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I am very happy to have this opportunity to acknowledge
my debt to Heisenberg. He provided the clue which set me on
the right road and transformed all my work on atomic theory.

The story of Heisenberg’s contribution to physics is largely
the same as the story of the discovery of quantum mechanics, the
mechanics of the atom. Heisenberg found the key providing a
way forward when everyone else was baffled and then played
a dominant role in the development. He thus had a tremendous
influence on the whole course of atomic physics.

Before Heisenberg, atomic theory was based on Bohr orbits.
It was a primitive theory with a very restricted range of appli-
cability, essentially a one-electron theory. Heisenberg replaced
it by a general and powerful system of equations forming a
whole new mechanics, which was to supercede Newton in the
description of the small things of the atomic world.

Werner Heisenberg was born in December 1901. His early
life was a good preparation for his great work. His father
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August Heisenberg was Professor of Greek at the University
of Miinchen. He showed in his work creativity of ideas and
appreciation of essentials, without being too much concerned
about details. These were mental qualities that were inherited
by his son Werner. Also Werner was exposed to the ancient
Greek philosophy and became himself much interested in phi-
losophical questions. He read the works of Plato and Demo-
critus and was thus set on the lines of thinking about the
ultimate constituents of matter.

The young Heisenberg showed great talent and mathema-
tical ability while still a schoolboy. He was admitted to the
University of Miinchen in 1920. He applied to attend the se-
minar of the mathematician F. Lindemann, but was turned down
on account of having read work by H. Weyl on relativity, which
Lindemann thought was unsuitable for a mathematician. He
then applied to.the theoretical physicist A. Sommerfeld and
was accepted. This was a turning point in his career, setting
him on the road of theoretical physics.

The world which Heisenberg entered all devolved around
Bohr’s theory of the atom. This assumes that an atom caa
exist in various siationary states with definite energies, and
can jump from one to another with emission or absorption of
radiation whose frequency is connected with the change of
energy. In the stationary states the electrons move in periodic
orbits which are subject to the classical laws of Newton, but
also have to satisfy some extra conditions called quantum con-
ditions, for which certain constants of the motion are integral
muldples of Planck’s constant h. These multiples are called
quantum numbers.

This theory of Bohr had been greatly developed and made
more precise by Sommerfeld. Thus in coming to work with
Sommerfeld, Heisenberg was in the best possible place for the
further development of atomic theory.

In Heisenberg’s first semester Sommerfeld gave him a
problem on the Zeeman effect, the effect of 2 magnetic field
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on atomic spectra. Sommetfeld handed to Heisenberg the ex-
perimental data and asked Heisenberg to find the explanation
in terms of the concepts of the Bohr theory. Heisenberg soon
found the answer but, surprisingly, this answer involved half
quantum numbers.

This early research showed up Heisenberg’s qualities —
persistance and boldness. He had to follow up, with precise
attention to detail, the consequences of the data provided by
experiment, and when they led to a violation of accepted ideas
he was not dismayed but boldly proposed a revision of those
ideas. Probably only a very young man would have dared it.

When Heisenberg told Sommerfeld of his results, Som-
merfeld was shocked. It had been a cardinal feature of the
Bohr theory and of Sommerfeld’s developments that the quan-
tum numbers should always be integers, and now here was
Heisenberg proposing to scrap it. There was a long discussion
between them, and eventually Sommerfeld had to concede that
Heisenberg was probably right.

We now know that the half quantum numbers arise from
the spin of the electron. At that time it was taken for granted
that the electron could have no such structure as a spin. It was
only five years later (in 1925) that Goudsmit and Uhlenbeck
published the idea of electron spin, and then only against the
opposition of Lorentz, the otiginator of the relativistic electron.
Lotentz had done calculations, based on energy considerations,
which showed electron spin to be impossible.

After two years in Miinchen, Heisenberg moved to Got-
tingen and worked in the institute of Max Born. Here his most
impottant work was done. To begin with, it was concerned
with getting a better understanding of the structure of spectra
of atoms with several electrons.

The lack of knowledge of the spin of the electron caused
a great deal of trouble at that time — in pasticular, not know-
ing there were two different states of spin. From experiments
one found that for any system of electrons, when one added
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a further electron to it, the number of stationary states for the
combined system was not the number one would expect from
quantizing the states of the extra electron according to the
Bohr-Sommerfeld rules, but was double that number. The
doubling was supposed to atise in some mysterious way from
the interaction of the new electron with the previous ones.

Heisenberg made an extensive study of the role of this
doubling in atomic spectra. He introduced a special name for
it, Zweideutigkeit. It was considered as a mechanically inex-
plicable consequence of the interaction of an electron with
other electrons of the atom. I was a research student in Cam-
bridge at that time and 1 remember very well the big impact
that Zweideutigkeit had when it was introduced. A special
English word had to be coined for it, duplexity.

Here was a definite new idea, quite beyond those of the
Bohr orbit theoty. With its help one could go a long way
towards systematising the regularities of the spectral lines of
atoms. 1t did not really explain anything, but it swept the
troubles together and concentrated the mystery into a single
principle. One recognised the impossibility of probing more
deeply into it by calling it, in Heisenberg’s words, mechanically
inexplicable.

Zweideutigkeit was a temporary excitement which fluttered
the world of physicists. Tt died out when the true explanation
in terms of electron spin was discovered. But it showed up
very well Heisenberg’s powers for grappling with serious diffi-
culties, separating out the part that can be dealt with from the
part that cannot. These powers played a great role in Heisea-
berg’s attack on the main problem, which was to obtain accu-
rate equations for the interaction of electrons in an atom.

The Bohr theory was essentially a one-electron theory.
There was a separate Bohr orbit for each electron. With se-
vera) electrons in an atom, how did the Bohr orbits interact?
I was working on this problem myself and was thus well able
to appreciate how baffling it was. Various people had proposed
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ideas for dealing with it, all rather artificial, and were following
them up with complicated calculations, with very little success.

Heisenberg saw the need for an entirely new approach,
and he was even prepared to give up the Bohr orbits altogether.
But it was necessary to find something to replace them. I shall

now give you the main steps that led Heisenberg to his

SuCCess..

Each Bohr orbit is a periodic {or multiply periodic} motion
of an electron in an atom. According to the classical ideas, when
the atom interacts with electromagnetic radiation the important
mathematical quantities entering into the description are the
amplitudes C, of the various modes of oscillation and their
frequencies v,. The suffix n here denotes the quantum number
of the orbit (if several quantum numbers are needed, n stands
for the whole set of them).

The whole mathematical theory of the interaction is based
on the quantities C,, v, describing the Bohr orbits. Now a
Bohr orbit is not observable, so the theory is based on non-
observable quantities.

Heisenberg had a definite positivistic philosophy which set
him against a theory based on non-observable quantities. So
his first step was to eliminate the C,, v, from the theory.

With the C, and v, gone, what is one to use instead of
them? In the case of the v, the answer is fairly obvious.
One should use the frequencies of the observed spectral lines
v, each associated with a jump between two Bohr orbits n
and m. How should one replace the C,?

A hint is provided by an earlier statistical theory of emis-
sion and absotption of radiation given by Einstein. Einstein
assumed that the intensities of the emission and absorption
processes between two stationary states n and m. are determined
by certain coefficients Ay, Bum, and he deduced relations
between them from considerations of statistical equilibrium.
{This work led to the laser).

Heisenberg, in a joint paper with Kramers, had set up a
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new equation for the dispersion of light by atoms, obtained
by modifying the classical equation. The amplitudes C, of the
classicals theory were replaced by new amplitudes Cyy connec-
ted with the square roots of Einstein’s coefficients and the
frequencies v, of the Bohr orbits were replaced by the observed
spectral frequencies vy,,. The modification was carried out in
a logical way and the new dispersion formula appeated reason-
able and satisfactory. Tt satisfied Heisenberg’s requirement of
not making use of the unobservable quantities Gy and v,.

This formula suggested to Heisenberg the general rule
that one should always replace the classical amplitudes C, by
new amplitudes C,,, connected with the Finstein coefficients,
each associated with two stationary states n and m.

The foundations were now set for the big advance. Heisen-
berg conceived the idea of setding up a dynamical theory ent-
rely in terms of amplitudes like C,, and the frequencies vy,
The Bohr orbits could then be discarded.

Fach of the new quantities is associated with two stationary
_states, not just one. To write them down in a natural way one
would put them as

a o ° a - . "

Such an array is called a matrix.

Heisenberg’s great unifying idea was to consider that one
should treat the whole array as a single entity and that one
should have equations connecting such entities instead of the
usual ecuations of dynamics. This was a step forward into
quite a new type of thought for physicists.

At that time there were mathematicians who were familiar
with matrices, but Heisenberg knew none of this and had to
work out the algebra for himsef. The addition of matrices
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is obvious. For the multiplication Heisenberg had to find a
natural way of combining the elements so as to correspond to
the way the previous coefficients C, got multiplied in the
classical equations. The result was the same rule for matrix
multiplication that the mathematicians were already using.

Heisenberg’s method involved setting up equations with
matrices analogous to the usual equations of kinematics and
dynamics. He had not gone very far before he came up against
the fact that, with the multiplication of matrices' u and v,
the order is important. In general uv is not equal to vu. Ma-
trices satisfy non-commutative multiplication.

With u and v representing physical quantities, this result
was completely foreign to all the mathematics previously used
in the description of nature. It was most disturbing for
Heisenberg. But still he was forced to accept it if he was not
to abandon his whole method.

Heisenberg obtained the main ideas of his theory while he
was in Heligoland in the North Sea. He had gone there for
rest and recuperation while suffering from hay fever. Here
he escaped from the regular routine of his work and was able
to survey the whole problem in a relaxed and unburried way.
These are the ideal conditions for making a great discovery —
not while one is working at a desk and rigidly forcing one’s
thoughts along a direction that one has got heavily involved in.

Heisenberg first worked out a simple example, the anhar-
monic oscillator. He had to do some extensive calculations
to see whether his equations were consistent and worked
frenziedly through most of one night before he could get things
right. When finally everything fit he realized with great exci-
tement that he had indeed obtained a new insight into the ma-
thematical structure underlying the atomic world.

Heisenberg wrote up a paper and showed it to his pro-
fessor, Max Born, who found it interesting, but strange, as the
concept of electron orbit was climinated. However, Born sent
it in for publication.
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Born was an expert on matrices and he continued to study
Heisenberg’s work, together with Jordan, another of his stu-
dents at Gottingen, while Heisenberg was absent on a lectur-
ing tour in Holland and in Cambridge. Born and Jordan soon
found the simplest case of nop-commutation,

pqg - gp = h/2mi, (1)

tnvolving a dynamical coordinate g and the conjugate momen-
tum p. Here h is Planck’s constant. This equation is funda-
mental in the new theory.

With Heisenberg’s return the three of them joined forces
and worked intensively on developing the new mechanics.
And thus non-commutative algebra was launched into the
world of physics.

Tt is really astonishing that such an extraordinary idea as
non-commutative algebra should prove a useful tool for the
description of nature. It is so remote from common sense,
that one’ wonders how any human mind, even that of a genius,
could ever have thought of it. Certainly not by any direct
attack, It could only come by a circuitous route where one
was guided all along the way by sound basic principles, strongly
backed up by considerable knowledge of experimental results.

You see how Heisenberg was started on this route by his
philosophy requiring him to discard unobservable guantities
from theory. He had to find suitable observable quantities
to replace them. Then he had to find how the observable
quantities fit together naturally into equations. This led him
to mathematical concepts new to physics, namely matrices. The
handling of these matrices then forced him to the new algebra.

The only discovery in recent times comparable with Hei-
senberg’s discovery of the need for non-commutative algebra is
Einstein’s discovery of the need for curved space. Both disco-
veties involved a direct denial of what was previously accepted
as obvious and both required the introduction of a new kind
of mathematics into physics. But the change introduced by
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Einstein was not such a strange one conceptually. The possi-
bility of curved space was not so hard to think of and had
already been considered by Riemann, who laid the mathema-
tical foundations for it in the last century. Heisenberg’s non-
commutative algebra was much more astonishing,

Once Heisenberg had sparked off the idea of non-commu-
tative algebra, the whole course of development of atomic
theory was altered. It was just the clue that had been missing
for so long. Many people now joined in the work and progress
became very rapid. Everyone was working with the new theory
and enjoying the vast opportunities that it opened up for fresh
attacks on problems that had long been perplexing and baffling.
It was the beginning of a golden age in theoretical physics,
which has never been equalled before or since. Truly a re-
markable transformation for one man to have brought about.

The Bohr orbits were superceded, although of course the
more fundamental Bohr idea of stationary states for an atom
was retained. A new mechanics was built up, called matrix
mechanics. Tt was found possible to make its equations very
similar to those of the old Newtonian mechanics, especially
when the latter were expressed in the Hamiltonian form. One
just had to generalize them to bring in the non-commutation,
Tt was an exciting game to play.

The development of the new theory was most rapid on
the mathematical side. But this did not give a complete theory.
It just gave equations connecting abstract non-comtnuting
quantities which in some way « represented » physical varia-
bles. To complete the theory one had to find a method of
attaching these non-commuting quantities to numbers, which
could then be compared with experiments. How to do this
was not at all evident. With uv not equal to vu, how can we
attach numbers to u and v? Whatever numbers we give them,
uv will always equal vu.

In the early examples one just calculated energy levels and
was very happy to get results in agreement with observation.
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But this was a very limited application and not enough to give
a complete theotry.

The development of the general physical interpretation was
very much assisted by some fundamental work by E. Schrd-
dinger. Schridinger was working independently of Heisen-
berg, following up some ideas of L. de Broglie of associating
waves with particles in an analogous way to the association of
light-waves with photons. He succeeded in building up a
theory for calculating atomic spectra. It was called wave me-
chanics. So we then had two successful theories of the atom,
matrix mechanics and wave mechanics. This was an excess of
riches.

But Schrédinger soon found that the two kinds of mecha-
nics ‘were really equivalent, and one could pass from one to
the other by a mathematical transformation. The basis of the
equivalence was that the Schrédinger theory employed diffe-
rential operators, which also obey non-commutative algebra,
so that they could be connected up with matrices satisfying
the same formal relations.

Schrodinger set up his ideas quite independent of Heisen-
' berg and could have carried on even if Heisenberg had not
existed. One may speculate on how atomic theory would have
developed in that case. Schrddinger did not have the powerful
idea of non-commutative dynamical variables, but he was well
started on a road that must have led to it eventually.

Heisenberg’s ‘and Schrodinger’s ideas were thus united and
became just two forms of the same theory, quantum mecha-
nics. It provided a broad basis for seeking a general physical
interpretation,

In May 1926 Heisenberg moved to Copenhagen to become
Bohr’s assistant. Copenhagen became the centre for discus-
sions on the physical understanding of the new theory. Diverse
viewpoints were expressed by different people. The main ar-
gument was the controversy between Bohr and Heisenberg on
the one hand, who retained the idea of quantum jumps, and
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Schrodinger on the other, who wanted his waves to provide
a continuous description of atomic events.

Schrodinger, with his new approach, had brought also 2
new interpretation for gquantum mechanics. He considered
that the radiation that is emitted or absorbed by an atom comes
from the interference of the waves associated by his mechanics
with the upper and lower states of the atom. The emission ot
absorption would then be a continuous process and not con-
nected with a jump. But Schrodinger’s picture was a specia-
lized one and he had difficulty extending it to other atomic
processes. .

Bohr and Heisenberg persisted in the need for quantum
jumps. In fact they were basic to Heisenberg’s matrices.
There were intensive discussions during a visit of Schrodinger
to Copenhagen, but neither side was able to convince the other.

With Schridinger’s departure, there were still differences
in the points of view of Bohr and Heisenberg, leading to much
further discussion. In particular Bohr was concerned with
how the idea of particles could be reconciled with Schrédin-
ger’s waves. He emphasized the duality of the wave and pat-
ticle concepts. Heisenberg kept closer to the mathematical
description.

In the meantime, mathematical developments led to the
possibility of calculating probabilities in a general way. One
could calculate the probabilities needed to describe the results
of collision processes, and more generally the probability of
any dynamical variables having specified values, subject only
:o the condition that these dynamical variables must commute.
Tt became clear that such probabilities comprised all the pre-
cise information that quantum mechanics could provide.

During a temporary absence of Bohr, when Heisenberg
was left undisturbed for a time, he made a new attack on the
question of just what one can observe about the motion of an
clectron. He realized that observations are never exact. There
is always an uncertainty in the result. A brief calculation sho-
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wed him that such a situation can be handled mathematically.
If one is observing a coordinate g, the result will be a number
lying probably within a certain range Aq. Similatly if one
observes the momentum p, the result will be a number lying
probably within a range Ap. Heisenberg was able to deduce
from the equation (1) connecting g and p, that if one observes
both q and p, under the most favourable circumstances that
are theoretically possible,

Ag Ap = hf4 .

This is a condition limiting the accuracies of measurement.
One cannot escape from it. It is fundamental for guantum
theory. There is no limit to the accuracy with which ¢ may
be fixed. Aq may be as small as we please. But then Ap is
correspondingly large.

Here is a result which is easy to visualize. It is called
Heisenberg’s Principle of Indeterminacy. People often take it
as the cornerstone of quantum mechanics. But it is not really
so, because it is not a precise equation, but only a statement
about inaccuracies. The real cornerstone is the precise equa-
tion (1) and all its mathematical consequences, leading to the
calculation of probabilities.

Bohr took up this Principle of Indeterminacy and genera-
lized it to a Principle of Complementarity. There are comple-
mentary quantities, such that an observation of one precludes
the observation of the other. For example, the waves and
particles are complementary, This applies not only to physics,
but to more general fields of knowledge, and Bohr built it up
to a wide philosophical doctrine.

Bohr and Heisenberg were then in agreement about the
physical interpretation of quantum mechanics. The Principle
of Indeterminacy made it clear that the probabilities provided
by the mathematics comprise all the information that one can
get from quantum theory. One has to renounce the determi-
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nacy of the old Newtonian mechanics. This became known as
the interpretation according to the Copenhagen schoal.

Since the probabilities are all that the experimenters want
to know, most physicists were happy with this situation. How-
ever there remained some, led by Schrddinger and Einstein,
who were unable to accept it unreservedly, and clung to the
hope of a return to the determinacy of the classical theory.

The new quantum mechanics of Heisenberg and Schrodin-
ger showed itself to be a very powerful tool for investigating
problems in the atomic world. So much so that people thought
for a time it would lead to the solution of all atomic problems.
But after a few years serious difficulties began to show up.

Quantum mechanics is a non-relativistic theory. Its equa-
tions (except in certain elementary cases) refer to one parti-
cular time axis, instead of equally to all time axes as Einstein’s
special theory of relativity demands. If one applies it to inte-
racting particles and tries to make the theory relativistic, one
is led to equations that have no solution. This holds even for
the interaction of electrons and photoss, the two particles that
we know most about, as was studied in detail in a paper by
Heisenberg and Pauli.

Heisenberg tackled this problem in his characteristic man-
ner. He proposed that one should concentrate on the obser-
vable quantities, a procedure that had previously led him to
his great success.

A relativistic theory is important when one is dealing
with high-velocity or high-energy particles. The experiments
with such particles are of the nature of collision experiments
and the observations are the probabilities of various events
occuring with given initial conditions.

Heisenberg supposed that these probabilities would each
be given by an amplitude like the matrix elements of his original
matrix mechanics, These amplitudes would all combine into
a single matrix, which was called the S-matrix. A knowledge
of the S-matrix would provide the connection between any
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initial state and any final state of a collision process. A theory
that allows one to calculate the S-matrix would give all the
scattering probabilities and thus all the information that expe-
rimenters need.

Various conditions can be imposed on the S-matrix, but
they are'not sufficient to determine it. The problem of finding
the S-matrix is still unsolved, afrer more than 40 years of
intensive ‘work by the world’s physicists.

Heisehberg, with his introduction of the importance of the
S-matrix, has provided the framework for relativistic quantum
mechanics, but one does not know how to fill it in. One lacks
the equations of motion that provide the detailed information
that we have with non-relativistic quantum mechanics.

But still the concept of the S-matrix is most useful. The
observations of particular collision processes give information
about some of its elements. This can be fitted into the {ra-
mework, and thus our knowledge of the S-matrix is steadily
increasing.

Another idea that Heisenberg has suggested is that there
may be a fundamental length X playing an important role iu
nature, coraparable to that of Planck’s constant h.  When
lengths comparable to A are involved, our ordinary ideas of
space break down. This line of thinking led to the expectation
that when such small lengths are involved, corresponding to
very high energies, there should be physical reactions taking
place leading to the simultaneous creation of many particles.
But sill no general mathematical theory on these lines has
yet been built up.

Heisenberg in later life was much concerned about the need
to unify physics. The experimenters were working with high
energy machines and continually discovering new particles,
which all had a claim to be considered elementary. Heisenberg
proposed that they should all correspond to solutions of a
single equation. This would be a wonderful idea if it would
work. Heisenberg set up a certain cubic equation which he
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hoped would do the trick and worked on it for many years.
But he met formidable difficulties and had only limited success.
So the value of this equation is doubtful.

What is the status of Heisenberg’s discoveries at the pre-
sent time? ks mechanics has had tremendous success in all
applications except those involving very high energies or very
small distances. It provides the basis for describing all the
ordinary processes of physics and chemistry. HHowever, in the
domain of very high energies or very small distances, the
limitations of Heisenberg’s theory show up. One can no longer
make calculations with confidence. 4

Even here, however, the general Heisenberg idea of non-
commutative algebra reigns. For describing the internal degrees
of freedom of the elementary particles one needs non-commut-
ing dynamical variables. On multiplying these together one
gets mathematical groups. The evidence which is being pro-
vided by the big accelerators tells us what the groups are.
A knowledge of the groups leads to a classicifation of the
particles and tells us what quantum numbers are needed to
describe the internal motion.

In looking back over the course of Heisenberg’s discoveries
one can see a lesson for present-day physicists. Probably the
change that is now needed is comparable to the passage from
Bohr’s orbit theory to Heisenberg’s matrix mechanics. Possibly
it is just about as fundamental as the introduction of non-
commutative algebra. If this is the case, we can hardly hope
that it will be brought about by any direct attack. Some kind
of circuitous route will be needed, like that which Heisenberg
pioneered, which may well serve as a model for the future.
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