced growth of outputs along the vertical axis,
and the rate of inferest along the horizontal axis. Consider-
ing (17), we find that ouwr assumption on the labour-force-
growth-rate function implies the curve p¢’ in Figure 1. On the
other hand, as the rate of balanced growth of outpuis equals
the rate of inferest, the relation between them is simply expres-
sed by the 45° line, It is obvious that, to sustain the demand-
supply balance of labour, the condition that the rate of balanced
growth of outputs equal the growih rate of the labour force is
to be fulfilled. It is seen from Figure 14 and 15 that there are
at least one and at most three equilibria. The greatest equilib-

() Let X bhe a vector; X<o (or X>o} means that all components of
X are non-positive (or non-negative) and at least one of them is strictly
negative {or strictly positive).

(") Professor 8. C. Tswmwc makes a similar assumption in his analysis
of the Rostovian stages. See S. C. Tsiang, A4 Model of Econginic Growih
in Rostovian Stages, « Econometrica », XXX11 (1064), pp. 619-48.

) A similar argument is found in my Equilibrivam, Stability and Growih,
Ch. 111 (Oxford, Clarendon Press, 1964).

lo] Morishimia - pag. 10
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sium rate of interest, #°, gives the maximum rate at which
all industry can grow in balance without labour shortages.
We may, therefore, refer to #° as the von NEUMANN rafe of
interest.  The long-run eguilibrium prices v% corresponding
fo #° are referred to as the von NEUMANN normalized prices.

45°

Nl

A\
P’ P’

FIGURE I- FIGURE X-D

3. In the following we fix » at the von NEUMANN rate #7.
We assume that wages are paid at the rate such that it enables
the workers, if they chose, to buy the same amounts of all
goods as those which they would buy at the long-run equilib-
rium prices, ©% ..., v,° (corresponding to #°); that is, the
money-wage rate p,, is adjusted so as to maintain the real-wage
rafe at the von Nuumanx state. We have

(:8) pu= 3 (B0 P

Furthermore, we assume that the workers grow at the von Neu-
MANN rate throughout the period during which the real-wages
are kept at the voN Nrumany level.

(o] Morishima - pag. 11
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Let us denote the von NrUMANN non-normalized prices
(i.e. the long-run equilibrium non-normalized prices correspond-
ing to the von NEUMANN rate of interest) by p.2, p,°, ..., £,
q:° -+, ¢,°. Equation (5) may be linearized in the neighbour-
hood of the voN NeumanN prices in the following way.

We get from (7} and (g)

(]9) A Thyt == A ,75? e ﬁk tel

where Agy . =g,,~-¢q,", and Ap, ,=p,,~ p', Expanding the
left-hand side of (5} in a TavLOR series and neglecting higher-
power terms, we have by virtue of (1g)

_ # o ] I -
R S 24 — ;
(20) D fgl T Pie (I+ 7 );21 (_?‘ﬁ + dj j{) Bint
({ - -
* Z (1 +; ) Bieer — @i Par 7= 0,
i

where })A,.,,:Api), /9. We also have from (z8)

{21) ?%1 == z] £i Egi,e .

Substituting for jj(,', from this and writing (20) in matrix form,
we get

(22)  [L—a—(1+m)be"—c] p,+b(I—d)e'p,, ;=0

[o] Morishizna - pag. 12
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£ f Ay By or g1 Ll D™ [ D1 y

A1 o0 0 Fon &

pn,t
d== fdy o\ ,6 e= [1td 0
0 &, 0 Pt d,

Next define diagonal matrices P?, P, and P, as:

a

Pe— fp o\, Pi= /pu AN 1_)-:: ﬁic o

0 —
G Pn o 13m 0 pm

Similarly, let Q°, Q,, and Q, be diagonal matrices with diagonal

clements ¢, ¢;, and g, respectively, where G =AMl 45

In view of (7) and (g), we have

(23) Qo= (1+7)"e PO,

(24) .= (1 +79)~1P, ~ (I~ d)e~'P;.

We can at once verify the following relations:

A=0, a Pl A2+ DA - AP,
(25) B,=P, b Q2B +PB° - B,
C,=P, ¢ Pl eaCo4 D,CO-CP,

[9] Morishimae - pag. 13
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where
(26) Ao =T a(]_)o)ﬁi , B0 = o b(Qo)wl , (O = Po C(I)“)*] .

Let us denote the halanced growth solution to (14) cor-
responding to the von Nrumany rate of interest by (1 +7°)x°;
then & is the cigen-vector ¥ of (1 5) evaluated at 7 =27, P, Po

and ),=0Q° Define a vector z, ag
' ¢

(27} Zp== {1 4 90) i, - %0,

We may now put (13) in the form:

(28) (x°+2)B,(1 - d) +
T4 (20 + Zi11) (I—A —Bi—Cpy)=o.

Substitute for A, B, and C, from (25), and neglect higher-
power terms such as z,PA°, 2BQ), efc.; in view of (16), and

(24), we may linearize (28) as:

(29) (L d) BeYe/ + (042 [T~ (A4 B+ COY] 2/, +
+Dp, + E%,,q + o, , =0,

where D9, E?, and F° are some 2 x 1 matrices whose elemenis
are independent of z and p, and a prime applied to a vector
{or a matrix) denotes the transposition of that vector (or that
matrix}.

Equations (22) and (2¢) describe movements of prices and

[o] Morishimna - pag. 1a
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outputs in the neighbourhood of the von Nrumans equilibrium.
The characteristic equation of the whole system is:

(30)

)x{b(Imd)G_l-l- (I——am (I “{'T(J)bﬁ_l——»c} 0
WETe 4 AKe - Do 7\(1 + 70) I'I _ (A" et C”)";] N (I ) d) (Bo)’

=4qQ.

Tt is clear that X2F¢+ 22+ 1)¢ has no effect on the determina-
tion of the characteristic numbers. It follows that # roots,
A ---s A, of (30) equal » roots, vy, ..., v, of the characteristic
equation of the price system {22),

(31) vb(l - d)e=t+ (I~ a-{1+#)be™! - ¢}l =o0.

and the other # roots, .y, ..., Ay, 0f (30) equal the roots,
by oo By OF

I [I - (A2+ B+ CoY ]+ (I-d)(BY =0

divided by (z +#°), 1.e. A, ;=14/(1+#°). Asoneof |4'sis T+,
the » corresponding to it, say A, is unity. Furthermore, by
virtue of (23) and (26), we may write

I~ A0~ B Co) +B(1 - d)

=Ppe i(I wa = (14 rhe ! - c)+ be (1 - al')] (Pey-i.

T#°

It is clear that this, together with (31), vields = %
14 2

[3

(=1, ..., #); hence

[4] Morishima - pag. 15
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T

= (i=1, ..., n).

A
That is, the characteristic numbers of the whole system appear
in pairs with their reciprocals.

We now make the following assumption which is the joker
allowing us to avoid cyclic exceptions to the Turnpike
Theorem; that is, all characteristic numbers )\, other than
Ay= 2, have absolute value different from wnity. We also
assume, for simplicity, that 1 is the sole characteristic number
which is multiple. It can be shown that the solutions to (22)
and (29) may be written in the following forms:

N PR e T t
D=y FanmoA L c“n“’n} "o

(32}
2= [T+D4 . 4D i+ i+ .+ E )l +

+ {31511-{-1 + ﬁZEM-{-Z?‘IiHQ o T B115211>‘t2n’
where
D = (1 479)~1[T = (A° 4 B + Co) (T - d) (BeY

and wm; ({=1,..,n) and § (=1, .., 2n) arc m-dimensional
cotumn vectors; in particular, £, ; is the eigen-vector of I asso-
ciated with A, ;. Scalars, «, ..., a,, f, ..., $,, can be de-
termined by 2» equations:

ZO, = O‘151 + O:'ZEZ +.t tz‘u&u + ﬁi&u-l-l + {325111--1-2 T [31152”

(33)
o' [I+ D+...+D" ]“1&1 +O£2§2 ?»'2!. s 05,1511 at
+ (31&”.{.1 + i,SZE’H‘Z S A2 +oa T Bn&?.n)‘ ;u‘

[0] Morishima - pag. 16
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Let L stand for the number of workers available in period o.
We have assumed that throughout the whole process the real-
wages are maintained at the voN NEUmanw level, so that the
labour force grows at the von Nrumann rate. The labour
force in period ¢ is, therefore, given by (¢+#°)L. On the other
hand, we at once find from (4) that the demand for labour in

period £ is given by 721 a, 2 %, Hence the deficiency of
1 Pa

labour does not emerge when

n )
(34) z ot _.f).’f...u Ay = (I + ?.o)t L
£l

ol

hold for all £
It is obvious that x, (i.e. x, when {=0) is historically given.
We have from (27)

— a0
2= X, ~ X0

Let x* (Z>0) be the vector of output configuration at the ter-
minus which is preseribed by the growth programme. A path
(%,, %, ..., x¢) which maximizes % such that

(35) %= ()

is said optimal.
In view of (18}, we have from (34)

Fai Vi ter Ly P Lgr
6 ST (1, M e - RS
GO I Svme e T2 S, GOT

i i

[0] Movishima - pag. 17
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where ;= g;/v?, and the --summation takes place over all goods
¢ with g,>>0 and the j-summation over all goods 7 with g;=o.
it follows from (35) and (36} that % is bounded and hence

Zp=7x* - x° is also bounded.

When T becomes large with x, and x* remaining unchang-
ed, it is seen from (33) that those «; which are associated with
[%;/>>1 and those 8; with [, >>1, as well as «; are shown to
become small, because the absolute values of )f [ ) and
I+D+ ... +D" are shown to become very large, but z, is
bounded. All the other «; and §; are not very small, but those
A;and A, which are associated with them have absolute values
less than unity, It can now be seen that when the programming
period T is sufficiently long, 2/, well approximates f; £, most
of the period T. From the definitions of ,,, and (x°) it can
be shown that they are proportionate to each other, i.e.
£, 1 =0 (x°). By virtue of {(27) we finally find that in the very
long-run programme outputs of industries almost always grow

like x, 2 (1 +#°) (B0 +1)x°. The turnpike property is thus
established.

3. TeECHNICAL, CHANGE

1. In this section we concentrate our attention on the state
of the von NEUMANN balanced growth, the convergence to which
has been discussed in the preceding section. We shall be con-
cerned with comparative statical analysis of effects on the von
NEuUMANN equilibrium of technologieal changes (or changes in
the parameters of the production functions) which may be
arranged in the following elasses: (1) an increase in F, all
other parameters remaining unchanged, (2) a substitution of by,
for a, accompanying an increase in F,, and (3) a converse
substitution between b,, and a,; associated with an increase
in F;. If there were no changes in prices and the wage rate,

[07 Morishinie - pag, 18
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a technical change of the class (1) would not give risc to any
cffect on the capital-labour ratio of industry ¢ (%), while that
of the class (2) (or (3)) would increase {or decrease) the capital-
labour ratio of industry i. We may, therefore, call technical
changes of these three classes neuwtral, labour-saving, and cap-
ital-saving respectively.

Tt is true that we may also conceive of a technical change
such that a substitution is made between a; and a,;. We have
a technical change of the material-using type if the substitution
is in favour of 4., and of the material-saving type if it is in
favour of 4,. To these cases the following analysis of the
biased invention can be applied mutatis muiandis.

2. Let us first be concerned with a technological change of
the neutral type. Suppose F,; to vary, other parameters and
the rate of inferest remaining unchanged. We have from (1o}

d log
(37) doig”.'y = - (I_a_b)ujji ,

where d log v/dF, is a column vector with components
dlog v,/dE; (j=1, ..., #) and ], is a column vector whose i-th
component is 1/I7;, while all other components are zero. Since
a-+ b is a non-negative matrix whose row sums are less than 1,
it is shown (%) that (I-a-5)"1>0 and that the i-th element
of the main diagonal of (I~a-b)~! is greater than any off-

() We see from {4) that the capital labour ratio of industry i (at the
constan{ prices p.°% g/ ..., 4. 15

%: 4" Suix E by g g
" .

N,

Po’ Xui,s doi B P

() Merzrer L. AL, A Muliiple-Country Theory of Income Transfers,
« Journal of Political Economy », LIX (FFebruary, 1951}, p. 21.
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diagonal clement of the i-th column of {(I-4-b)"!. Accord-
ingly,

dlogy, dlogy, g
(38) 7F < [“;F‘“ =0 v 71—' ro.

g

In words, il industry ¢ makes a technical improvement of the
neutral type, the long-run equilibrium prices of good 7 de-
crease proportionately more than the other prices.

Clearly (38) implies dy/dF,>0; therefore, the curve gg/
in Figure 1 shifts upward in the diminishing phases and down-
ward in the increasing phase (sec Figuve 2a). The intersection
of the new curve g” ¢’ after the technical change with the 45°
line results in a new voN NEUMANN rate of interest #'. Usually
we have #17>#°. But as in the case illustrated in Figure 26 a
technological change of the neutral type may perversely bring
forth a decrease in the von NEumanw rate of growth., We shall
refer to the increasing part ww” of the curve go” as the perverse
part and to the other part as the normal part. (Sce Figures 24
and 2b). In any case, however, we have dy/dF, >0, so that

P P

Fioure 2-a Froure 2-b

[o] Morishimae - pag. 20
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the technological improvement gives rise to an increase in the
real-wages.

The von NeuManN output configurations %% and %! before
and after the technical change are determined by

KB - &)+ (1+ 9751 - A% = BY - C) =0,

and

2B (L~ d)+(1+#)% (I~ A= Bl Cl=0

respectively, Taking the definitions of A, B, and C into ac-
count, we have

(7P [T=a=b-c] (P! =0,
(39)
(r+ /@Rt (T-a=b-c] (P =0.

Hence x°P° and x'P! are proportionate to each other. Since
(38) implies pt/p < p'/pf, we obtain

x,-l/xio_,“‘f»xj‘/xf" o=

In words, if industry ¢ makes a technical improvement of the
ncutral type, the relative weight of that industry in the vow
NuuMANN state becomes heavier than before.

Finally, it is at once seen from (4) that when the von NrU-
MANN equilibrium prevails labour is distributed among indus-
tries in the ratios:

{40) Nyt Kyt e DXy =y U Ky AalaXgt oon D Gy V%

(sl A
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As x'P! is proportional to x°P°, we find that the technical
change does not affect the distribution of labour.

3. Let us now examine cffects of a technological change of
the labour-saving type. Suppose an increase in T, gives rise
to an increase in b,; and a decrease in a,, other parameters
remaining unchanged. We assume that the constant returns
to scale prevail before and after the technical invention.

Taking account of the fact that b,, and a,; are functions of
F; fulfilling (2) and remembering the definition of G,, we obtain,
by differentiating (1o} and solving,

diog v
(41) = (—a—b)y 'y,

where M is a column vector such that its i-th component m, is

' [+ d by,
bt - O
( ki o+ ({h )/(aox 7’1)-1 TF

{42) e % 1 log

and all other components are zero. We have db,,/dF, >0 by
the definition of the technical change of the labour-saving type.

I+7 .
But (b, qT_‘j(",'“) /(a,v,) many be greater or less than unity. As was
k

shown in Section 2, v, increases when # increases. This to-
. - . . I . -
gether with 1>>d, implies that (b, e V{a,vy) is a diminish-
h
ing function of 7; it may take a value less than unity when »
is large, but greater than unity when small.
When m; is positive, we have from (471)

dlog v

dF

1

[0} Morishuna - pag. 22
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Furthermore, we have

dlog v dlog 2, g

because @+ b is a non-negative matrix with row sums less than
one. This leads to dy/dF,>»o. It is obvious that in the op-
posite case where m; is negative we obtain dy/d¥;<o. Taking
into account the fact that »z, may be negative only when 7 is

greater than a certain rate #, we have Figures 34, 3D, and 3¢.

FIGURE 3-¢ IFigurk 3-b

Suppose that the curve pp” intersects the 45° {ine on a point
in the normal part. The intersection gives the old von NEuv-
MANN rate of interest #° before the technological change. We
can easily verify that the technical change of the labour-saving
type results in increases in both 7 and #, if < 7, and decreascs
in both v and #, if #2>». The latter is a situation which would
not be preferable from workers’ viewpoint as well as from
capitalists viewpoint. We may, therefore, say that a new
method of production of the labour-saving type is not adopted

(o] Morishimne - pag. 23
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Icure 3-¢

when #° exceeds ». (Similarly, a new technological meth-
od of the capital-saving type is not adopted when #° falls

short of 7). When #° belongs to the perverse part of the curve
op’, however, we obtain the following result: A technological
improvement of the labour-saving type yields an increase in '
bul a decrease in » if r°<?, and vice versa, Thus, cither v
or # increases, so that the biased technological change may be
adopted, irrespective of the relation of #° to 7.

The following argument is independent of the location of #¢
and its relation to 7. Let us normalize the vox NEUMANN output
configuration x° so as to make the i-th component of x°P° (i.e.

x%,0) equal 1. It follows from (3g) that before the technical
change we have

n #
(43) li-5 ls('zfs +b) -3 he, = apt b+ Cji
5= sFi

(f=1, ..., 0~ 1, i+1, ..., &},

[o1 Morishima - pag. 24
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where ¢,,=da,.; and [; is the j-th component of the normalized
voN NeumMaNN output configuration, i.e. I :::‘3:*‘,-"7{,”'/},%;’. Dif-
ferentiating {43) with respect to If;, we get

di, d,  dl, i, )
dF, AT AR, T AR
{44)
=(f1y oo Jieor figr oo J) (I—aj—b—c;)
where

f—g day/dl, i R,
Ji=dby/dF+ g, day/dE,

and 4; is an (#-1) x {#-1} matrix obtained by omitting the i-th
row and the i-th column from «; &; and ¢; are similarly defined.
As a;+ b+ ¢; is a non-negative matrix with row sums less than
unity, any diagonal element of (I—a;—b;~c;}~! is greater
than off-diagonal elements of the corresponding column. On
the other hand, by our definition of the technical change of the
labour-saving type, we have

a by, da,;

(45) dF, - d 1]l o

In view of g,<1 (j=1, ..., n) and > g1 (*), (45) leads to
s

”
jr'k,\.}O, f",-‘/\:o (]:/ik) and 2 f:il>o'
mFET

(") We assume that g, is positive,
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Hence we have from (45)

In words, a biased technical improvement which a substitution
of by, for a, accompanied increases the ratio of the value of
output of industry & to that of industry 4. It is also seen
from {40) and {46) that the amount of labour used by industry
k s increased in comparison with the amount employed by
industry i.

4. A similar argument may be applied to examine effects
of a technological change of the capital-saving type. Suppose
a substitution between a,; and by, in favour of 4, accompanics
an increase in I, Differentiating {10), we obtain (41) and (42),

hi
aF;
makes #,==0. We shall arrive at the following final results:

where is now negative. ILet # be the value of # which

dlog u; dlog f; ' -
(47) d Fx‘ < 7 F,- <.0, if  # >71

w - FoEL

(47) states that when industry ¢ makes a technical improvement

which saves the capital good %, and #° is greater than #, then
the prices of all goods (in terms of labour) will diminish, and
that of ¢ will do so by the largest percentage. (48) implies that

fo] Morishima - pag. 26
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Jabour is redistributed in favour of industry i in its relation
to industry k. Inequalities {47) and (48) yield

,.FI —én
s {Lr
e & e
X i

that is, a technical change of that type decreases the ratio of
the quantity of output of industry % to that of industry 7.

{o] Morishisma - pag. 27



DISCUSSION

MALINVAUD

May I question Professor MORISHIMA On the implications of his
analysis? The studies made thus far on the turnpike theory have
been concerned with the optimal pattern of development of an eco~
nomy in which there is no final consumption. You have succeeded
in escaping from the laiter restriction; but you have tied up con-
sumption to the general growth of the economy by other rules. T da
not see very clearly what kind of conclusion you intend to draw
from the analysis.

You may be thinking that, by extending the turnpike theorem to
a case allowing for consumption, you are giving indications about
the qualitative features of the programs which would be optimal
for development. You may also be aiming at describing how the
actual process of growth has occurred.

T should like fo know exactly your intentions, Do you explore
indications for programming? or do you describe what happens in
a capitalist economy?

MorisHiva
The aim of this study is to extend the recent results of growth
economics (especially the turnpike theorem} to a model with endo-

genons population growth and flexible consumption demands.
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MALINVAUD

Yes, I understand that it is your immediate intention; but you
probably have farther reaching intentions. You want to find new
extensions of the turnpike theorem; but the final purpose of the
exercise is not clear to me.

According to the purpose, I would have to look at the paper
in different ways. If it is purely descriptive, then we should be
careful that the hypotheses provide, at least as a first approximation,
a proper description of what happened during the process of growth.
If it is oricnied towards planning, then we must look at whether
too many constraints have not he mposed; because, if such were
the case, the results might have little significance for planning.

Thus, I should appreciate if you could say a little more about
these broader issucs. Perhaps this js not the rule of the game.
But Professor Manaravopis induced us 1o look somewhat beyond
the formal aspects of our theories.

MORISHIMA

Well, in various turnpike theorems so far established as well as
in the original voN NEUMANN model, it is assumed that the supply
of labour can be cxpanded indefinitely at the subsistence level of
real wages; so that it completely ignores the problem of deficiency
of labour, one of the most serious obstacles to a rapid growth. In
fact, it is a defect of NEUMANN's theory of growth that no attention
is paid to HarroD’s observation that the natural rate of growth sets
a Iimit to the maximum average value of the actual rate of grawth
over a long period.

In this study I am concerned with an cconomy where the plan-
ning authoritics (or capitalists collectively) make an efficient invest-
ment planning to produce, at the end of the programming period,
various outputs in desired proportions. If wages were fixed at the
subsistence level, capitalists could accumulate stocks of capital goods
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at a maximum rate, but labour would remain stationary or could
grow at a very small positive rate; so that a bottleneck due to a
deficiency of labour would inevitably emerge sooner or later; hence
the rate of real wages should be one of the variables of the pro-
gramming.

Once wages are greater than the subsistence level, workers can
make choice among consumption goods, and the growth programme
depends on consurner’s choice unless the consumption goods are
rationed by the planning authorities as will usually be done during
a war. I am sure that a planning model in which workers are allow-
ed to choose consumption goods freely and the rate of growth of
population is finite and depends on the per-capita consumption de-
serves serious attention and should be granted a citizenship of our
science.

Dorrman

Professor Morisuima’s elegant model illustrates the ethical per-
plexities that Professor KoopMans has just discussed. For look: the
balanced growth rate is given by the intersection of the curve show-
ing the growth rate of the labor force as a function of the real wage
with the curve showing the equilibrium rate of interest also as a
function of the real wage. Technical change shifts this point of
intersection, but if it increases the real wage it decreases the rate
of balanced growth, and vice versa. This model therefore portrays
a trade-off between high real wages and high rates of growth, which,
of course, is to be expected in a full employment medel. The novelty
is that this conflict of interest between present and future results
from the possibility of technological change, whereas previous de-
rivations of this conflict assumed constant technology. Be that as
it may, this conflict presents just the sort of ethical problem that
concerned Professor Koormans.

This problem might disappear from Professor MorISHIMA'S mo-
del if the curve portraying the rate of growth of the labor force also
shifted. It probably does shift in real economies. In fact, one of
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the crucial problems of economic development is to make it shift
so that increases in the real wage are not absorbed by increases in
the population. This raises a somewhat different ethical problem.

MORISHIMA

In this study I have pointed out that the conflict of interest
between workers and capitalists (or the conflict hetween present and
future} will he observed only when the original per-capita consump-
tion before the technical invention is located in the « perverse » part
of the curve showing the growth rate of the fabour force as a func-
tion of the per-capita consumption (i.e. that part of the curve in
which an increase in the per-capita consumption gives rise to a
decrcase in the rate of growth of the labour force). In the « nor-
mali » part there is no conflict; the extra output due to the increase
in productivity is shared between the « present » and the « future ».

MaLINVATD

Concerning the mode] ifself, I am not very happy about the
hypothesis that savings come only from capitalists, Not so mnch
because 1 would strongly disagree on the assumption that capitalists
are saving the larger part of their income, and warkers consuning
the larger part of theirs. Bui, for already some time in our econo-
mies, governmenis have interfered in the distribution of income.
Hence, I do not find the hypothesis made by Professor MoRrISHIMA
very well suited for the practical questions which it is our ultimate
air to answer,

MORTSHIMA

My nodel, although it is oriented toward planning, has no public
sector. Tt is implicitly assumed that any pian for a rapid growth
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proposed by the authorities is accepted by capitalists; so that they
may make a plan requiring that all capitalists’ income is automat-
{cally reinvested.

It is true that our assumption does not weil fit any actual eco-
nomy unless all industries are nationalized; in fact, in a mixed eco-
nomy there are private and public sectors. The planning authorities
will push forward their plan mainly through public sectors, while
private sectors can act against it. It would, however, be beyond
the present state of our techniques to establish the turnpike theorem
in a mixed economy,

PASINETTI

I have some doubts on Professor MorisHIMA's paper, which do
not concern, of course, the mathematics of it (which is admirable)
but its assumptions and thus its bearing on the type of woild in
which we live. Professor MorisaiMa’'s model is intended to be a
development of that of von NEumany, and in order to explain my
doubts, it may be useful to compare the two models,

Von NEUMANN, as we know, was concerned with a hypothetical
soclety in which there is no technical progress and economic growth
takes place at constant technical coefficients; relative prices as well
as per-capile incomes remain constant as time goes on, In such
conditions, no assumption is necessary about individual preferences,
which can be accepted as given, whatever they may be. (It is only
necessary to assume that people are, hy and large and irrespective
of time, of the same type). Such a scheme thus happens {o have
the mathematically interesting property that halanced growth (ie.
expansion of production of cach commodity according to the income-
clasticity of total demand for it) is a proportional economic growth.

I have had the opportunity of arguing myself in the paper I
have presented to this Study Week, that the cconomic expansion
which voN NruMann has considered is a very unrealistic {ype of
economic growth. Yet, I would take von NEUMaNN's model as a
very important first analytical step. And T should always look
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favourably on any development of it, provided thai this develop-
ment goes in the direction of a more practically relevant type of
analysis, by relaxing some of the unrealistic assumptions.

Now, my question is: does Professor MorisHIMA move in this
direction? If I understand him correctly, I must say he does not.
By considering technical change — and thus increasing per-capila
incomes - he has been compelled to introduce specific assumptions
on consumers’ preferences, He has assumed that all individual
utility functions, besides being « identical », are « log-linear in the
quantities of the commodities consumed. » This means that, when
per-capita incomes increase, each consumer — if relative prices do
not change — is supposed i{o increase his demand for cach com-
modity in exacily the same proportion,

These are further assumplions with respect to von NEUMANN's,
And what is unfortunate is that these additional assumptions are
not only unrealistic; they postulate a behaviour which we know to
be impossible, at lcast among human beings. As ErnsT ENGEL
pointed out more than a century ago, when per-capita incomes
increase, the demand for cach commodity does not tend to increase
proportionately; which means that utility functions are not log-
linear.

To postulate a consumers’ behaviour whick goes against one
of the strongest empirical laws of economics {ExGri’s law) makes
Professor MorisuiMa’s analysis more - instead of making it less
— artificial than fthat of von Nrumany, 1 have been wondering
why Professor MorisuimMa has made such assumptions; and the only
reason that occcurs to me is that they are the only ones that allow
a model with technical change to keep the mathematically elegant
property of proportional economic growth.

if this is the case, T must confess to be very disturbed. T feel
that this s just the way in which mathematics can do economics
a great disservice. Tor, in this direction, instead of using mathe-
matics as an analytical tool for the interpretation of economic phe-
nomena, we risk developing elegant mathematical models for their
own sake, and then making whatever assumption may be necessary
to give them an economic interpretation.
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MORISHIMA

My interpretation of von Nrumann's theory of growth is some-
what different from Dr, Pasmerri’s. He says that NEUMANN'S
model does not need any assumption about individual preferences,
which can be accepted as given, whatever they may be. But,
according to my interpretation which, I hope, is an orthodox one,
NieumanN made drastic homogeneity assumptions, not only on pro-
ductions but also on the consumption side: He assumed that wages
are held at the subsistence level so that necessities of life consumed
by a warker (the consumption cocfficients) are biologically deter-
mined and independent of prices. On these assumptions he showed
that an economy can expand in constant proportions.

Now, in order to make his model more realistic we must, first
of all, release it from the assumption of the subsistence wages. As
people get richer, the proportions in which they divide their expend-
iture between various consumption goods, will depend on prices
(because they can now choose among goods); and the proportions
will vary when the per-capita income increases (ENGEL’s law). In
such a situation, it will be wiser and more profitable to forget as
a first approximation the effects of the per-capita income on the
consumption coefficients and to take full advantage of the assump-
tions for simplification than to confront the actual world directly
and to loose onec’s way in its complexity. I believe it would be
useful in making economic policies as well as in advancing theorics
to have found that a Neumannian growth equilibrium with constant
proportions is still possible even when the consumnption coefficients
depend on prices, unless the income-elasticity of the demand for
some consumption good is different from unity. It is of course
true, however, that a second step toward the reality should take
account of increasing or decreasing returns to scale on the produc-
tion side and of deviations of the income-elasticities from unity on
the consumptiou side.
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MAHALANOBIS

T shall not speak on many of the defailed aspects of this
particular model, because I am not competent to do so. The treat-
ment of an important question by a very simplified model, T believe,
throws some light on policy decisions, ‘

Also, 1 should like to raise one question, not with reference to
the particular model just now discussed, but of a broader nature,
which is of importance to an underdeveloped country like India,
as distinguished from Japan and advanced countries, regarding the
usefulness of complicated models generally, T should like briefly
to mention our experience that when some complicatéd models are
used, the question of uvnreliability of data becomes of crucial im-
portance; Dr. Jomwnsow has drawn aitention to this point in his
paper, and Professor LEONTIEF has also referred to it earlier. In
another intervention I tried to indicate two gaps between the world
of reality and the model. Firstly, the gap arising from the lack of
availability or the lack of reliability of data; and secondly, another
gap between the data and the model. These are questions, of course,
of a very general nature, which however deserve serious attention
of econometricians. '

Koornans

I appreciate the support of Prof. Manaranosis for what T tried
to say earlier. At the same time I do not go as far as he does if T
understand whai he said to mean that there is something wrong in
complicated-ness itself. T think we are entitled to make our models
as complicated as we can manage as long as by that extra complica-
tion we obfain added insight, and the extra complications do not
préhibi% communication of the findings. We are working at the
frontier of our collective understanding of these problems, and while
ultimately we hope to end up with models that reflect reality better
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and which therefore have to be more complicated, at the moment
we can’t do much better than stumble along as we are doing,

MAHALANORIS

I should agree entirely. A model may be, should be indeed, as
complicated as is necessary for an explanatory model or a decision
model or to serve some other purpose. I am in complete sympathy
with the study of such models, Even when adequate statistical
data or other types of information arc not available, working with
such models in an imaginative way may lead to the collection of
relevant data; this iself is a very useful task. Or, such studies
may lead fo advances in theory as often happens in physics. I have
therefore nothing against using complicated models in any way.
The questions which I raised had seme ambiguity, and I think
Dr. KoopMmans' chservation were justified. One object was that
sometimes simple models are quite adequate.

Dorrman

Yesterday we had a long discussion of the types of economic
mode!, which left me very uncomfortable. We then seemed fo
conclude that there were three types of model, explanatory models,
forecasting models, and decision medels, in Professor TriscH's ter-
minology. But I went away feeling that we had forgotten about
some other kinds, and today we have had three examples of models
that cannot be used for explaining any emnpirical observations, or
forccasting the future, or making practical decisions. Today's
madels are intended fo illuminate the logical consequences of some
assimptions or conditions, We might call them a fourth type, logical
or hypothetical models, 1 suspect that there are many other types
of model also,
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MALINVAUD

Since we apparently have some time this afternoon, I may
perhaps be permited to come back on the motivations for my own
paper.

Profesger Koormans has indicated this morning that one of the
reasens for his own research was {o cxplore the consequences of
assumning a particular kind of wtility for choices over time. This
was certainly also a part of my own motivations. But 1 was still
more strongly motivated by the need to see clearly what we should
do when we use models with several periods, as a guide for plan-
ning or programming.

We can certainly do some programiming by considering timeless
medels, Such models proved useful in various countries, in India
for instance. But multiperiod models are necessary for many que-
stions: the choice of investments, the discussion of public policies
influencing the saving ratio, even the study of consequences that
would follow a progressive reduction of the length of work.

In the multiperiod models now used by programming, terminal
condifions are imposed. For instance, the future up to 1gy0 is
divided into three periods and the capital structure to he in place
at the end of 1gyo is fixed a priori. Since such terminal conditions
are, to some extent, arbitrary, one may have serious doubis on the
adequacy of the procedure.

My research should be considered as an attempt to explore fully
the nature of the solution in a much simplified model in order to
understand better the implications of assuming arbifrary terminal
conditions, and perhaps also to find new ways of dealing with the
difficulty. All this is done for a one commodity world, but should
give us some useful insights on what is likely to occur in more disag-
gregated models,

DorrMan

Are you disagreeing with me?
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MALINVAUD

No, I am not! T am in fuil agreement with Professor Dorrman.
The preceding comments are merely intended to show what 1 had
1 mind when speaking of the motivalions for a research.

MAHALANOBIS

I do not thimk there are basic differences of opinion but while
agrecing with many of the observations made here, I am trying to
draw attention fo one point — that when certain periods, 1o years
or 15 years, are taken as the time horizon in making government
decisions, there are necessarily makeshift arrangements. In an
underdeveloped country which starts experiments in the way of
making policy decisions which are intended to be implemented (I am
calling these experiments), and also starts exercises in the way of
building models, sometimes it may be possible to feed the models
by numerical data or semetimes it may not be. There is a more
general point about models which also require information other than
statistical data in a numerical form. 1 was therefore speaking of
wider experience by which 1 meant in respect of any model, jud-
gement as to what are relevant factors, or what are their order of
priority, T have an impression that there is sometimes a good deal
of faith in model making which with the help of very highpowered
computors would suppiy push-button solutions. This is why I refer-
red to the limits of usefulness, depending on whether a model is
capable of being fed by quantitative data or involving non-quanti-
tative judgements, or factors of selection, and also to what extent
the solution depends on the degree of accuracy of the information
which has to be supplied in a quantifative form. One great service
to the underdeveloped countries would be to discuss the usefuiness
as well as the Emitations of models in application to practical affairs,
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WoLn

I have two comments, The first refers to the entire group of
four papers presented to-day {!), all of which deal with purely
theoretical highly simplified models of economic growth. This kind
of logical analysis has a strong appeal, and that it has a wide
appeal is clear from the fact that the three other papers are closely
interrelated both with regard to problems and results,

My second comment refers specifically to Professor Morismima's
paper, and is a question about the proportionality assumption on
page 7 (3. Am I right to understand that this assumption requires,
for example, that the demand for food remainsg a constant fraction
of GNP as the economy grows? Tf yes, the assumption is in radical
contrast to the whole outlook of a later paper to-day, that of Pro-
fessor GALE JoHwnson. There the whole emphasis is shifted. There
exists no such proportionality; on the contrary, the lack of propor-
tionality is a universal handicap for the farming population.

ALLATS

I have two remarks to make. The first was made by Prof.
Worp, namely that there are some quite strong hypotheses in the
model.

Secondly, I have unforfunately not had the time to study Pro-
fessor MorISHIMA's paper very carefully since I was working in the
other group. DBut so far as [ can judge, the MorismimMA’s model
is a special case of a general theory I presented this year in my
paper for the Cambridge Round Tabic of the International Economic
Association.  Thank yon,

(" Ioormans, Maninvaup, MowsoiMa, Pasiverrs.

() The discussions baving been organized in two separate groups during
a first phase of the Study Weel, iny question belongs to the second phase
of joint discussion. Now when reading the proofs I see that a similar
question was posed in the separale discussion, but I repeat the question
te mark the importance of the issue.
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MORISHIMA

With regard to Professor Worb's second question, piease sce my
reply to Pasmverri. I am sorry that I cannot reply Professor
Arrais, for I have nol yet read his Cambridge paper. As T am a
very slow reader, it will unfortunately spend a long time before it
finally appears at the front of the queue of my backlogs, although
the time required to bring it from Paris to Osaka has heen shortened
to 20 hours. Thank you,
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